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TIME-RESOLVED NONLINEAR GHOST IMAGING

by Luana Olivieri

ABSTRACT

The spatial and temporal reconstruction of complex field distributions represents
a critical challenge in a wide range of scenarios, ranging from photonics to ultrasound
imaging [Err+15; Bor+02; Ber+12]. From practical stand point, it allows an enhanced
form of hyperspectral imaging, a crucial task in many disciplines that enable the in-
vestigation into the bi-dimensional morphology of the absorption spectrum. [LF14;
Mac12]. While these approaches are currently employed in microwave and ultra-
sound imaging, they still represent a challenge in Photonics.

At terahertz (THz) frequencies, the time-resolved full-wave measurements are en-
abled by the Time-Domain Spectroscopy (TDS) technique, opening a plethora of differ-
ent applications [SBB08; Gri+20; Che+20a; Yao+20; Cao+20; Lop+19; Gow07; Ngu+19].
In this frequency range, however, the lacking availability of field-sensitive cameras
poses a technological limitation. As a result, imaging techniques that require a single-
pixel detection have attracted interest in the THz community [Sha08; PB17; SB12;
Gat+04a; Pit+95]. This class of approaches are currently known as Ghost Imaging
(GI), because in its early demonstrations the imaging systems appeared to operate via
photons that never interact with an object. As clarified in many following works, the
GI image reconstruction is possible by correlating known spatial distributions of the
patterns illuminating the object, with the single-pixel detection of the overall scattered
power.

In this thesis, I coin a new methodology for field-sensitive near-field imaging,
namely the Time Resolved Nonlinear Ghost Imaging [Oli+18; Oli+20; TG+20; Oli+19].
This novel methodology relies on the correlation of nonlinearly generated THz pat-
terns with a TDS detection, fusing the philosophy of the Ghost Imaging with all the
requirements of time-domain field-imaging system. This new approach, presented in
this thesis, is an advancement that requires novel understanding as well novel exper-
imental methodologies. These are here presented in the form of publications I have
authored on the topic and recent developments still unpublished. The first chapter
will explore the necessary background to approach the general topic from a general
Physics and Photonics understanding.
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Chapter 1

Introduction

A major challenge in photonics is the full-wave characterisation of complex field dis-
tributions [Riv+18]. To properly understand the framework of this challenge it is
important to focus on the nature of the vast domain of modern optical sensors, i.e.
electro-optic transducers that convert optical power into an electric signal. This means
that the oscillating optical electric field, the inherent nature of light, is not measurable in
common practice. Yet, the possibility of determining the full temporal evolution of an
electromagnetic field, especially in the framework of short pulses, is exceptionally de-
sirable in applications spanning from biological imaging to material characterisation
and telecommunications [Ler+07; Pap+17; ZSZ17; Mos+12].

Therefore it comes as no surprise that imaging devices operating at terahertz (THz)
frequencies have been recently subject to intense research [Mit18], as the temporal evo-
lution of the electric field is experimentally accessible in this region. The THz spectral
band lies between the microwave and the infrared regions (1 THz≈ 300 micrometers).
By implementing THz Time-Domain Spectroscopy (TDS), it is possible to perform a
direct measurement of the electric field which, in turn, makes the complex refractive
index (i.e. the electromagnetic delay) a direct measurable property [SN15]. As several
materials possess well-defined spectral signatures in this band, THz radiation can be
employed to discriminate their chemical compositions [Dex17]. These unique capa-
bilities, combined with the ability to penetrate different materials like paper, plastic,
and clothes, have potentially disruptive implications in several fields, including deep-
tissue biological imaging, security, and single-molecule spectroscopy [Zei+07; PW06;
SBB08].

Despite the large body of potential applications, the limited availability of field-
sensitive imaging devices remains a major challenge. Commercial devices enable the
reconstruction of images mostly via raster scanning of samples on a THz focal plane,
i.e. scanning point-by-point the whole bi-dimensional surface. Although this ap-
proach historically triggered the emergence of the THz-TDS imaging approach [HN95],
a raster scan is unpractical for many applications and it is also extremely slow when
very high resolutions are sought.
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Among the first methodologies presented employing a field-sensitive Time-Domain
Spectroscopy setup, Blanchard et al. proposed a fast high-resolution THz microscope
[Bla+11], which exploits simultaneous detection on a large area. Two-dimensional
full-wave detectors, composed of arrays of photo-conductive antennas or Shack–Hartmann
sensors have also been proposed to detect a THz image [LH05; ACB16]. Although
conceptually fascinating, many of those examples carry different practical constraints
(and implementation costs).

To date, thermal cameras still remain the technology of choice to characterise THz
intensity distributions. These devices, conceptually the equivalent of optical cameras,
employ arrays of pyroelectric or bolometric sensors. Hence, by design, they are inco-
herent detectors.

An emerging alternative to these approaches is emerging from the application field
of single-pixel imaging, where the sample is illuminated by a well-defined sequence
of optical patterns and the average scattered power is collected by a bucket detector.
The image reconstruction is possible by correlating the signal acquired by the bucket
detector with an image of the pattern illuminating the object. This methodology is
commonly referred to as Ghost Imaging (GI) [SB12; PB17; BBB02]. Originally referred
to as Coincidence Imaging, the concept of Ghost Imaging descends from the obser-
vation of Ghost Interference between two entangled optical beams obtained via spon-
taneous down-conversion of a pump. The two beams have matching random spatial
distribution, one illuminating the object, while its transmission is collected by a fixed
single-element photo-detector, and the second reaching a detection stage which scans
the 2D spatial dimension. Their mutual correlation, enabled via a photon coincidence
counter, reveals the image of the object in the ’detection’ branch (from this we derive
the definition of ’Ghost’ for ghost imaging) [Pit+95; Str+95].

Later theoretical analysis revealed that the required spatial correlation has fun-
damentally classical origins. Hence, subsequent implementations like the Computa-
tional Ghost Imaging technique, have successfully removed the need of a detection
branch as each pattern realisation is determined a priori computationally and gener-
ated by a proper experimental method, e.g. Spatial Light Modulators (SLM) [Gat+04b;
Bac+04; Fer+10; Sun+13].

Following this approach, only the acquisition of the scattered light measured by
the single-element detector is required for the image reconstruction [Mor+18]. Re-
markably, the GI can have some inherent advantages such as enabling, to some extent,
access to resolutions below the diffraction limit or a relative immunity to noisy imag-
ing channels [GH15; Fer+05; Phi+17]. The single-pixel detection, in fact, averages the
noise contribution coming from all the pixels investigated at once.

At optical frequencies, single-pixel imaging is usually implemented by measuring
the scattered power from the sample. By moving to the THz band, it has recently
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become conceivable to combine GI and TDS acquisition, leading to the implementa-
tion of a time-resolved, field-based GI protocol where temporal field information can
directly contribute to the image reconstruction [Sta+18; Sta17; Sta+17].

In this context, one of the practical challenges in implementing field-sensitive THz
GI lies in the realisation of controllable structured light [Gao+14; Wat+14]. SLM de-
vices, which are readily accessible at optical frequencies, cannot be easily extended to
the THz domain. Besides, far-field manipulation appears in all cases unsuitable for
high-resolution THz imaging, in light of the very coarse diffraction limit stemming
from the relatively long THz wavelength (≈ 300 micrometers). To address these limita-
tions, researchers have implemented indirect patterning schemes (essentially masking
devices), such as metallic masks or photo-excited silicon substrates [Cha+08; She+09;
Sta+16]. While these approaches have been successfully demonstrated in recent THz
single-pixel experiments, they are still affected by several conceptual and practical
drawbacks. In light of the physics of small apertures, the amplitude and phase prop-
erties of the patterned THz beam are locally dependent on each pattern realisation.

In this work , I devised an entirely new approach to time-resolved, coherent single-
pixel imaging, named Time-resolved Nonlinear Ghost Imaging (TNGI) [Oli+18; Oli+20;
TG+20]. This methodology, which outperforms standard GI implementations in rele-
vant THz-imaging scenarios, is based on the direct generation of THz patterns through
the nonlinear conversion of an optical structured beam. As a result, nonlinear GI rep-
resents a complete hyperspectral imaging approach that allows the characterisation
not only of the sample morphology (with deep subwavelength resolution) but also of
its local spectral properties.

As part of the modelling of the imaging process, the coherent THz generation al-
lows us to predict the temporal and spatial distribution of the patterns at each step of
the propagation. As a result, even if near-field diffraction is vastly considered a detri-
mental effect, I can here employ a refocusing tool achieving deep sub-wavelength res-
olution even in challenging scenarios: when there is a physical distance between the
source plane and the target, e.g. the object is stored in a box or wrapped. Although
this might appear counter-intuitive (and breaching some diffraction-limit concept),
we will appreciate that in near-field conditions, for a source much wider than source
distance, TNGI never operates as a standard diffraction-limited imaging system. For
example, the illumination source-pattern is always known in amplitude and phase
with sub-wavelength spatial definition, regardless of the imaging conditions, and the
single-pixel detector requires, by design, a very narrow numerical aperture to pro-
vide high resolution. Conversely, the signal-to-noise ratio is the main source of image
degradation in a TNGI system, and this degradation does not necessarily appear as
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a reduction of the high-spatial frequency components (i.e. the maximum spatial fre-
quency that can be represented). Most importantly, it will be appreciated how, in
absence of such a refocusing, spatial information is essentially scrambled along time.
This means that in principle a representation of the image sought is not available even
in a ’blurred’ form, instead the image recovered contains non-quantifiable morphol-
ogy errors, which can be reduced (but, again, not quantified) only for very thin sam-
ples and sources. A deeper knowledge of the THz patterns propagating inside a me-
dia appears, then, as the only way to isolate and retrieve the local spectral features of
complex 3D-structures (i.e. to achieve three-dimensional hyperspectral imaging)

It is worth mentioning that, while the TNGI has been demonstrated at THz fre-
quencies, its conceptual definition can be extended to any frequency domains that
satisfy the availability of a field-sensitive acquisition, widening the potential body of
applications. These include, among others, thermal and ultrasound imaging, matter
waves, and quantum information [Den+18; Kha+16; ES10]. In the specific framework
of THz imaging, our methodology enables the investigation of complex inhomoge-
neous targets through an innovative single-pixel hyperspectral imaging technique,
with significant implications in several key fields and applications, such as deep-tissue
biological imaging and time reversal of optical waves [RG17; Ler+04].

While the present chapter focuses on the background presentation, in Chapter 2 I
summarise my work performed during the Ph.D. As this thesis is compliant with the
"paper-style" format of the University of Sussex, the main results achieved during my
doctoral degree are included as articles. It is worth noting that the order of presenta-
tion reflects a conducting logic between the different subjects, favouring conciseness,
and it is not necessarily consistent with the chronology of the different findings. De-
spite not being strictly related to my main project, I also discuss my contribution to
the paper on Turing pattern generation with a micro-resonator nested in a fibre laser,
as a result of cross-pollination in my research activity.

1.1 Introduction to Terahertz radiation

In the electromagnetic spectrum, the THz region commonly occupies the frequencies
spanning from the smallest microwave wavelengths (1 mm - 0.3 THz) to the deep
infrared region (10 µm - 30 THz) [Dhi+17]. For historical reasons, this region is known
as the “THz gap”, as it corresponds to the frequency region between the photonics and
electronics borders, where the availability of technologies and methodologies is still
limited (see Fig.1.1) [Gui+14]. In fact, terahertz devices targeting practical applications
started to be available on the market only 10-15 years ago. Whereas at a research level,
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the emergence in the last 30 years of THz science as an independent area has been very
much related to the availability (and affordability) of lasers emitting ultrashort pulses.

Figure 1.1: Illustration of the THz frequency gap. Image taken from [FP10].

As THz photons energy usually spans between 1 to 100 meV, such radiation al-
lows the investigation of low-energy transitions. THz radiation, in fact, can mainly
interact with vibrational states, which can be uniquely related to complex chemical
compounds, thus enabling label-free chemical recognition of biological and chemical
samples [JCK11; Dex17; Dav+08]. As an example, water presents very strong vibra-
tional and molecular-collective resonances in the THz domain: water content in alive
tissues can be used to quantify disease or burnt states [HN95; Tay+08], corneal dys-
function [Tay+15] and to detect cancer [Hua+13; Dor+13; Yu+12]. In addition, phonon
relaxations and collective excitations can be used to track chemical composition of
materials [Ulb+11; Lee09; KTN13]. The non-ionising nature of low-energy THz pho-
tons and the capability to penetrate packaging and tissues opens up a plethora of
opportunities and applications in food quality control, medical diagnostic, treatment,
and national security for recognition of metallic items, drugs, and explosives [ZSZ17;
Dhi+17; Mit18; Dav+08].

1.1.1 Terahertz generation

Before the 1980s, terahertz waves were generally not accessible to a broad research
audience, bright terahertz sources were available much earlier in the form of building-
size facilities like free-electron lasers (FEL) [Zan+13] and synchrotrons [MGM03]. FELs
and synchrotrons emit radiation by exploiting a strong acceleration of electrons whose
path is steered by powerful magnetic fields, achieving high-power emission [Tan+12;
Vin11]. Although they cannot easily produce very short broadband pulses, fundamen-
tal to this thesis, they are capable to span the THz electromagnetic spectrum (from 0.2
up to 75 THz) [Zan+13].
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The diffusion of high-intensity ultrafast laser source, with peak power suitable to
generate a significantly short conductivity transient in semiconductors, brought sev-
eral research groups in the 80s to experiment with electro-optical devices, generating
and detecting terahertz electromagnetic waves [ACS84; CA86; Ket+86; AN88; FG89;
Mar+86]. This research led to the appearance of the photoconductive antenna, an
electro-optical device that still dominates the market as the most popular source and
detector of ultrafast terahertz pulse with an optical-to-THz conversion efficiency of the
order of 2 ∗ 10−3 (InGaAs/InAlAs heterostructures) [Gri+90; Die+13], in time-domain
spectroscopy systems [She+03].

A parallel technological development brought to the emergence of very compact
bright THz continuous-wave (CW) sources in the form of a quantum cascade laser
(QCL) [Köh+02; GB+04]. QCLs employ a tailored superposition of semiconductors
layers to shape the electric potential across the material, inducing a periodic bandgap
structure. Although QCLs are in general not tunable, a form of ultrafast mode-locking
has been recently implemented to achieve broadband emission [Bar+14; Vil+14].

Central in this thesis, the availability of suitable nonlinear optical media and the
continuously increasing energy and bandwidth of ultrafast laser sources enabled the
route of creating and detecting THz radiation with a nonlinear interaction driven by
optical fields [Bas+62]. In the last 30 years, frequency difference generation triggered
by ultrashort optical pulse became the methodology of choice to get terahertz pulses
with very high peak fields [Lee09; Ric+94; YRS71; Aus+84; Aus+84; NAC87]. The
basic physical description of this approach is introduced in details in the following
section.

1.1.2 Nonlinear Optics

A nonlinear optical phenomenon occurs when the presence of light induces changes
in the optical properties of the system [Boy08]. Such a condition is commonly met by
employing high peak power laser beams. The first Light Amplification by Stimulated
Emission of Radiation (LASER) was invented by Maiman back in 1960 [Mai60]. A few
decades later, Strickland and Mourou defined a new protocol for the amplification of
ultrashort laser pulses (for which they won the nobel prize in 2018), namely Chirped
Pulse Amplification [SM85], which opened up to a large body of applications includ-
ing the possibility to access the nonlinear optical regime.

In linear optics, the induced electric polarisation P depends linearly on the electric
field E, accordingly to

P = ε0χ(1)E , (1.1)
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where ε0 is the permittivity of the free space and χ(1) is the linear susceptibility. A
scalar approach is here considered for simplicity, though generally χ is a tensor, and
P and E are vectors. In a large class of problems, the nonlinear contribution can be
described as a perturbation on the total polarisation P, allowing power expansion
description of the total polarisation

P = ε0
[
χ(1)E + χ(2)E2 + χ(3)E3 + . . .

]
. (1.2)

The χ’s superscript represents the order of the nonlinearity. The quantum mechanical
interpretation reveals that this order represents the number of interacting distinguish-
able fields, i.e. the number of photons that undergoes mixing. The χ’s magnitude
represents the relative weight of the nonlinear contribution and can give insights on
the atoms’ arrangement in the lattices of solids. Even-order contributions such as χ(2)

require breaking the inversion symmetry in crystals. In centrosymmetric materials,
in fact, the change in sign of the electric field must lead to a change in sign of the
corresponding polarisation. This leads to a vanishingly small χ(2), as, in a simplified
picture, the sign of its contribution must be independent from the sign of the source
field [Boy08].

Eq.(1.2) is a symbolic expansion, as for each order of nonlinearity the polarisation
takes into account every possible way the photons can interact with the object’s energy
levels. To better understand the nature of these interactions, let’s consider the second
order polarisation induced by a field which possesses two frequency components ω1

and ω2.
E(t) = E1 e−ıω1t + E2 e−ıω2t + c.c. . (1.3)

The second order nonlinear polarisation would then become

P(2)(t) = ε0χ(2)
[[

E2
1 e−2ıω1t + E2

2 e−2ıω2t + 2E1E2 e−ı(ω1+ω2)t

+2E1E∗2 e−ı(ω1−ω2)t + c.c.
]
+ 2E1E∗1 + 2E2E∗2

]
,

(1.4)

where c.c. stands for complex conjugate. Such formulation can conveniently be ex-
pressed as

P(2)(t) = ∑
n

P(ωn)e−ıωnt . (1.5)

We can then classify the different contribution to the quadratic polarisation on the
basis of the frequency of oscillation of each product.
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P(2)(ω1 + ω2) = 2ε0χ(2)E1E2 (SFG) ,

P(2)(ω1 −ω2) = 2ε0χ(2)E1E∗2 (DFG) ,

P(2)(2ω1,2) = ε0χ(2)E2
1,2 (SHG) ,

P(2)(0) = 2ε0χ(2)E1,2E∗1,2 (OR) .

(1.6)

We will then recognise the sum frequency generation product (SFG - which generates
the terms oscillating at ω1 + ω2), the two second harmonic generation products (SHG,
oscillating at 2ω1 and 2ω2) and the Difference Frequency Generation product (DFG
- oscillating at ω1 − ω2 ). Interestingly, the self-DFG effect (a field interacting with
itself) results in a static non-oscillating (DC) polarisation term, which is named optical
rectification (OR) as it is fundamentally a measure of the field intensity. The OR term
is at the basis of the operating mechanism of several THz generation approaches.

THz generation via optical rectification

In a broader extension of the term, we define optical rectification of a large bandwidth
laser pulse as the DFG mixing occurring between the different frequency components
of its spectrum. Said differently, one of the result of the self-interaction of a transform-
limited pulse (the shortest optical pulse of a given bandwidth) under a quadratic re-
sponse is a ”base-band” pulse of comparable bandwidth with carrier ideally shifted
toward the zero frequency [Bas+62; AN88].

For sake of completeness we mention here that high-energy pulses typically also
induces a series of non-perturbative nonlinear behaviour that can be ascribed as anal-
ogous of rectification processes (e.g. mediated by photo-excited carrier) but have a
much more complex description [ZA92; Chu+92].

Via the Maxwell equations, we can define the general wave propagation equation
for optical rectification in an homogeneous media

∇2E(r, t)− 1
v2 ∂2

t E(r, t) = εχ(2)∂2
t |Eopt(r, t)|2 . (1.7)

The general solution can be expressed in terms of the light propagator G(r, t) (also
known as Green function)

E(r, t)THz =
∫

dr′dt′ G(r− r′, t− t′)
[

εχ(2)∂2
t |Eopt(r′, t′)|2

]
. (1.8)

If we consider an optical field with a temporal Gaussian envelope

E(r, t)opt = E0 e−a(t−z/v)2
F(r) , (1.9)
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where F(r) is the initial optical spatial distribution and v is the speed of light in the
medium, the optical beam generates a THz field of the form

E(r, t)initial
THz ∝ ∂2

t |Eopt(r, t)|2 = |E0|2
[

1− 4a
(
t− z

v
)2
]

e2a(t−z/v)2 |F(r)|2 , (1.10)

which propagates in time and space following (1.8).
As such, the spectral properties of the THz radiation generated in a medium are

defined by the second derivative of the modulus squared of the electric optical field.
As a consequence, just the optical field envelope contributes to the THz field, which
is, in fact, independent from the phase of the optical beam. This in principle results in
the observation that manipulation of the temporal phase of a THz can be achieved by
reshaping the optical envelope of an optical pulse. Typical THz sources involve semi-
conductors with natural or artificial broken inversion symmetry, like Zinc Telluride
(ZnTe).

In practical scenarios, however the efficient conversion requires velocity matching
between the optical envelope and the THz field, e.g. a "periodically-poled" structure is
key to overcome the velocity mismatch limitation in centimeter-thick semiconductors
[Bur+97; Pra+08; Zho+15]. The lack of this condition and the lack of trasparency over
all the potential THz bandwidth, typically limits the actual bandwidth of the output
pulse.

The nonlinear coherence length refers to the maximum propagation length in a given
frequency bandwidth in which the nonlinear conversion efficiently transfers energy
towards the THz wave. Said differently, to obtain large emission spectrum, the non-
linear medium thickness must be kept shorter than the minimum coherence length in
that spectrum, i.e. thin crystals must be used although they result in lower emission
intensities [Gal+99; Pet18]. Another important parameter upper-bounding the conver-
sion efficiency is represented by nonlinear absorption processes. In transparent me-
dia the probability of multi-photon absorption increases with the local field intensity.
Which means that with ultrafast pulses, nonlinear absorption processes can dominate
the ultimate conversion limit, by introducing saturation in the nonlinear response at
high pump regimes.

Even if high-conversion efficiency usually requires bulky semiconductors, THz
volume generation can potentially hinder the image quality in all the near-field imag-
ing techniques (further details are reported in the Supp. Materials [Oli+20]). As a re-
sult, it is not a surprise that research is moving towards the development of ultrathin
and efficient sources: from enhancing surface potentials in semiconductors [Pet18;
Pet+18; Pet+19] to spintronics emitters [Sei+16; Wu+17]. The same optical-to-THz
conversion efficiency of a 0.5 mm-thick ZnTe, i.e. 3 ∗ 10−5 [Bla+07], can now be per-
formed by a 6 nm-thick spintronic emitter [Sei+16]. Thin and more compact emitters,
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as a result, represent a step towards the accessibility of THz in integrated photonics
and everyday life.

1.2 Time-domain spectroscopy

Time-Domain Spectroscopy (TDS) represents a fundamental methodology for the in-
vestigation of THz pulses in time, as it allows the full-wave characterisation of the
THz electric field [CA86]. The mechanism behind THz-TDS relies on a typical "pump-
probe" spectroscopic protocol (see Fig.1.2): a high-peak ultrashort "pump" beam is
used to generate a nonlinear effect in a medium, which is monitored by a temporally
delayed "probe" beam. By shifting the relative temporal delay between the pump and
probe beams, the ultrafast temporal response of the target can be recorded [RDZ88;
YFM89]. The chopper is used to introduce a 500 Hz modulation which is then anal-
ysed by the lock-in amplifier. In THz-TDS, a high-power ultrafast pump beam gen-

Figure 1.2: THz-TDS experimental scheme. Image taken from [Pet18].
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erates a single-cycle THz pulse which propagates through the sample. The scattered
THz light is collected and then probed employing a replica of the optical beam. A
nonlinear device is exploited to use the optical pulse to isolate the synchronised value
of the THz field, via electro-optic (EO) sampling. By tuning the temporal delay be-
tween the THz beam and the probe signal, a reconstruction of the THz field profile
can be achieved. A typical outcome of a THz-TDS measurement would look like the
one presented in Fig.1.3: the spectral THz response of water vapour in air is fully
reconstructed between 1 and 2.5 THz [Pet18; VEFG89].

Figure 1.3: THz-TDS measure of water vapor. upper panel: TDS. lower panel: Power spectral
density showing the water’s absorption dips. Image taken from [Pet18].

By performing a Fourier transform of the field, the complete spectral amplitude
and phase information can be extracted. In the present example, the water vibrational
states can be investigated and they appear as narrow absorption dips in the THz trans-
mission spectrum.

Light’s properties, in fact, are sensitive to the refractive index of the object. As
an example, the electric field propagating inside an homogeneous media can be ex-
pressed as follows:

E(ω) = E0 e ıω(t−∆n(ω)z/c) = E0 e ıω(t−n(ω)z/c)e −ωk(ω)z/c , (1.11)
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which is dependent on the complex value of the refractive index ∆n = n − ık, the
speed of light in vacuum c and the thickness of the medium z. n(ω) and k(ω) are the
real and complex part of the refractive index and they contribute as a spectral phase
or absorption, respectively. To properly reconstruct the object’s refractive index, how-
ever, a Fabry-Perot approach considering the multiple reflections from the surfaces
should be considered [DGC96].

Electro-optic sampling

The electro-optic effect (also known as Pockels effect) is a second order nonlinear phe-
nomenon induced by a quasi-static (low frequency) field. The presence of the THz
field, in fact, induces a change on the refractive index of the nonlinear medium, al-
tering its birefringence: the initial linear polarisation state of the probe beam becomes
slightly elliptical [Boy08].

The λ/4 waveplate allows projecting of the two circular polarisation states into
two orthogonal linear components, while the Wollaston prism splits them into two dif-
ferent beams. These two components are detected by a pair of balanced photodiodes
and a differential acquisition is used to reconstruct the THz waveform. A mathemat-
ical formulation that links the THz electric field ETHz to the difference of the intensity
of the two polarisation components ∆I was presented by Planket et alii in case of a
ZnTe crystal[Pla+01].

∆I(α, φ) = Ip
ωn3ETHzr41L

2c
(cos(α) sin(2φ) + 2 sin(α)cos(2φ)) . (1.12)

Figure 1.4: Electro-optic detection mechanism. The presence of the THz light induces a
change in the polarisation on the optical beam which becomes elliptical. The quarter wave-
plate projects the circular polarisation into two orthogonal components which are split and
detected using a Wollaston prism and a couple of photodiodes, respectively. Image taken

from [Pet18].
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As such, the intensity difference is here directly proportional to the electric terahertz
field. The equation is described in terms of the angles of the THz (α) and probe beam
(φ) polarisation directions with respect to the ZnTe z axis. Here n is the refractive
index (2.8 for ZnTe at 800nm), r41 is an electro-optic coefficient (3.9 pm/V for ZnTe at
ω = 0), L is the length of the crystal, c is the speed of light, Ip and ω are the intensity
and the angular frequency of the probe beam, respectively.
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1.3 State-of-the-art terahertz imaging

Terahertz imaging has received great attention in the past 20 years, thanks to the avail-
ability of new generation media and detection mechanisms that enable new and unex-
plored applications [Mit18]. As mentioned above, the non-ionising nature of THz ra-
diation combined with the chemical selectivity makes this frequency range appealing
for real-time non-invasive imaging, in a broad plethora of scenarios, e.g. for detection
of tissue anomalies such as burns, scars, and cancer (see Fig.1.5) [Voh+20; Mac12]. It
is not a surprise that THz imaging systems are now shifting from laboratory-based
instrumentation to commercials systems [GNS18].

Figure 1.5: Analysis of breast cancer detection via THz imaging technique. (a) Photograph
of skin cancer. (b) Pathology image of the tumour. (c) THz power spectral image averaged

over the frequency range 0.5-1 THz. Image taken from [Voh+20].

Taking advantage of the study on femtosecond optoelectronics that took place in
the 1980s and 1990s regarding the generation and detection of few-cycle THz radiation
[FG88], the first THz image can be traced back to 1999 [JZ99]. Jiang and Zhang paved
the way for the first THz microscope employing a pump-probe approach. The high-
intensity femtosecond laser is split into two beams, i.e. pump and probe. The pump
is used to generate THz radiation, while the probe beam is enlarged to detect the THz
transmitted by the object. An optical CCD camera then detects the electro-optic effect
on the probe line, revealing a THz image. Despite operating at video rate speed, the
THz microscope requires high fluence to perform an EO detection on a large surface.

Another major challenge in developing a THz microscope resides in the inherent
inability of imaging to preserve the feature of an image smaller than the wavelength.
This ”diffraction limit” of an imaging system is then the ultimate resolution of optical
cameras. From a practical point of view, although the optical diffraction limit often
did not represent a hurdle in the history of physical discoveries in several fields, the
same cannot be said for THz imaging.

As the typical terahertz emission from optical rectification is peaked at 1 THz, the
diffraction limit would fix the achievable resolution on the scale of 300 micrometres.
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This limit is, indeed, so coarse that reaching subwavelength resolutions is a common
requirement in many investigations and applications.

As previously mentioned, THz field detection is commonly enabled by the TDS
electro-optic detection. Despite being able to extract complex insights on the nature
of the target (e.g. tomographic and spectral information), it usually requires bidi-
mensional translational stages to scan over the sample’s surface and map the THz
response. Although some implementations achieve real-time imaging [Tek+14], com-
mercially available THz cameras are mainly based on a direct measurement of the THz
intensity through thermal detection, via an array of bolometers [Oda10; Nem+15] and
pyroelectric sensors [Yan+08], compromising chemical and structural information for
high-speed acquisition.

As a result, a good hyperspectral imaging technique requires to prove high reso-
lution, chemical sensitivity (i.e. THz field amplitude detection), and low acquisition
time (e.g. video rate). In this section, a few state-of-the-art techniques are presented
which target these properties.

In the past decades, different approaches have been proposed THz microscopes
achieving micrometric and sub-micrometric resolutions [Bec+14; Dhi+17]. Most of
those methods operate in ”near-field” conditions, i.e. the object is probed sufficiently
close to discriminate the field scattered from a subwavelength feature from a nearby
one. Rigorously, being near-field refers to the possibility of probing evanescent field
components that exist only in the proximity of an object and that are cancelled by
diffraction. These components preserve a highly resolved information about the scat-
tering morphology, which is the image of the object.

Classical approaches achieve subwavelength resolution by employing a micro-
scopic tip to localise the THz light to its apex, usually just a hundred of nanometer
wide (see Fig.1.6a). The image is reconstructed by scanning the tip over the sample’s
surface, recording the scattered THz field.

These techniques, which exploit the same base methodology, can be categorised by
their measurable quantity. THz Scanning Tunneling Microscopy (THz-STM) measures
the electron tunnelling current flowing between the tip and the sample, and it is able
to achieve atomic resolution [Coc+13; Jel+17]. THz Scattering-type Scanning Near-
field Optical Microscopy (s-SNOM) analyses the scattered far-field THz light from the
sample [CKC03; Hub+08; Eis+14].

As a case of study, a typical SNOM technique is shown in Fig.1.6b: a THz source
is used to illuminate a cantilevered AFM tip which localises the THz radiation on the
apex placed in close proximity to the sample. The back-scattered THz field is col-
lected and analysed via an interferometric approach [Hub+08]. Fig.1.6c-e shows some
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Figure 1.6: Illustration of a SNOM. (a) Simulated field distribution at the tip apex of a metal
cone. (b) Scheme of the experimental setup based on a tapping-mode AFM: a cantilevered
AFM tip is illuminated with THz light, and interferometric detection is used to analyse the
backscattered THz field. (c) SEM image illustrating the different layers of the sample. (d) AFM
topography. (e) THz image, distinguishing the different materials and the single transistors.

Insets showing a single transistor. Image taken from [Hub+08].

of the advantages of exploiting the THz radiation to discriminate different materials,
identifying each single transistor whose size is smaller than 200 nm (several orders of
magnitudes smaller than the THz wavelength). While the subwavelength resolution
is granted by the localised THz field at the apex of the cantilevered tip, the image re-
construction is based on a raster scan approach, i.e. the tips are translated along the
sample’s surface.

As previously mentioned, several materials are transparent in the THz frequency
range such as packaging, plastic and clothes. As a consequence, THz radiation can
be employed to reveal tomographic information [RS+16]. In the example presented
in Fig.1.7, a pulsed THz beam is used to illuminate a single spot of a composition of
metallic letters. The reflected beam is acquired via THz-TDS detection while a mo-
torised stage enables a spatial scan over the sample’s surface. The THz trace is then
analysed and each page contribution is manually isolated (see Fig.1.7d). As a result,
the spatial THz field contribution from each page can be reconstructed and identified
with the respective character (Fig.1.7e). This allows us to "read" the book while it is
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still close. Such protocol relies deeply on the time-of-flight (TOF) analysis of the TDS
trace: the THz field reflected by each letter obtains a temporal delay which is strictly
related to the propagation length, i.e. the page number.

Figure 1.7: Example of THz tomography. (a) Illustration of the experimental setup used with
THz-TDS in reflection-mode. (b) Optical images of the different pages. (c) Schematic of the
sample composition. (d) Page identification on the TDS trace. (e) Characters recognition from

each page contribution. Image taken from [RS+16].

Another different approach to pump-probe THz microscopy has been demon-
strated which is capable of subwavelength resolution, i.e. 14 µm resolution corre-
sponding to λ/30 for a center frequency at 0.7 THz [Bla+11]. The setup is presented in
Fig.1.8: the object is placed in direct contact with the nonlinear EO detection crystal. A
strong THz beam propagates through the object towards the nonlinear crystal, where
the THz-probe interaction takes place. The probe beam is reflected back and the vari-
ation of the two polarisation components is then measured via an EO detection and
acquired on an optical camera. This synchronised detection of the optical camera and
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the EO photodiodes allows faster acquisition time and the TDS is acquired once for all
the pixels, allowing a real-time acquisition (35 frames per seconds on a 370 x 740 µm2

area). In Fig.1.8b-c, the emission from a metallic antenna is reported.
The EO conversion efficiency, which is responsible for the noise level, is however

hindered by different issues. Similarly to [JZ99], the use of unfocused beams decreases
the local optical fluence. The THz beam-optical probe interaction, also, can only take
place at the surface of the crystal (in less than 20 µm). So, even if real-time image
acquisition has been achieved [Doi+11], the system still requires a high-fluence fem-
tosecond lasers.

Figure 1.8: THz imaging technique based on EO sampling detection. (a) Setup scheme. (b)
Illustration of the metallic antenna. (c) THz near-field image of the emission from the metallic

antenna. Image taken from [Bla+11].
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1.4 Ghost Imaging

Ghost Imaging (GI), or single-pixel computational imaging, is a technique that has
become increasingly popular over the last 20 years [MEA18; Sha08; PB17; SB12]. GI
has been increasingly used in a broad pletora of applications including optical secu-
rity and cryptography [CC13; Cle+10] as well as providing an alternative for direct
imaging in all the hard-to-reach wavelenghts scenarios [SWP13; Oli+20]. It has been
employed, also, to obtain highly resolved images [Fer+05], even in the presence of
noise or turbulence [MDS11; LZ16; Bin+13], while allowing for hyperspectral imag-
ing, depth imaging and 3D profiling [Sun+13; Liu+18].

The first GI framework has quantum roots, exploiting the generation of entangled
photons [Pit+95; BBB02]. Quantum photon entanglement occurs when the generated
photons quantum states are linked together, e.g. a couple of photons are entangled
when one’s photon state is known by measuring the other one’s. In quantum ghost
imaging, a couple of entangled photons is sent into two different paths. One is im-
aged by an optical camera, while the other one illuminates the object. If the object
transmits the photon, this is detected by a single-element bucket detector. The image
is reconstructed by correlating these synchronised detections. As a result, the object
is not sensed directly by the camera, thus the name “Ghost” [Str+95]. As the im-
age is retrieved indirectly by processing the correlation between the two detectors, GI
is an instance of a broader range of systems known as Computational Imaging (CI)
[MEA18].

Figure 1.9: Ghost Imaging using pseudo-thermal light. An optical pseudo-thermal spatial
distribution is split into two different paths: one goes to an optical camera, while the second
one is transmitted through the sample. The correlation between the scattered light collected by
the bucket detector and the original optical spatial distribution allows to reconstruct indirectly

the object’s morphology. Image taken from [Ryc+16].

For several years the scientific community believed the GI was possible only thanks
to the quantum nature of the photon pairs. More recently, however, a classical GI pro-
tocol has been demonstrated using pseudo-thermal light sources [Gat+04a; Gat+04b;
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Fer+10]. The spatially incoherent distribution of speckles is here obtained using a ro-
tating diffusive plate (see Fig.1.9) [Ryc+16]. An image reconstruction is performed
by correlating the transmitted optical intensity detected by the bucket detectors with
several spatial optical realisations imaged by a camera.

The latest advances of computational imaging approaches rely onto the measure-
ment of the scattered light only, while the optical intensity field distribution is de-
cided a priori and reproduced by a spatial light modulator (SLM) [Sha08; Oli+18] (see
Fig.1.10). In this framework, the Ghost Imaging resembles the typical procedure of
a single-pixel imaging technique [EGP19]. The reconstruction protocol behind com-
putational ghost imaging relies on the classical correlation between the pre-computed
optical patterns P(x, y)n and the intensity In captured by the bucket detector, as re-
ported below:

T(x, y) = 〈P(x, y)n In〉n − 〈P(x, y)n〉n 〈In〉n , (1.13)

where 〈. . .〉n is the average over the ensemble of patterns and T(x, y) is the recon-
structed transmission function of the object.

As a result, for several years the research has focused on developing an optimal
choice of the optical patterns P(x, y)n, i.e. the patterning scheme, which moved from
the randomised speckle distributions to deterministic pre-computed orthogonal sets
[PKA69; ES10; Sun+17; WZ16].

Figure 1.10: Computational Ghost Imaging scheme. An optical beam is patterned by means
of a SLM while the field transmitted by the sample is collected by a bucket detector. The
correlation between the scattered signals and the original pre-computed patterns allows to

reconstruct of the sample’s morphology.
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An image is a bidimensional array of numbers, each one indicating the local inten-
sity of light, that can be represented in matrix form. We can describe a matrix defining
its eigenstates basis and eigenvalues. Two or multiple eigenstates are said to be inde-
pendent, or orthogonal, if each one cannot be represented as a linear combination of
the others.

A set of random distributions, for example, does not form an orthogonal basis:
each pattern realisation explores the same independent components without carrying
new information. As a result, an impressive amount of patterns is usually required to
reconstruct the object’s features. In a deterministic approach, instead, the total number
of measurements is fixed by the amount of pixels: for a NxN size image, N2 patterns
are required to complete the image reconstruction. As images possess just a finite and
small set of relevant eigenvalues, a subset of patterns can be identified to speed up the
acquisition process, allowing for real-time imaging.

In section 1.4.1, I explore a deterministic patterning scheme called after the scien-
tists Walsh and Hadamard which is employed in this research. It also presents a proto-
col for ordering the Hadamard matrices which massively increases the reconstruction
performance: high SNR with a smaller number of patterns. Section 1.5 introduces to
the state-of-the-art techniques for terahertz ghost imaging.

1.4.1 Hadamard Decomposition

Among the different deterministic imaging schemes, the raster scan (RS) approach
consists in focusing the light in a single spot that travels spatially across the target
surface. Such a protocol relies on the spatial translation of the light spot (or of the
sample) to span completely the surface, while the resolution typically depends on the
spot size and the translation step.

More recently, Computational Imaging methodologies have debated the advan-
tages of exploiting the Walsh-Hadamard scheme [Zho+19; Qiu+20]. The Hadamard
matrices (H-matrices), in fact, have gathered attention from the scientific community
for over 150 years due to its high versatility, while their first appearance can be traced
back to 1867 [Syl67; Wal76]. Since then, with the progression of technology, the H-
matrices have become more and more popular with applications in coding, signal
processing, cryptography and imaging [Hor12; Peh+18; DKM11].

The H-matrix takes its name after the French mathematician Jacques Hadamard,
which defined the nth order matrix as a nxn matrix H with entries {±1} that satisfies

HHT = nIn , (1.14)
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where In is the nxn identity operator [Had93]. A few examples at the smallest orders
n=1,2,4 are

H(1) =
[
1
]

, H(2) =

[
1 1
1 −1

]
, H(4) =


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 , (1.15)

The first appearance of the H-matrices, however, is due to the mathematician James
Sylvester, which defined the nth matrix in the more common recursively form [Syl67]:

H(2k+1) =

[
H(2k) H(2k)

H(2k) −H(2k)

]
, (1.16)

As such, the H-matrix’s rows or columns represent all the possible spatial frequencies
that a 2kx2k image possesses (see Fig.1.11). It is worth notice that a more typical way
to refer to the H-matrix consist in its sequency ordering. H-matrix is also symmetric,

Figure 1.11: Hadamard Matrix and Sequency ordering Left panel shows the representation
of each row of the Hadamard matrix following the expression in Eq.(1.14). The right panel

shows the sequency ordered Hadamard matrix.

i.e. H = HT, which means that the ith row is equivalent to the ith column, and they are
all orthogonal to each other. It has been also demonstrated that an H-matrix can exist
only with sizes that are powers of 2. As a result, by using the rows or the columns of
the H-matrix, we can generate a set of orthogonal patterns.

We can define the nth projector Pn(i, j) created by the outer product

Pn(i, j) = Hi ⊗ Hj , (1.17)
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where Hi and Hj are the ith and jth rows of the H-matrix, respectively. Unfortunately,
as the patterns are still composed by 1s and -1s they are hardly applicable to any binary
spatial-light modulators. As a trick, we split each matrix created in Eq.(1.17) into two
matrices composed of 1s and 0s

Pn(i, j) = P+
n (i, j)− P−n (i, j) , (1.18)

where

P+
n (i, j) = (Pn(i, j) + 1)/2 ,

P−n (i, j) = 1− P+
n (i, j) .

(1.19)

This procedure virtually doubles the number of acquisitions, even if it is worth notic-
ing that P+

n and P−n are not independent.

1.4.2 “Russial Doll” sequence

A recent protocol for H-matrix sequency ordering has been proposed for improving
the reconstruction efficiency in single-pixel imaging [Sun+17]. The methodology takes
inspiration from the frequency ordering shown in Fig.1.11. As shown in Fig.1.12a-b, in
fact, by selecting the ith row and the jth column, we can generate a Walsh-Hadamard
pattern P(i, j) which corresponds to a point in the bidimensional frequency space.
One of the possible sequences (here called “Normal walk”), which does not imply
any particular ordering, can be represented by a scan over the columns or rows in the
frequency space (see Fig.1.12c). On the other hand, a smarter approach relies on the
choice of patterns and can be represented as a specific sequence in the frequency do-
main. The “Russian Doll” (RD) scheme consists of projecting in sequence all the matri-
ces of the lowest order available, e.g. the 2x2, 4x4, 8x8 and then 16x16 (see Fig.1.12d).
This approach takes into account one of the main features of standard Fourier decom-
position (or discrete cosine transformation): the lower frequencies possess the highest
correlation value. By using only the lowest spatial frequency, in fact, a low resolution
version of the image can be reconstructed. This gives us an overall blurred informa-
tion on the morphology that is directly related to our way to perceive and process
objects.

In order to quantitatively assess the capabilities of the Russian Doll sequency order
compared to other protocols, I introduce here the Structural Similarity Index (SSIM)
method. The SSIM, which was recently proposed as an extension to the established
Pearson correlation coefficient, provides a detailed comparison in terms of luminance
l (mean value), contrast c (variance) and structure s (Pearson coefficient) between the
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Figure 1.12: “Russian doll” ordering. (a) Hadamard matrix with sequencing ordering (16x16).
(b) Representation of the patterns ensemble, each pixel defines a matrix composed by outer
product between the ith and jth rows of the Hadamard matrix. (c) Normal ordering of the pat-
terning ensemble. (d) “’Russian Doll’ ordering of the patterns, which are chosen to complete

the lowest order first, e.g. the 2nd, 4th, 8th and then the 16th.

two spatial distributions
SSIM = lαcβsγ , (1.20)

where
l =

2µxµy

µ2
x + µ2

y
, c =

2σxσy

σ2
x + σ2

y
, s =

σxy

σxσy
. (1.21)

The average value and the standard deviation are calculated

µ =
∑N

i Image(i)
N

, σ =

√
∑N

i (Image(i)− µ)2

N
, (1.22)

where Imagex(i) is the pixel of the image x, and σxy is the covariance between the two
images. The exponents α, β and γ are fitting parameters, arbitrary chosen to enhance
or reduce the overall effect of each component.

In Fig.1.13, we compare the reconstruction efficiency of different patterning schemes:
Raster Scan, Random speckles and Hadamard matrices (with and without RD order-
ing). The reconstruction ability is quantitatively assessed employing the Structural
Similarity Index (SSIM), with parameters α = β = 0.02 and γ = 1. A portion of the
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Figure 1.13: Comparison of the reconstruction capabilities of different patterning schemes
(a) Target object. (b) Cropped section. (c) Similarity index values for the patterning schemes
considered. (d-h) Conceptual illustration of the Russian Doll (RD) ordering and image re-
constructions at the increasing amount of patterns. (i-m) Same as (d-h) for Hadamard pat-
terns without ordering, Normal Walk (NW). (n-r) Same as (d-h) for the raster scan (RS)
approach. (s-w) Same as (d-h) for speckles randomly generated. Test image taken from
http://barscienza.altervista.org/escher-e-pollock-artisti-della-matematica/

picture in Fig.1.13a is taken as a test target, whose size is 512x512 pixels. Fig.1.13c
shows the SSIM values from 1 to the total number of patterns N2: a value of SSIM
equals to unity means the reconstructed image and the target are perfectly matching.
As expected, all deterministic approaches complete the image reconstruction after N2

acquisitions: the SSIM value here approach 1 for RS, NW and RD. Interestingly, the RD
scheme provides a faster convergence to the image’s features which is quantitatively
assessed by the slope of the SSIM curve, i.e. it provides a higher correlation for fewer
patterns used. It is worth notice that by stopping the acquisition of the RD scheme at

http://barscienza.altervista.org/escher-e-pollock-artisti-della-matematica/
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any point, the protocol still provides a blurred, low resolution version of the image.
The RD protocol, in fact, always investigate the whole surface of the object, acquiring
increasingly higher spatial frequency information. By stopping the RS acquisition be-
fore completion, on the contrary, the image is completely missing information about
the portion of the image not investigated.

1.5 Ghost Imaging at THz frequencies

The ability to capture the properties of light is enabled by the photon-to-electron con-
version supported by the state-of-the-art silicon semiconductor platforms. The possi-
bility of integrating photo-sensitive arrays, comprising of million of optical sensors,
led to the production of inexpensive cameras in the NIR-visible spectrum (200 nm -
1000 nm). As we move to other wavelength domain, however, the availability and
performance of cameras typically reduce as array technologies based on other plat-
forms becomes difficult to implement. For example, although bolometer-based arrays
are known for their exceptionally large bandwidth (from microwave to X-ray), they
often require a cryogenic operation to boost their inherently low signal-to-noise ratio
[NVJ08; Ale+99]

On the other hand, single-pixel imaging techniques have a huge impact on all
the frequency range where the availability of cameras is low, or they are way too ex-
pensive. As a result, great attention has been granted to ghost imaging protocols by
the terahertz community that has formulated different approaches in the last decade
[She+09]. In this section, I will describe a few of the new strategies proposed to tackle
this challenge.

1.5.1 GI via THz Metamaterial-based SLM

Watts and Alii have recently proposed a new method for generating THz patterns
[Wat+14]. Their protocol relies on patterning a THz field by means of a metamaterial-
based spatial light modulator in reflection geometry (see Fig.1.14). The SLM is com-
posed of an 8x8 matrix of dynamic, polarisation-sensitive metamaterial absorbers (MMAs).
The THz spatial intensity profile can be shaped by applying a bias voltage to each of
the 64 MMAs.

A great advantage in using the SLM is its capability to manipulate the phase of
the THz beam, generating masks composed of +1, 0 and -1. Differently from what
proposed in Eq.(1.18), in fact, there is no need to split the positive and negative com-
ponents of the Walsh-Hadamard patterns, thus halving the number of measurements
required. As a result, the research team has successfully reconstructed the morphol-
ogy of the target chosen: a cross-shaped metallic aperture (see Fig.1.14d). By using a
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compressed sensing protocol, in addition, they manage to reconstruct the image of a
moving sample (see Fig.1.14e).

Unfortunately, the resolution achievable strongly depends on the number of meta-
material absorbers composing the SLM which is, to this date, still very limited [Wat+14;
RS16]. Moreover, as mentioned before, the inherent incapability of focusing the light
on a spot smaller than the wavelength (also known as diffraction limit), hinders the
chance to perform subwavelength microscopy (resolution of 1-30 micrometres).

Figure 1.14: THz GI via Metamaterial-based SLM. (a) Conceptual scheme of the single-pixel
imaging process utilising a THz-SLM: the SLM spatially modulates the light beam and the
outcome is sent to the single-pixel detector. (b) Optical image of the SLM. (c) Representation
of the THz spatial distribution generated by the THz-SLM. (d) Photograph of the sample used:
a cross metallic aperture. (e) First five frames of the reconstructed image using a compressed

sensing protocol. The object location is shown in yellow. Image taken from [Wat+14].

1.5.2 GI via THz masking techniques

A different popular implementation consists in shaping the THz radiation by means of
metallic masks. Several protocols have been proposed in the past years, which employ
different techniques for generating the patterns.

One of the first approaches was presented by Chan et alii [Cha+08]. Fig.1.15 shows
a THz transmitter/receiver pair consisting of fibre-coupled photoconductive anten-
nas. The THz collimated beam is sent to a metallic target (a Chinese character for
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the word “light”), and the scattered light is patterned with a planar screen of opaque
masks. The random patterns are obtained by printing copper tape on a transparent
plate. In order to access each pattern, a translation stage moves the plate to each of the
six hundred matrices. By using CS-based techniques, the team reconstructed the tar-
get by using 60% (or less) of the patterns (see Fig.1.15c). They also demonstrated that,
by measuring the full THz waveform, it is possible to reconstruct complex images of
amplitude and phase.

Figure 1.15: THz GI using an opaque masking scheme. (a) Sketch of the imaging system
proposed by Chan et alii [Cha+08]: a THz collimated beam is sent to the object, while the
transmitted light is patterned with opaque pixels and then collected by a single-element detec-
tor. (b) Optical image of the opaque object (the Chinese character for light). (c) Reconstructed

image via CS using 60% of the total patterns. Image size 32x32 pixels.

A more recent implementation involves the generation of an ultrafast metallic
mask by photoexcitation of a silicon wafer [Sta17; Sta+17; Sta+18]. As shown in
Fig.1.16, a broadband THz pulse is shaped into patterns by passing through a highly-
resistive silicon substrate. A different optical beam is patterned by means of a Digital
Micromirror Device (DMD), which is able to switch each of the thousands of pixels
on or off, producing a binary pattern. The beam photoexcites specific regions of the
silicon wafer surface that become conductive, thus allowing the creation of a metallic
shield. The THz beam scattered by the object is measured by TDS detection, and the
image reconstruction is reconstructed (Fig.1.16b). The image is measured at a fixed
TDS delay, at the peak time of the THz waveform.

The THz pattern, shaped on the first layers of the silicon wafer, propagates through
the substrate before reaching the sample. In the case of deeply subwavelength fea-
tures, the light is bound to the well-known physics of diffraction by small apertures
[Bet44; XZ02], e.g. the intensity of the light transmitted decreases as (λ/δ)6, where
δ is the aperture’s size. By propagating through a small aperture, in fact, the spatial
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Figure 1.16: THz GI via ultrafast metallic masks. (a) Illustration of the imaging scheme
proposed by Stantchev et alii [Sta17]. Inset showing the composition of the target. (b) Fixed-
time reconstructed image, taken at the peak of the THz TDS. Image size 128x128 pixels (20 µm

pixel size).

and spectral properties of the original beam are strongly altered, hindering the recon-
struction capabilities. As shown in Fig.1.17, the bigger is the distance between the
source plane and the object, the lower is the reconstruction capability of the imaging
system. This is the reason why it is crucial for this implementation to exploit thin
silicon wafers (down to 6 µm), while preserving the ability to shield the THz field,
in a transmission configuration. This generally means that the semiconductor can-
not be thinner than the optical penetration depth. As addressed at the core of this
work of thesis, the spatio-temporal coupling affecting subwavelength measurements
scrambles the spatial information of the target that cannot be accessed by taking any
iso-time reconstructions. By analysing the full THz response, on the other hand, it is
possible to retrieve deeply subwavelength features even in challenging scenarios.

A similar approach has been taken by Chen et alii in [Che+19], where they are
able to achieve 4.5 µm resolution (λ/133) employing a masking device composed of

Figure 1.17: Image reconstructions at different thicknesses of the silicon wafer. THz image
of a cartwheel taken with 400, 110 and 6 µm-thick silicon substrate, showing the effect of
diffraction occurring by placing the object at different distances from the plane source [Sta+17].
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180 nm-thick VO2. A reflection geometry, instead, has been recently presented by
Stanchev et alii for THz fast far-field imaging [Sta+20]. Here, the compressed sensing
algorithm, which allows for undersampling of the total number of patterns, is em-
ployed to perform real-time imaging (6 frames per second).
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Chapter 2

This Thesis

In this thesis, I demonstrated a novel methodology for single-pixel imaging based on
the nonlinear generation of patterns and time-resolved field-sensitive measurements.
This approach, named Time-resolved Nonlinear Ghost Imaging, conceptually outper-
forms the state-of-the-art imaging techniques allowing for hyperspectral imaging of
semi-transparent inhomogeneous 3D samples. In stark contrast with the standard
near-field imaging techniques, TNGI can also image distant objects by selecting the
focal plane. This thesis is, therefore, the summary of a research path: from the defini-
tion of the TNGI protocol and deep-level understanding granted by simulations to the
experimental development of the technique at THz frequencies and the investigation
of its potential.

Time-resolved Nonlinear Ghost Imaging.

In this article published in the journal ACS Photonics [Oli+18], I describe the con-
ceptual definition of the Time-resolved Nonlinear Ghost Imaging scheme. While the
TNGI concept can be extended to any spectral region, I demonstrate its feasibility at
THz frequency where the limited availability of field-sensitive cameras poses a tech-
nological limitation to a great body of applications.

This methodology is based on the correlation between the nonlinear generated
THz patterns and the field-sensitive time-resolved TDS measurements. As a result
of this procedure, a time-resolved THz image of the object is captured. I obtain a
three-dimensional transmission function, where each point in the plane XY has its lo-
cal THz temporal response. The direct nonlinear generation of a structured beam has
great advantages in terms of the quality and power of the light emitted, while allow-
ing scalability to the deep subwavelength resolution. The single-pixel Fourier TDS
detection, moreover, is independent on the numerical aperture of the bucket detector
typical of standard GI approaches (further details are discussed in [TG+20]).

As the methodology allows the local detection of the THz temporal response,
TNGI enables the study of the local transmission spectrum. As a case of study, I tested
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the protocol simulating an inhomogeneous mixture of different semi-transparent ma-
terials, i.e. Teflon and Kapton, demonstrating the capabilities of discrimination via
hyperspectral imaging.

Finally, I demonstrate that subwavelength features can be retrieved even for ob-
jects placed away from the source surface: an inverse propagator must be applied to
the three-dimensional transmission function in order to shift the focus to the desired
focal plane. The article was featured on the journal cover of the August 2018 issue,
and has granted attention from the media (see Ch. 8.1 for further details).

Hyperspectral Terahertz Microscopy via Nonlinear GI.

In this article published in the OSA Optica journal [Oli+20], I performed the first ex-
perimental instance of the TNGI technique combining a nonlinear quadratic conver-
sion on a 1 mm ZnTe with a TDS detection at THz frequencies. As a proof of con-
cept, I present the hyperspectral images of dried and fresh leaves demonstrating the
TNGI capabilities of detecting the local complex refractive index. I also experimentally
demonstrate the limits of time-of-flight iso-time techniques to interpret correctly the
morphology of the sample with subwavelength features. Finally, I show the capabili-
ties of TNGI to reconstruct the image of a 2 mm×2 mm metallic sample placed 300 µm
away from the crystal’s surface, refocusing the focal plane by employing an inverse
propagator. A reprinted version of the article is here attached with permission from ©
The Optical Society [Oli+20]. The article was featured in several science journals (see
Ch. 8.1 for further details).

Route to intelligent imaging reconstruction via THz TNGI

In this invited review paper published in the MDPI Micromachines journal [TG+20], I
summarise the findings presented in [Oli+18] while giving insights on possible future
developments.

The Time-resolved Nonlinear Ghost Imaging protocol relies on the k = 0 detection
in the Fourier domain of the transmitted THz field. Such a constraint translates into
the experimental condition in which the probe spot size is substantially smaller than
the THz size. While this condition is typically met, here I show the effects on the
imaging reconstruction capabilities from enlarging the probe spot size. By increasing
the probe spot size, in fact, the image slowly fades as more k 6= 0 are measured. I also
present the aberration effect caused by misalignment: when the probe investigates
spots different from the k = 0, the image shows a superposition of spurious spatial
frequencies that can compromise the correct interpretation of the object’s morphology.

https://pubs.acs.org/toc/apchd5/5/8
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I presented in the [Oli+20] supplementary material, that in the case of bulky emit-
ters like ZnTe, the THz emission is a volume process, i.e. every layer of the crystal
contributes equally to the emission as the pump energy remains almost unperturbed
in the process. In this case, the pattern experienced by the sample is a superposition
of the contribution of all the crystal layers. In a subwavelength scenario, the patterns
emitted by each layer experience different propagation lengths and are so differently
affected by spatio-temporal coupling. As suggested in this paper [TG+20], thin THz
emitters can improve the patterning capabilities of the TNGI protocol, avoiding the
effects of spatio-temporal coupling while generating a comparable emission intensity.

Time-space Volume microscopy via Nonlinear Ghost Imaging

In this chapter, I defined a new TNGI protocol for reconstructing the three-dimensional
hyperspectral features of complex targets. The spatio-temporal coupling, that affects
the spatial coherence of the THz pattern, can be used as a tool for shifting the focal
plane and scanning through the sample, locating hyperspectral features in the three-
dimensional space. By leveraging on the knowledge and progress achieved, I exper-
imentally demonstrated the ability to reconstruct complex semi-transparent inhomo-
geneous samples. As a case of study, I presented the reconstruction of a mixture of
semi-transparent materials: sugar and Teflon particles on plastic slabs with different
thicknesses.

Turing patterns in a fibre laser with a nested micro-resonator:
Robust and controllable micro-comb generation

My contribution to this paper, published in Physical Review Research [Bao+20], is due
to a collaboration with the Micro-comb group at Sussex University.

By interfacing an amplifying fibre to a micro-resonator (a micrometer-sized ring),
it is possible to generate a "comb" of frequencies, named "micro-comb". Here I present
the mechanisms behind the micro-comb generation from background noise (in par-
ticular the Turing pattern realisation) and I discuss the robustness and tunability in
frequency. My contribution lies on the mathematical and numerical study of the Tur-
ing pattern generations: starting from the nonlinear Schroedinger equations (i.e. the
Lugiato-Lefever Eq.) in absence of external seeding, I investigate the modulation in-
stability gain at different set of parameters, simulating the patterns generation dynam-
ics in time. In particular, I notice that the parameter related to the cavity mismatch ν

plays a fundamental role in determining the comb’s frequency spacing.
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ABSTRACT: Terahertz (THz) spectroscopy systems are widely
employed to retrieve the chemical and material composition of a
sample. This is single-handedly the most important driving
motivation in the field and has largely contributed to shaping
THz science as an independent subject. The limited availability of
high-resolution imaging devices, however, still represents a major
technological challenge in this promising field of research. In this
theoretical work, we tackle this challenge by developing a novel
nonlinear ghost imaging approach that conceptually outperforms
established single-pixel imaging protocols at inaccessible wave-
lengths. Our methodology combines nonlinear THz generation
with time-resolved field measurements, as enabled by state-of-the-
art time domain spectroscopy techniques. As an ideal application target, we consider hyperspectral THz imaging of
semitransparent samples with nonnegligible delay contribution, and we demonstrate how time-resolved, full-wave acquisition
enables accurate spatiotemporal reconstruction of complex inhomogeneous samples.

KEYWORDS: terahertz, ghost imaging, nonlinear imaging, terahertz hyperspectral imaging, time-resolved ghost imaging,
subwavelength hyperspectral imaging

One of the major challenges in photonics is the full-wave
characterization of complex field distributions.1 The

possibility of determining the amplitude and phase of the
electromagnetic field, in fact, is highly desirable in applications,
spanning from biological imaging to material characterization,
telecommunications, and optical time reversal.2−4 As such, it
comes as no surprise that imaging devices operating at
terahertz (THz) frequencies, where amplitude and phase are
experimentally accessible, have been recently subject to intense
research.5 By implementing THz time domain spectroscopy
(TDS), in fact, it is possible to perform a direct measurement
of the electric field and to quantitatively estimate the refractive
index of a sample.6 Several materials, moreover, possess well-
defined spectral signatures in the THz band, which opens the
possibility of precisely discriminating their chemical composi-
tion.7 These unique capabilities have potentially disruptive
implications in several fields, including deep-tissue biological
imaging, security, and single-molecule spectroscopy.8−10

Despite the large body of potential applications, however,
the limited availability of field-sensitive imaging devices
remains a major challenge. To date, thermal cameras are
routinely employed to characterize THz field distributions.
These devices, essentially the equivalent of optical cameras,
employ arrays of pyroelectric or bolometric sensors to detect
the average intensity distribution of the signal. As such, they
are incapable of collecting any information carried by the
optical phase, which constitutes the core strength of time-
resolved THz detection. To address this limitation, researchers
have recently proposed two-dimensional full-wave detectors,
composed of arrays of photoconductive antennas or Shack−

Hartmann sensors.11,12 These implementations, however,
require complex experimental configurations, and their
practicality is still a matter of debate. A valuable alternative
to conventional devices can be found in single-pixel imaging,
where the sample is illuminated by a well-defined sequence of
optical patterns and the resulting scattered signal is collected
by a bucket detector. Among different alternatives, ghost
imaging (GI) is a very popular and simple single-pixel
implementation.13,14 In its original definition, the incident
patterns were randomly generated by a physical process, e.g.,
through random speckle distributions. In later implementa-
tions, however, the computational ghost imaging technique
generically refers to a specific imaging process in which the
correlated pattern of each realization (i.e., a deterministic
pattern) is determined a priori computationally and generated
by a proper experimental method.15−18

Following this approach, it is possible to unambiguously
reconstruct the sample by correlating the scattered signal with
the spatial distribution of the incident patterns.19 Remarkably
GI has some inherent advantages such as enabling, to some
extent, access to resolutions below the diffraction limit or a
relative immunity to noisy imaging channels.20−22 At optical
frequencies, single-pixel imaging is usually implemented by
measuring the scattered power from the sample. By moving to
the THz band, conversely, it has recently become conceivable
to combine GI and TDS acquisition, leading to the
implementation of a time-resolved, field-based GI protocol
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where temporal field information can directly contribute to the
image reconstruction.23 Indeed, this combination would lead
to a quite different system, in most scenarios only formally
related to the original GI. As an immediate example,
correlating fields in space−time can be a quite different
process when compared to correlating intensity patterns.
In this context, the possibility of performing time-resolved,

full-wave analysis of the sample transmission properties
represents the desired requirement to characterize a wide
range of complex samples, including biological matter, complex
three-dimensional scatterers, and semitransparent materials.24

These systems, in fact, exhibit complex transmission properties
that cannot be easily interpreted using a time-independent,
intensity-based analysis, which constitutes the standard
methodology available today.25 Despite the large body of
research in this field, however, one of the practical challenges
in implementing field-sensitive THz GI lies in the realization of
controllable structured light.26,27 Spatial-light-modulator
(SLM) devices, which are readily accessible at optical
frequencies, cannot be easily extended to the THz domain.
Besides, far-field manipulation appears in all cases unsuitable
for high-resolution THz imaging, in light of the very coarse
diffraction limit stemming from the relatively long THz
wavelength. To address these limitations, researchers have
implemented indirect patterning schemes (essentially masking
devices), such as metallic masks or photoexcited silicon
substrates.25,28,29 While these approaches have been success-
fully demonstrated in recent THz single-pixel experiments,
they are still affected by several conceptual and practical
drawbacks, in particular when considering the amplitude and
phase properties of the patterned THz beam.
In this work, we devise an entirely new approach to time-

resolved, coherent single-pixel imaging. Our methodology,
which outperforms standard GI implementations in relevant
THz-imaging scenarios, is based on the direct generation of
THz structured light through the nonlinear conversion of an
optical pattern. Our modeling of the imaging process, which
involves an inverse propagation of the temporal traces obtained
through TDS detection, demonstrates that nonlinear GI can
reconstruct without ambiguities the full response of the
sample, including phase and temporal delay contributions.
This allows us to obtain a large amount of information on the
light−matter interaction between THz illumination and
sample. As a result, nonlinear GI represents a complete
hyperspectral imaging approach that allows the character-
ization not only of the sample morphology (with deep
subwavelength resolution) but also of its local spectral
properties. Our results widen the potential scope of application
of time-resolved GI in any part of the spectrum accessible only
through nonlinear conversion. These include, among others,
thermal and ultrasound imaging, matter waves, and quantum
information.30−32 In the specific framework of THz imaging,
our methodology enables the investigation of complex
inhomogeneous targets through an innovative single-pixel
hyperspectral imaging technique, with significant implications
in several key fields and applications, such as deep-tissue
biological imaging and time reversal of optical waves.33,34

■ RESULTS AND DISCUSSION
Time-Resolved Nonlinear GI: Problem Definition. Our

main objective is to devise a field-sensitive, single-pixel imaging
protocol based on time-resolved measurements of the
transmitted electromagnetic field (amplitude and phase).

While inspired by standard GI (which relies on time-
independent intensity analysis), our methodology is enabled
by the assumption that the field distribution is determined by
the optical intensity distribution impinging onto a THz-
nonlinear converting element. In this sense, this scenario fits
the standard requirements of high-energy THz TDS systems
exploiting thin nonlinear crystals.
We model the transmission properties of the sample by

defining a spatiotemporal transfer function, T(x, y, t). The
explicit dependence on time, which is pivotal in the accurate
reconstruction of a sample with complex transmission
properties, allows us to retain the full amount of temporal
effects impressed by the object on the incident pattern.
Without loss of generality, we express the electromagnetic field
impinging on the object as En

−(x, y, t) = Pn(x, y) f(t) where P(x,
y) and f(t) represent the spatial pattern and the temporal
profile of the THz pulse and where we assumed that the
incident pattern is not affected by spatiotemporal coupling.
Space-time separability is a standard requirement in computa-
tional imaging, which assumes a precise knowledge of the
spatial information encoded in the incident pattern. We stress
that if the THz pattern originates from the conversion of an
optical pattern, this condition is realized in realistic
experimental scenarios. In terms of the electromagnetic field,
the transfer function of the object T(x, y, t) is reconstructed as
follows:

= ⟨ ⟩ − ⟨ ⟩ ⟨ ⟩T x y t C t P x y C t P x y( , , ) ( ) ( , ) ( ) ( , )n n n n n n n (1)

where ⟨···⟩n represents an expected value over the pattern
ensemble and Cn(t) are expansion coefficients defined as

∫= * −C t x y T x y t E x y t( ) d d ( , , ) ( , , )n n (2)

* being the convolution operator. In analogy with standard GI
implementations, the coefficients Cn(t) coincide with the
integrated scattered field measured by the bucket detector.35 It
is worth stressing, however, that eq 2 involves a direct
measurement of the electromagnetic field En

+(x, y, t) = T(x, y,
t)*En

−(x, y, t), in stark contrast with the intensity-based
measurements of standard GI. A direct measurement of the
scattered field, which is rather inaccessible in the optical
domain, can be performed at THz frequencies by employing a
TDS detection scheme. Moreover, eq 2 provides significant
advantages when designing actual experiments. The Cn defined
in eq 2, in fact, coincide with the kx = ky = 0 spectral
components of the THz transmitted beam (Fraunhofer
approximation).
One of the main challenges when translating eqs 1 and 2 in

real experiments, however, lies in the generation and control of
the incident field distribution En

−(x, y, t). This is particularly
true at frequencies where standard beam-shaping equipment is
not easily accessible. We tackled this problem by considering a
structured wave generated through a nonlinear optical process,
as established, for example, in the state-of-the-art generation of
THz radiation from ultrafast optical illumination.36,37 As the
THz beam is generated through a quadratic transformation
(difference-frequency generation), there is a local linear
dependence between the THz field and the incident optical
intensity, namely, ETHz(x, y, t) ∝ Iopt(x, y, t). Such a relation
allows precise control over the THz field profile both in time
and space by shaping the incident optical pulse. With this
approach, any optical pattern generated through a standard
SLM device can act as a direct source of THz structured
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radiation, with the advantage that the spatial resolution of the
THz patterns can be pushed way below the standard THz
length scale, as it is only bound by the diffraction limit of the
optical beam. Even in these conditions, the individual pixel
intensity and the phase profile of the patterned THz beam
remain completely independent from its spatial distribution,
and they depend only on the amplitude and temporal delay of
the incident optical beam. Indeed, this is a requirement for the
implementation of time-resolved, field-based GI methodology,
and it is very difficult to achieve through metallic masks or
optically induced photocarrier masks.25,38 Masks with high-
resolution features, in fact, are bound to the stringent physics
of subwavelength apertures, where the transmitted amplitude
and phase depend directly on the aperture size.39 In these
implementations, the relationship between the incident optical
pattern and the structured THz beam involves the Green’s
function of the subwavelength apertures composing the mask.
In our nonlinear approach, conversely, the relationship
between incident optical intensity and THz beam is of direct
proportionality, with the additional advantage that the optical
beam does not experience any spatiotemporal coupling on the
surface of the generating crystal. Therefore, nonlinear
frequency conversion represents a suitable method to generate
subwavelength THz patterns characterized by space−time
separability, a critical requirement of computational imaging.
Moreover, this approach allows us to generate THz patterns
whose intensity scales as 1/r2 (as opposed to the well-known
1/r6 scaling of subwavelength apertures).40−43 As a result,
nonlinear frequency conversion of deeply subwavelength
optical patterns allows generating THz structured light without
compromising its spatial resolution, which is limited only by
the “focusing power” of the fundamental beam (up to

∼λ λ
2 600

optical THz).44,45 Besides these conceptual challenges, opti-

cally induced transient photocarrier masks, which represent the
most developed benchmark in the field of THz GI, require
careful consideration of additional elements. For example, the
masking effect induced by transient photocarriers is not
restricted to the semiconductor surface in light of the relatively
large skin depth at THz frequencies (e.g., several μm in
photoexcited silicon38). The excited pixel in the mask always
represents a dark THz pixel, with any residual THz transmitted
reducing the pattern contrast. This makes this implementation
agile mostly with static binary patterns. By comparison, a
nonlinear generation scheme potentially allows for analogic
control of the generated THz profile (i.e., “gray” scales), in
terms of both THz amplitude and temporal delay.

Reference Nonlinear GI Experimental Setup. Our
reference nonlinear GI embodiment is illustrated in Figure 1.
A structured optical beam Eopt(x, y, t) (red) is generated
through a standard SLM device operating at optical
frequencies (Figure 1a). Upon impinging on the surface of a
generating crystal slab of thickness z0 (e.g., ZnTe), the optical
pattern is nonlinearly converted to THz frequencies,
generating a structured THz field, which we denote as
ETHz(x, y, t) (purple). Upon generation, the THz pulse
propagates across the crystal and interacts with the sample
(Figure 1b), which we assume for simplicity to be located at z
= z0. After the interaction, the spatial spectral component kx =
ky = 0 (the spatial mode propagating collinearly with z) of the
transmitted THz field is collected through a single-pixel
detector placed on the Fourier plane and analyzed by a
standard TDS setup. In practical terms, these components can
be measured by placing the object in the focal point of a lens
and by acquiring the signal in the central point of the opposite
focal plane. The possibility of implementing a point-like
detection in the Fourier plane has critical consequences on the
imaging capabilities of our setup. Standard GI implementa-

Figure 1. Time-resolved nonlinear ghost imaging. (a) Imaging setup, including a nonlinear crystal generating structured THz radiation (purple
beams) from an optical pattern (red beams). The detection is performed in the Fourier domain by collecting the kx = ky = 0 components of the
scattered field. This is achieved by a combination of a lens and a pinhole. (b) Volumetric intensity plot of the THz pattern generation mechanism
and its interaction with the object. The generated THz wave is centered at λ = 234 μm, and the incident pixel resolution amounts to 10 λ. The
nonlinear crystal thickness is denoted as z0. (c) Schematic view of the Walsh−Hadamard encoding scheme, where the transmission from a
sequence of optical Walsh patterns is collected by the bucket detector.
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tions, in fact, require that the total scattered is collected and
integrated by the bucket detector, and, as a result, the
numerical aperture of the latter has important consequences on
the maximum achievable resolution. Roughly speaking, the
bucket detector must be able to acquire as much scattered field
as possible to be accurate. By performing a point-like detection,
this specific aspect is not directly relevant in the reconstruction
approach, although in this case the final signal-to-noise-ratio
(SNR) of the measurements is determined by the spatial
spectrum of the patterns. A crucial consideration when
implementing single-pixel imaging schemes lies in the choice
of the incident patterns. In our analysis, we implemented an
imaging protocol based on the Walsh−Hadamard encoding,
which is known to maximize the SNR.46 The Walsh patterns
form an orthogonal set of binary matrices, which can be
employed to expand any two-dimensional images in a
deterministic fashion, opening to the implementation of
advanced compressed sensing algorithms based on the sample
sparsity.47

Spatiotemporal Coupling in Deeply Subwavelength
THz Structured Light. When dealing with subwavelength
THz patterns, one of the major practical challenges is posed by
the distance between the source plane and the object, as
thoroughly discussed in ref 38 and references therein. Such a
constraint usually limits the effective resolution achievable by
the system, as subwavelength THz patterns experience
diffraction while propagating inside the substrate due to
spatiotemporal coupling. To quantitatively illustrate this point,
we express the structured optical field E⃗n

opt(x, y, t) as follows:

⃗ = ̂x y t H x y f tE p( , , ) ( , ) ( )n n
opt

(3)

where Hn(x, y) is a Walsh−Hadamard pattern, f(t) is the
temporal profile of the pulse, and p̂ is the beam polarization
unit vector, which allows us to retain any polarization effect
induced by spatiotemporal coupling at subwavelength
propagation distances. On the generation plane (the crystal
surface), the optical beam induces a nonlinear polarization field
of the form

ε χ ω ω⃗ = Ω + Ω − | ⃗ |x y t x y tP E( , , ) ( ; , ) ( , , )n n0
(2) opt 2

(4)

where χ(2) is the nonlinear susceptibility of the crystal and
where we assumed that the polarization field is copolarized
with the incident beam to retain a lighter notation (the
extension to a fully vector χ(2) tensor is straightforward). The
nonlinear polarization from eq 4 generates a THz field defined
as follows:

⃗ = = ∂ ⃗x y z t N x y tE P( , , 0, ) ( , , )n t n
THz 2

(5)

where N is a normalization constant, which we will assume,
without loss of generality, to equal unity. The generated THz
beam propagates within the material according to

⃗ = ⃡ * ⃗ =x y z t x y z t x y z tE G E( , , , ) ( , , , ) ( , , 0, )n n
THz THz

(6)

where G⃡(x, y, z, t) is the dyadic Green’s tensor (see Methods).
The use of the dyadic Green’s tensor, as opposed to the
standard Green’s function of scalar diffraction theory, is a strict
requirement to devise a vector model of spatiotemporal
coupling upon propagation. We describe the transmitted field
due to the interaction between the THz pulse and object as
follows:

Figure 2. Long-distance propagation of a deeply subwavelength Hadamard pattern. Volumetric plot of the THz field amplitude as a function of the
propagation distance z. The THz field is normalized along the propagation direction to highlight the structural changes induced by spatiotemporal
coupling. Inset: THz field profiles at different propagation distances.
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⃗ + ϵ = * ⃗ − ϵ+ −
x y z t T x y t x y z tE E( , , , ) ( , , ) ( , , , )n n0 0 (7)

where E⃗n
− is the field immediately before the sample, E⃗n

+ is the
field immediately after, and ϵ is an infinitesimal spatial
displacement (namely, ϵ → 0). With this position, the
experimental TDS signal of the transmitted field simply reads:

∫= · ⃗+E t x y x y tp E( ) d d ( , , )n n
TDS

TDS (8)

where pTDS is the detection polarization state, which can be
controlled, for example, by rotating the ZnTe crystal in a
standard electro-optic detection. By substituting eqs 7 and 8
into eq 2, the single-pixel amplitudes Cn(t), coinciding with the
TDS signal measured on the Fourier plane, are rewritten as
follows:

∫= · *[ ⃡ * ⃗ = ]C t x y T x y t x y z t x y z tp G E( ) d d ( , , ) ( , , , ) ( , , 0, )n nTDS
THz

(9)

As can be evinced by comparing eqs 2 and 9, the
propagation within the crystal leads to a rather different
physical scenario. In the presence of subwavelength illumina-
tion, in fact, the object does not directly interact with the
incident pattern, but with a propagated version of it.
Diffraction and spatiotemporal coupling, in fact, can ultimately
lead to a significant corruption of the initial pattern, as
illustrated in Figure 2, which showcases the propagation of a
subwavelength Walsh pattern (generated by nonlinear
frequency conversion) as a function of the propagation
distance z. While the detrimental effect of spatiotemporal
coupling could be mitigated by reducing the distance between
the generation plane and the object, this is a significant
practical constraint. In addition the consequent reduction of

source thickness in general leads to a strong decrease in
nonlinear conversion efficiency and represents a technological
challenge.48 In practical subwavelength imaging implementa-
tions, there is always a relevant propagation distance between
source plane and object, especially if an interaction between
the optical field and the object is undesirable, which implies an
optical depleting or reflecting region. For convenience we will
assume that this situation is realized in the nonlinear
generation crystal. We argue that the access to the full
temporal evolution of the transmitted field is a requirement in
time-domain hyperspectral imaging and enables the recon-
struction of the sample even in the presence of thick substrates.
Following eqs 7−9, the reconstructed transfer function in the
presence of a thick substrate reads as follows:

′ = ⟨ ⟩ − ⟨ ⟩ ⟨ ⟩T x y t C t H x y C t H x y( , , ) ( ) ( , ) ( ) ( , )n n n n n n n
(10)

As such, the reconstructed transfer function T′ involves not
only the transmission properties of the object but also the
propagation across the substrate. Formally, this corresponds to
a reconstructed transfer function of the form T′ = T*G. An
interesting question is whether the latter can be numerically
inverted to extract the sample response.

Time-Resolved Image Reconstruction in a Noisy
Environment. To overcome any limitation posed by
spatiotemporal coupling through the generation crystal, we
implemented an image reconstruction scheme that takes into
account the full amount of temporal information provided by
the TDS detection. This leads to quite different outcomes
when compared to the state-of-the-art THz GI, where the
imaging operates considering fixed TDS delays separately
(“fixed-time” GI). In the presence of strong spatiotemporal

Figure 3. Fixed-time image reconstruction in a noisy environment. (a) Temporal evolution of the image TDS (blue line) and SSIM correlation
index. The results were obtained by considering an imaging target with a minimum feature of 468 μm, corresponding to 2λ (peak THz
wavelength). (b, c) Reconstructed images in correspondence of the SSIM peaks. (d−f) Same as previous panels but in the subwavelength regime,
where the minimum target resolution is 20 μm, corresponding to approximately λ/12.
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coupling, as in the case of deeply subwavelength structured
light, the knowledge of the field at a fixed time is very limiting
in extracting the sample morphology. In addition, the temporal
response reconstructed simply applying the reconstruction at
different delays cannot be used to completely determine the
optical properties of the sample, in particular when considering
objects with a complex spectral response or composition. To
illustrate this point, we integrated eqs 3−9 in the Fourier
domain. Our numerical results are shown in Figure 3. As a
relevant case study, we characterized the transmission from a
two-dimensional gold mask. The system was probed through a
full set of Walsh pattern (Hadamard order N = 32),
propagating across a crystal of thickness z0 = 117 μm. To
quantitatively assess the reconstruction capabilities of our
approach, we measured the correlation between reconstructed
and original samples by implementing a structural similarity
index method (SSIM) analysis.49 The SSIM was recently
proposed as an extension to the established Pearson
correlation coefficient, and it provides a detailed comparison
in terms of luminosity (mean value), contrast (variance), and
structure (covariance) of two spatial distributions (see
Methods section for further details). To assess the robustness
of our approach to experimental noise, we also included a
white-noise term in the TDS trace with a statistical SNR of 5%
and compatible with state-of-the-art experimental conditions.
In Figure 3a−c we first considered an imaging target with
spatial resolution larger than the incident wavelength (λ = 234
μm, target resolution = 468 μm).
In these conditions, the SSIM reaches a maximum value of

0.84 (Figure 3a, orange line) in correspondence with the peak
transmission. Intuitively, all the SSIM peaks are placed in
correspondence with the maximum field, i.e., in the conditions
of minimum SNR. When considering a deeply subwavelength
object, however, fixed-time measurements do not provide a
suitable morphological reconstruction at any time. This is
illustrated in Figure 3d−f, where we considered a target
resolution of 20 μm, corresponding to approximately λ/12.
Differently from the previous case, the reconstructed image at
the SSIM peaks has a rather poor similarity to the original
sample (Figure 3e,f).
Even in these conditions, however, it is possible to

reconstruct the sample by adopting an entirely different
approach: rather than considering the transmitted signal at
specific times, we took into account the full amount of
information provided by the time-resolved signal. Such
information can be processed through a spatiotemporal

inverse-propagation operator inspired by the theory of Wiener
filters. In the Fourier domain, we define the inverse-
propagation operator as follows:

ω

ω

ω α ω

⃡

=
⃡ *

| ⃡ | + *
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x y z
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2

(11)

where G⃡(kx, ky, kz, ω) is the dyadic Green’s function in the
Fourier domain, NSR = 1/SNR is the average spectral noise-
to-signal ratio, and α is a fitting parameter (α = 0.1 in our
simulations). The action of the operator W⃡ is to inverse-
propagate the experimental TDS trace through the crystal and
reduce the effects of spatiotemporal coupling (see Figure 4a).
In the absence of noise, the operator W⃡ coincides
straightforwardly with the inverse Green’s tensor. In the
presence of experimental noise, conversely, the NSR term in
the denominator of eq 11 is a strict requirement, as in these
conditions the transfer function cannot be univocally
reconstructed with a standard inverse filter.50 We verified the
validity of our approach by applying the operator from eq 11 to
the cases of Figure 2. The reconstructed images are shown in
Figure 4b,c. Remarkably, even in the presence of subwave-
length illumination (Figure 4c) the inverse-propagation filter
demonstrates a remarkable capability of reconstructing the
sample morphology, in sharp contrast with the fixed-time
reconstruction (cf. Figure 3d−f). The demonstrated superi-
ority of time-resolved image reconstruction based on inverse-
propagation holds also in the absence of experimental noise, as
illustrated in Supplementary Figure 1. It is worth mentioning
that the feasibility of an inverse-propagation transformation
strongly relies on the coherence properties of the THz incident
pattern generated by nonlinear frequency conversion. When
compared to the case of optically induced transient photo-
masks with subwavelength features, in fact, the THz pattern is
defined as the convolution between the incident THz beam
and the Green’s function of the subwavelength mask. The
latter is intrinsically pattern-dependent and hard to model in a
general way due to the complex space−time light−matter
interaction occurring between the incident beam and the
excited photocarriers.

Hyperspectral Single-Pixel Imaging at THz Frequen-
cies. The main properties of our nonlinear time-resolved
approach provide significant advantages when considering
complex inhomogeneous samples. It is widely acknowledged
that one of the main advances enabled by TDS analysis is the

Figure 4. Time-resolved image reconstruction: Inverse-propagation scheme. (a) Conceptual description of the inverse-propagation image
reconstruction scheme. (b) Reconstructed image for a superwavelength target (cf. Figure 3a−c). (c) Reconstructed image for a target with
subwavelength features (cf. Figure 3d−f).
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capability to accurately reveal the spectral response of a
sample.7,23 An intriguing question is whether time-resolved
nonlinear reconstruction could be employed to perform
hyperspectral imaging, i.e., to access the local spectral
information for each spatial point of the reconstructed
image. Such kind of measurement, if feasible, would be clearly
pivotal in spectral analysis and material recognition of complex
semitransparent samples, which currently pose a great
challenge to established single-pixel protocols. We verified
this possibility by considering a semitransparent target of
thickness δ and composed of three different materials: gold,
Kapton, and Teflon (Figure 5, inset). Kapton and Teflon
exhibit a rather different spectral response at THz frequencies
(in particular in the 1−5 THz region), where Teflon is a THz-
transparent polymer and Kapton is strongly absorbing. As such,
the choice of this materials allows for a straightforward
discrimination of the different materials composing the object
and their spatial distribution.
In terms of its material composition, the transfer function for

the object can be expressed as follows:

τ= [ ̃ ]T x y t n x y t( , , ) ( , , )FP (12)

where τFP is a transfer function which depends on the local
refractive index distribution ñ(x, y, t) = n(x, y, t) + ik(x, y, t).
Note that in our analysis we took into account the full material
dispersion of the target.51 Without loss of generality, we
restricted our analysis to the case of a thin object with features
comparable with the THz wavelength and with a thickness of δ
= 10 μm. Under these conditions, the transmission function

τFP can be easily expressed in terms of a Fabry−Peŕot response
(see Methods section for further details).
The results of our analysis are shown in Figure 5. As

illustrated in Figure 5a−c, the hyperspectral image obtained by
inverse-propagating the reconstructed signal allows easy
discrimination of the different materials in the object. Since
the Teflon portion of the sample is quite transparent for
frequencies below 5 THz, in this region the hyperspectral
image is composed mainly of Teflon components (Figure 5d).
Conversely, for frequencies between 6 and 8 THz, where
Teflon is mostly opaque and Kapton is transparent, the
hyperspectral image corresponds to the Kapton portions of the
object. The high degree of chemical selectivity is confirmed by
SSIM analysis, whose results are reported in Figure 5e. It is
worth mentioning that, despite the drastically different spectral
response of the two materials, the transmission spectra from
the very thin sample look rather similar (Figure 5d).

■ CONCLUSIONS

In this work, we demonstrated a novel approach to deep-
subwavelength single-pixel imaging based on nonlinear pattern
generation and time-resolved field measurements. As a relevant
case study, we considered single-pixel imaging at THz
frequencies, where time-resolved field measurements are
readily available. Interestingly, the possibility of performing
time-resolved measurements directly descends from our
nonlinear pattern generation scheme, which provides an
advantageous mechanism to produce structured light at THz
frequencies. Time-resolved measurements, moreover, allowed

Figure 5. Hyperspectral imaging from time-resolved measurements. (a−c) Reconstructed images illustrating the chemical selectivity of the
proposed hyperspectral method. (Inset) Schematic of the object under investigation. (d) Transmission spectrum for Teflon (blue line) and Kapton
(orange line) for a sample of thickness δ = 10 μm. (e) SSIM analysis of the hyperspectral image as a function of the frequency. The SSIM was
computed by comparing the hyperspectral image with the different parts of the object: Teflon regions (blue line) and Kapton regions (orange line).
The source spectrum (dotted line) is reported for the sake of completeness.
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us to perform sample reconstruction even in challenging
conditions, including distant objects and semitransparent
inhomogeneous targets. In particular, we were able to
demonstrate the feasibility of single-pixel hyperspectral
imaging, which paves the way to a new methodology in two-
dimensional material characterization.
By comparing our methodology with the state-of-the-art at

this frequency range, we have demonstrated the conceptual
advantages of a coherent time-resolved measurement in the
reconstruction of complex inhomogeneous samples. Interest-
ingly, we have shown how accurate spatial and spectral
reconstruction of the sample can be achieved only by inverse
propagating the time-resolved TDS traces, i.e., by eliminating
the effects of spatiotemporal coupling through the nonlinear
generating crystal. Such a result constitutes, in our opinion, a
valuable extension of current methodologies and allows the
systematic investigation of hyperspectral single-pixel imaging at
THz frequencies. Interestingly, the performance of our
nonlinear GI protocol could benefit from combining single-
pixel field detection with established super-resolution imaging
techniques, as in the case of optical superoscillation imaging.52

We believe that the demonstration of a time-resolved single-
pixel methodology based on full-wave measurements has
profound implications that go beyond the field of THz
imaging. Single-pixel detection and ghost imaging, for example,
play a crucial role in the development of advanced applications
in the infrared and microwaves. In these spectral regions,
nonlinear frequency conversion and bucket detection are
actively employed in the realization of quantum radar and
sensing technologies.53 At the same time, it has been recently
shown that time-resolved intensity measurements can be
employed to achieve quite remarkable performances in deep-
tissue biological imaging at optical and infrared frequencies,
such as single-shot imaging through thick and opaque
samples.3,54 These applications rely on reconstructing the
full-wave transmission properties of complex samples, such as
turbid media or biological tissue. An intriguing question is
whether such methodologies could be implemented at THz
frequencies, where amplitude and phase are directly measured.

■ METHODS

Nonlinear Generation and Propagation of THz
Subwavelength Patterns. We generated structured THz
pulses by nonlinear optical rectification of a structured optical
pulse. In our analysis, we considered an optical pulse with a
Gaussian profile, centered at λ = 800 nm and with a duration
of 300 or 80 fs used in the time-resolved GI and hyperspectral
imaging reconstruction, respectively. Upon generation on the
crystal surface, the THz structured pulse propagates according
to eq 6, where the dyadic Green’s function G⃡(x, y, z, t) is
defined as55

⃡ = [ ⃡ − ∇∇]x y z t G x y z tG I( , , , ) ( , , , )0 (13)

In eq 13, I ⃡ is the unit dyadic and G0(x, y, z, t) is the scalar
Green’s function defined as follows:56
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where εTHz = 13.7 is the dielectric constant of the crystal at
THz frequencies (we assumed a value compatible with a THz

quadratic nonlinear crystal) and Θ(t) is the Heaviside step
function.

Structural Similarity Index Method. We quantitatively
assessed the correlation between the reconstructed images and
the original sample by employing the SSIM, initially proposed
in ref 49. Standardly, the spatial correlation between images is
measured by the Pearson correlation coefficient ρP, which is
defined as

ρ
σ
σ σ

=x y( , ) xy

x y
P

(15)

In the SSIM model, conversely, the similarity between two
images is defined in terms of the luminance (l), contrast (c),
and structure (s) coefficients, which are defined, respectively,
as follows:
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In terms of these coefficients, the SSIM similarity index is
defined as

= α β γl c sSSIM (17)

where α, β, and γ are fitting weights. In this analysis, we
considered the following set of exponents: α = 0.01, β = 0.01,
and γ = 2. Such a choice allows us to underline the structural
information provided by the Pearson coefficient. From our
analysis, we considered a minimum similarity index SSIM of
14%, corresponding to the SSIM between the original image
and a nonstructured Gaussian field distribution.

Transfer Function for Inhomogeneous Samples. We
modeled the transmission properties of our semitransparent
inhomogeneous sample in terms of a Fabry−Peŕot response.57
In the frequency domain, this corresponds to an analytic
transfer function of the form

τ ω
τ ω φ ω

ρ ω φ ω
[ ̃ ] = −

− −n x y
x y i x y

x y i x y
( , , )

( , , ) exp( ( , , ))
1 ( , , ) exp( 2 ( , , ))FP

(18)

where φ(x, y, ω) = ñ(x, y, ω)ωδ/c, ñ(x, y, ω) is the local
refractive index distribution of the sample, and we defined the
transmission τ and reflection ρ coefficients as

τ ω
ω

ω ω
= ̃

[ ̃ + ][ + ̃ ]x y
n x y

n x y n n x y
( , , )

4 ( , , )
( , , ) 1 ( , , )1 (19)

ρ ω
ω ω
ω ω

= [ ̃ − ][ − ̃ ]
[ ̃ + ][ + ̃ ]x y
n x y n n x y
n x y n n x y

( , , )
( , , ) 1 ( , , )
( , , ) 1 ( , , )

1

1 (20)

where n1 = 3.7 is the refractive index of the generating crystal.
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Ghost imaging, based on single-pixel detection and multiple pattern illumination, is a crucial investigative tool in
difficult-to-access wavelength regions. In the terahertz domain, where high-resolution imagers are mostly unavailable,
ghost imaging is an optimal approach to embed the temporal dimension, creating a “hyperspectral” imager. In this
framework, high resolution is mostly out of reach. Hence, it is particularly critical to developing practical approaches
for microscopy. Here we experimentally demonstrate time-resolved nonlinear ghost imaging, a technique based on
near-field, optical-to-terahertz nonlinear conversion and detection of illumination patterns. We show how space–time
coupling affects near-field time-domain imaging, and we develop a complete methodology that overcomes fundamental
systematic reconstruction issues. Our theoretical-experimental platform enables high-fidelity subwavelength imaging
and carries relaxed constraints on the nonlinear generation crystal thickness. Our work establishes a rigorous framework
to reconstruct hyperspectral images of complex samples inaccessible through standard fixed-time methods. © 2020

Optical Society of America under the terms of the OSA Open Access Publishing Agreement

https://doi.org/10.1364/OPTICA.381035

1. INTRODUCTION

The reconstruction of complex field distributions in space and
time is a challenge in many domains, with a significant transversal
impact in fields beyond optics, such as microwave beam steering,
ultrasound imaging, and biology [1–9]. On another front, hyper-
spectral imaging has a pivotal assessment role in many disciplines,
as it allows one to determine the 2D morphology of an absorption
spectrum [10–12]. Hyperspectral imaging assumes a broader prob-
ing significance in time-resolved systems; in particular, the delay
of each frequency component can be profitably used to access the
3D morphology of the spectral phase response of a target, i.e., its
spatially resolved complex dielectric function. Modern photonic
approaches have produced essential breakthroughs in medicine,
biology, and material science imaging [12–16]. In this context,
the ability to reconstruct the time-domain waveforms provides
direct access to the field [17]; although these approaches are well
established in microwave and ultrasound imaging [2,5–7], they are
sensibly less diffused in photonics. Terahertz (THz), in this regard,
has emerged as one of the most relevant photonics frameworks
in which the time evolution of a field amplitude is experimen-
tally accessible. Indeed, THz time-domain spectroscopy (TDS)
has played a pivotal role in establishing THz as an independent
research field [18–21].

Single-pixel imaging approaches find their origin in domains
where single-point detectors outperform detector-arrays in terms
of specifications or availability [22,23]; for this reason, they have
attracted interest also in the THz community [24–26]. In pho-
tonics, these methods have unlocked the powerful ability to add
multiple dimensions and novel functionalities to simple spatial
probing, enabling several breakthroughs in classical and quan-
tum imaging [25,27–32]. In its most modern connotation, ghost
imaging (GI) is a form of computational imaging that employs the
sequential illumination of an object with a set of predetermined
patterns [23,33–37].

In terms of accessing newly emerging wave domains, such as
THz, GI offers the option of closing relevant technological gaps
while raising new challenges, such as the limited availability of
THz spatial light modulators (SLMs) and the coarse diffraction
limit [25].

The combination of single-pixel imaging and TDS provides the
exciting possibility of exploiting novel space–time computational
imaging approaches [31,32], and the TDS-GI has been recently
proposed as viable for THz imaging [38–42]. The THz field can be
densely sampled in space, giving access to subwavelength micros-
copy when an object is exposed to the near field of a THz source,
detector, or mask. Besides its potential practical impact in THz
microscopy, GI microscopy provides an accessible fundamental
framework for investigating time-resolved imaging in the presence

2334-2536/20/020186-06 Journal © 2020 Optical Society of America
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of strong spatiotemporal coupling, a dominant condition in the
near-field domain.

In this paper, we experimentally implement an imaging proto-
col based on the time-resolved nonlinear ghost imaging (TNGI),
which we have recently theoretically proposed as a single-pixel
imaging method where a set of nonlinear wavelength transforma-
tions are inserted in both the illumination and detection chains
[43]. We generate the THz patterns used for the GI reconstruction
by nonlinear conversion of spatially modulated optical pulses in
a quadratic medium. Leveraging the time-dependent field detec-
tion, as opposed to the intensity detection usually implemented
in the optics GI-equivalent, we implement the detection in the
Fourier plane, effectively acquiring the average value of the scat-
tered field. With this approach, the system resolution is effectively
independent of the numerical aperture of the detection system, in
sharp contrast with standard single-pixel approaches working in
optics. We test our time-dependent THz microscope on bench-
mark images, showing the capability of our system to extract the
spectrally resolved morphology, such as the water content in a leaf.

Most importantly, we demonstrate near-field, coherent hyper-
spectral imaging in a regime where spatiotemporal coupling is
strongly evident. We experimentally show that, in this regime, the
image information is inherently inaccessible when the reconstruc-
tion is performed at fixed-time slices of the transmitted field, as the
traditional isotime imaging approaches become affected by errors
and artifacts. We show experimentally that in the near field, the full
spatiotemporal signal is required to preserve space–time imaging,
and we provide a methodology, which we refer to as “space–time
refocusing” for high-fidelity reconstruction. Interestingly, we also
show experimentally that the thickness of the generation crystal
does not preclude significantly higher resolutions (as in some of the
proposed THz-GI approaches).

2. METHODS: THE TNGI

We formulated the TNGI as a single-pixel imaging approach
based on the time-resolved detection of the electromagnetic field
scattered by a sample, as opposed to the standard formulation of
GI that relies on the time-averaged field intensity [43]. Without
loss of generality, the TNGI describes the optical and morpho-
logical features of a sample through a spatiotemporal transfer
function Tsample(x , y , t) that is reconstructed through a sequence
of measurements as follows:

Tsample(x , y , t)= 〈Cn(t)In(x , y )〉n − 〈Cn(t)〉n〈In(x , y )〉n, (1)

where In(x , y ) is the intensity distribution of the nth incident
optical pattern, and 〈· · · 〉n is the average over the distribution of
patterns. In Eq. (1), the expansion coefficients Cn(t) are defined as

Cn(t)=
∫

E+n (x , y , t)dxdy , (2)

and correspond to the spatial average of the complex electric field
E+n (x , y , t) transmitted by the sample and acquired by TDS
detection (see Supplement 1 Section S3). Note that Eq. (1) is
closely related to the linear formulation of standard GI, where
the incident and scattered intensities are linearly related. Such a
similarity is a direct consequence of the optical-to-THz conversion
taking place in quadratic media, where the generated THz field is
expressed as

Fig. 1. Conceptual description of the TNGI approach. (a) Key exper-
imental components and methodology; (b) volumetric representation
of the nonlinear generation of THz patterns; (c) fixed-time reconstruc-
tion with a field of view 2 mm× 2 mm and 32× 32 spatial sampling;
(d) backpropagated hyperspectral image, averaged between 1 and 2 THz.

ETHz(x , y )∝ χ (2) In(x , y ), (3)

where χ (2) is the second-order nonlinear susceptibility of the non-
linear medium. The capability of directly controlling the THz field
by acting on the incident optical intensity is an essential feature of
our approach, as in casting Eq. (1) we do not require any assump-
tion stemming from the binary nature of the illumination (as
required, e.g., in mask-based GI [39–42]). It is also worth noting
that, differently from the standard GI formulation, the coefficients
in Eqs. (1) and (2) are built up by coherent measurements of the
electric field, and they do not represent the scattered intensity.

The principal elements of our experimental implementation of
the TNGI are shown in Fig. 1. We impressed a series of intensity
patterns on an ultrafast optical beam (λ= 800 nm, repetition rate
1 kHz, pulse duration 75 fs) using a commercial wavefront-shaping
device. In our experiments, we employed both a binary amplitude
digital micromirror device (DMD) and a phase-only liquid crystal
on silicon (LCoS) SLM. We converted the optical pattern to a
THz field distribution ETHz(x , y , t) through nonlinear optical
rectification in a quadratic crystal (ZnTe) of thickness z0. The gen-
erated THz pattern sampled different targets (in our experiments
different metallic masks and dielectrics) placed in proximity to
the crystal surface, and the average transmitted field was measured
through electro-optic (EO) detection. In our THz implementa-
tion, the Cn(t) coincide with the electric field detected via TDS
at the center of the Fourier plane (i.e., at kx = ky = 0) [44]. As an
image-reconstruction protocol, we exploited a Walsh–Hadamard
encoding scheme (with “Russian doll” ordering [45]) based on
binary amplitude patterns, which is known to maximize the SNR
of single-pixel imaging schemes [39]. A detailed schematic and fur-
ther details on the optical setups are included in the supplementary
information (SI).

The use of nonlinear conversion to generate THz patterns
provides a series of features when developing a single-pixel TDS
imaging scheme. First, the ability to control the THz field distri-
bution by shaping the optical field, as expressed by Eq. (3), allows
us to generate patterns with subwavelength resolution when com-
pared to the THz wavelength (300 µm, at 1 THz). The resolution
of the optical pattern In(x , y ) is ultimately bound by the optical
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diffraction limit and the numerical aperture of the optical setup.
Second, the SNR of the detected THz signal increases linearly with
the incident optical intensity. Finally, there is perfect temporal
coherence and spatial correspondence between the pump pulse and
the distribution of THz sources. Temporal and spatial coherence
is a direct consequence of the nonlinear conversion process and
has significant consequences for our abililty to image samples in
challenging experimental conditions. An open issue in THz-GI
concerns the impact of the distance between the THz pattern

source and the sample, as required when assessing the transmis-
sion from a sample placed on a holding substrate. As discussed
in Refs. [39,43], the near-field propagation of subwavelength
patterns exhibits spatiotemporal coupling, altering the spatial and
temporal features of the pattern [46]. Under these conditions, the
sampling function impinging on the object is not the original,
predetermined pattern, but its space–time “propagated” version.
Such discrepancy introduces a systematic and uneliminable error
in determining the scattered waveform from the object using a

Fig. 2. Spatiotemporal image of a metallic sample. (a) Temporal response of the metallic sample with fixed-time image reconstructions. It is worth noting
that field evolution (color change) can be appreciated underneath the metallic mask as the structure resonance produces a secondary emission. (b) Spectral
response with hyperspectral images. The field of view was 2 mm × 2 mm with a 16× 16 spatial sampling.

Fig. 3. Hyperspectral image of a leaf. (a) Optical image of the leaf; (b) microscope image; (c) temporal response of the field transmitted by the leaf;
(d) fixed-time reconstruction (128 pixels× 128 pixels); (e) local temporal response of the fresh leaf in the points indicated in (b); (f ) hyperspectral image of
a fresh leaf at 1.5 THz (16 pixels× 16 pixels); (g) phase image of the fresh leaf, obtained without phase unwrapping of the experimental data; (h)–(j) same as
the previous panel for a dried leaf (32 pixel× 32 pixel images). All the images correspond to a field of view of 4 mm× 4 mm.
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time-sliced (or isotime) imaging. While the effect of spatiotem-
poral coupling could be reduced when the sample distance from
the sources is much smaller than the resolution targeted (i.e., by
employing a thin patterning substrate), the error introduced by
diffraction (and by the interaction with samples with complex
transmission properties) is always present. Such an error is not
quantifiable in the case of single time-slice acquisition, and it can-
not be represented by standard definitions of SNR employed in
image analysis. The combination of optical coherence and direct
field detection allows us to reverse the effects of spatiotempo-
ral coupling, to obtain the correct time-domain reconstruction
of a sample within one wavelength of distance, and to perform
coherent hyperspectral imaging through TNGI.

3. EXPERIMENTAL RESULTS: HYPERSPECTRAL
IMAGING

As a first case study, in Fig. 2 we present the 2 mm× 2 mm spa-
tiotemporal image of a metallic structure deposited on a 50 µm
Kapton substrate. The image was retrieved by shaping the optical
illumination with a binary DMD and by placing the metallic
structure in the proximity of a z0 = 1 mm thick ZnTe generation
crystal. We achieved analogous results using an LCoS modulator,
as shown in Supplement 1 Fig. 2. By retrieving the spatiotemporal
image of the sample [Fig. 2(a)], we can capture the full effects
of the interaction between the THz field and its subwavelength
metallic features. As can be observed at t = 0.2 ps, in fact, the
object does not appear just as a blocking mask, but it features com-
plex resonances from the edges of the object. The time-resolved
measurement of the scattered field also allows us to reconstruct
the hyperspectral image of the sample [Fig. 2(b)]. Interestingly, in
our experiments, we were able to resolve features within the 50–
100 µm scale even in the presence of a relatively thick generation
crystal (as opposed to the typical thickness requirements in other
approaches [39–42]). This is a direct consequence of the nonlin-
ear conversion of optical patterns taking place across the entire
volume of the generating crystal and not only at its surface. In this
condition, the field-spatial spectra of each generating layer in the
ZnTe do not mix incoherently and, differently from the linear case,
allow single-pixel reconstruction of subwavelength features (see
Supplement 1 Section S2 for a detailed discussion).

The access to the coherent temporal field response allowed us to
reconstruct full spatiotemporal images of semitransparent samples.
As a relevant example (and to credit a similar image in Ref. [20],
widely considered one of the first milestones in THz imaging), we
show in Fig. 3 an image of a leaf at different stages of desiccation.
As can be evinced from Figs. 3(c) and 3(d), the isotime image
of a semitransparent sample is significantly harder to interpret
than a standard metallic mask, as the different parts of the sample
induce different temporal delays and phase shifts. Nevertheless, we
were able to retrieve the TDS time trace in different points of the
sample [Figs. 3(e) and 3(h)] and retrieve its hyperspectral image
both in terms of amplitude [Figs. 3(f ) and 3(i)] and spectral phase
[Figs. 3(g) and 3(j)], allowing us to reconstruct its morphology
and spectral fingerprint. As relevant examples, we present data for
a fresh leaf [Figs. 3(e)–3(g)] and a dried leaf [Figs. 3(h)–3(j)]. By
comparing the transmission from the two samples, it is possible to
assess the changes in water content, as in Ref. [20].

Fig. 4. Time-resolved image reconstruction: inverse propagation
approach. (a) Conceptual illustration of the propagating imaging scheme:
the sample is placed at z0 = 300 µm from the crystal. (b) Temporal
response of the sample; (c)–(d) fixed-time reconstructed images at the
points indicated in (b); (e) hyperspectral image averaged between 1
and 2 THz; (f ) conceptual illustration of the backpropagation scheme;
(g) temporal response of the backpropagated image (green) and the
temporal response without the sample (gray); (h)–(i) fixed-time recon-
struction of the backpropagated image at the points indicated in (g);
(j) backpropagated hyperspectral image, averaged between 1 and 2 THz.
In all panels, the field of view was 2 mm× 2 mm with a 32× 32 spatial
sampling.

4. IMAGING THROUGH INVERSE PROPAGATION

The experimental results presented in Fig. 4 explore a relevant
consequence of the space–time coupling in near-field TNGI. In
this case, we collected the image of a metallic sample, analogous to
the one in Fig. 2, but introducing a nonnegligible distance between
the sample and the emitter, which includes the Kapton substrate,
in a typical time-of-flight imaging case.

In these conditions, the sample morphology cannot be appre-
ciated in any of the isotime images regardless of their temporal
position [Figs. 4(c), 4(d) show some examples], or in the hyper-
spectral image [Fig. 4(e)], which shows a quite distorted image
even if in some pixels a high contrast is reached. As theoretically
demonstrated in Ref. [43], such a limitation is a direct consequence
of spatiotemporal coupling, which leads to a substantial modifica-
tion of the incident sampling patterns as they propagate [Fig. 4(a)].
At this stage, it should be observed that our TNGI protocol relies
on the collection of the average field as performed by sampling the
origin of an optical Fourier plane (i.e., kx = ky = 0). As a result, it
only requires an optical system capable of collecting a very narrow
spatial spectrum, and the numerical aperture of the imaging system
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plays a minimal role in defining the image resolution. On the
contrary, the SNR of the THz detection plays a fundamental role in
resolving the vanishing near-field scattered contributions (at high
spatial frequencies) for increasing values of the distance between
the sample and the emitter.

With the sensitivity available, we could then backpropagate the
pattern sampling function in order to “space–time refocus” the
image [Fig. 4(f )] and reverse the effect of spatiotemporal coupling
(see Supplement 1 Section S3 for a theoretical discussion on the
inverse propagation reconstruction) [43]. This procedure allows
us to retrieve the correct time-resolved image of the scattered field
in the proximity of the sample, restoring the morphological and
spectral features of its hyperspectral image [Figs. 4(i)–4(j)]. We
argue that the inverse propagation reconstruction is a strict require-
ment to reconstruct the sample properties at different depths, i.e.,
in near-field time-of-flight imaging.

5. CONCLUSIONS

In conclusion, we performed the first experimental example of
the TNGI approach exploiting a nonlinear quadratic conversion.
We devised a general reconstruction method based on the linear
dependence between impinging optical patterns and the detected
THz time-domain field average. The approach enables hyperspec-
tral imaging as performed in the state-of-the-art by TDS imagers.
It features near-field imaging and shows relaxed constraints in
terms of thickness of the nonlinear converter (our proof-of-
concept exploits off-the-shelf nonlinear substrates). As predicted
in Ref. [43], we demonstrated that popular isotime approaches are
not suitable for near-field spatiotemporal microscopy, and this is a
central issue when an object comprises elements at different optical
depths. We proved experimentally that, thanks to the spatial and
temporal coherence, it is possible to devise an inverse propagation
operator capable of “refocusing” the image in space–time and,
therefore, correctly reconstructing the hyperspectral image of the
sample. We believe this work can have a substantial impact in the
field of near-field imaging, especially in light of the emergence
of thinner and more efficient THz emitters (e.g., spintronic sub-
strates, surface emitters, or novel materials with exceptionally high
nonlinear coefficients such as DSTMS crystals) [47–50].
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S1. EXPERIMENTAL SETUP 

S1.1 Experimental configuration Supp. Fig. 1. Shows the experimental configuration using the DMD (Texas instrument DLP4500NIR) the main optical pump line is split into two independent paths by a beam sampler, the THz generation pump and the probe line. The THz generation pump impinges on an optical grating with 300mm-1 line spacing (here α=26.3° and  β= 71.3°). The optical grating is required to compensate for the tilt group front introduced by the periodic 

mirror distribution in the DMD. The Hadamard patterns generated by the DMD are imaged by the lens L2 onto the ZnTe crystal. The ZnTe crystal generates the THz pulse, which propagates through the object under inspection before being detected via a second ZnTe crystal (further details on the detection are included in a subsequent section) and a polarization discriminator, forming a standard electro-optical sampler. Supp. Fig. 2. outlines the experimental SLM (LCOS-SLM X13138) setup. The key difference when compared with the DMD setup (Supp. Fig. 1) is related to the method employed to generate optical patterns from a phase-only SLM (here φ= 10°). In our experiments, 

Supplementary. Figure 1. Schematic of the experimental setup used for generating THz patterns using an amplitude DMD spatial-light-modulator.

This document provides supplementary information to “Hyperspectral terahertz microscopy via 
nonlinear ghost imaging,” https://doi.org/10.1364/OPTICA.381035. Section 1 describes the 
experimental setup. Section 2 describes the theoretical analysis of THz pattern formation in the 
presence of a distributed volume source.  Section 3 describes the theoretical foundations of inverse-
propagation reconstruction.



we employed common-path interferometry to create the Hadamard patterns [1], via the half-wave-plate /2 and the polariser P. In both cases, the experimental setup is supplied by a regeneratively amplified Titanium Sapphire ultrafast source (Coherent Libra-HE), which generates an ultrashort pulse train. The pulse properties are 1 kHz repetition rate, 4mJ pulse energy, 70fs pulse duration, center wavelength at 800nm and diameter (intensity at 1/e2) 9mm (assessed via knife-edge technique). The probe and THz pulses are mutually delayed using a motorized translation stage. 
S1.2 THz generation and Fourier detection The THz patterns are generated by propagating the generation pump through a <110> ZnTe crystal, of thickness 1mm. Note that in the SLM we used a thickness of 0.1mm for comparison. ZnTe substrates generate THz radiation through the second-order nonlinear mechanism known as optical rectification, in which an ultrashort pulse induces a quasi-DC nonlinear polarization as it propagates through a second-order nonlinear medium. This leads to the emission of a broadband single-cycle THz pulse [2]. The ZnTe crystals had been oriented to maximize emission along the p-polarization direction [3].  Upon interaction with the object, the THz pulses are detected via a second 1mm <110> ZnTe crystal. The detection occurs via electro-optic detection via THz-driven Pockels effect [4]. The polarization discriminator setup consists of a λ/4 waveplate, a Wollaston prism and a pair of balanced photodiodes [5]. A combination of optical chopper and lock-in amplifier is used to maximize the SNR of the detection. The detection crystals have been rotated to detect p-polarized THz for an s-polarized probe [6]. To implement a Fourier detection scheme, the field amplitude of the patterned THz field is 

detected coherently in k-space after Fourier transformation through a parabolic mirror, with the probe beam sampling the Fourier plane along the optical axis [7].  In our experiments, we considered a temporal resolution of 50fs and total acquisition times between 3ps and 5ps, corresponding to a spectral resolution of 0.33 and 0.2 THz, respectively. 
S2. NONLINEAR GHOST-IMAGING WITH DISTRIBUTED 
VOLUME SOURCES An interesting feature of the proposed TNGI methodology is the possibility of achieving subwavelength resolutions even in the presence of relatively thick generation crystals. In our experiments, in particular, we were able to retrieve sample features within the 50-100µm scale by employing a 1mm thick ZnTe substrate. Such a possibility is enabled by the coherence of the nonlinear process mediating the conversion from incident optical patterns to THz field distribution (as described by Eq. (3) in the manuscript). The nonlinear optical conversion, in fact, takes place across the entire volume of the generating crystal, with a THz generation source defined as:  ( , , , ) = ( , ) ⋅ − | |  (S1)  where ( , ) is the optical intensity distribution,  is the field polarisation direction,  is a normalization constant,  is the refractive index of the crystal and  ( ) = ( )  (S2) is the time evolution of the nonlinear polarization current. The temporal delay = /  in Eq. (S1) has an important physical meaning, as it imposes temporal synchronization of the emission from different layers of the crystal.  To illustrate this point, we report in Figure S3 two different simulations for the TNGI reconstruction of a two-dimensional 

Supplementary Figure 2. Schematic showing the experimental setup used for shaping the beam with a phase-only Hamamatsu LCOS 
spatial-light-modulator. Inset showing the fixed-time reconstruction taken at the field peak (128x128 pixels). 

2



metallic sample (a 960x960µm cartwheel) in the case of a localized surface source (Supp. Fig. 3a) and with the distributed volume source (Supp. Fig. 3b). In our simulations, we computed the THz field generated by the source currents ( , , , ) using the dyadic Green’s Function method [8]. The numerical reconstruction of the object was performed by considering Walsh-Hadamard patterns of order 32, where each pixel of the Hadamard patterns has a size of Δ = 30μ , roughly corresponding to /10 at 1 THz. In our simulations, we considered a thickness of  = 295μ .  As can be evinced from the figure, in the case of a nonlinear source localized on the surface of the crystal (Supp Fig. 3a), the presence of spatiotemporal coupling leads to a reconstructed image which is a “propagated” version of the sample transmission (see main text and [9] for a full description of the effects of spatiotemporal coupling). In the presence of a distributed source, conversely, the TNGI is capable of reconstructing the sample morphology with a remarkable degree of fidelity.   
S3. THEORY OF SPATIOTEMPORAL IMAGE 
RECONSTRUCTION USING AN INVERSE-
PROPAGATION OPERATOR 

In Fig. 4 of the main text we have shown how the experimental reconstruction of an object placed at a distance from the THz emitter can be “back-propagated” to overcome the effect of spatiotemporal coupling. In the following section, we will provide an essential summary of the back-propagation process while referring the reader to [5] for a detailed theoretical derivation.  When an object is placed at a distance  from the THz emitter, each generated THz pattern will undergo propagation before reaching the sample (Supp. Fig. 4). As discussed in the main text, the propagation of the pattern can lead to a significant change in the spatial and temporal properties of the pattern. In the particular case of a subwavelength source, the spatial and temporal spectra of the source become coupled by the propagation. Mathematically, this corresponds to a THz field in the proximity of the sample expressed as [9]:  ( , ) = ∫ d d ( − , − ) ( , )= G( , ) ∗ ( , ) (S3) where  is the dyadic Green’s function (defined in terms of the magnetic vector potential ) and   is the nonlinear polarization current acting as a source of the THz field and associated with the -th pattern. After interaction with the object, the electric field in Eq (2) of the main text is therefore expressed as:  ( , ) = d ( , − ) ( , ) (S4) and the expansion coefficients read: ( ) = ∫ d p ⋅ ( , ) ∗ ( , ) ∗  ( , ) (S5) where  denotes the selected polarisation direction of the TDS detection.  As discussed in [9], the use of the expansion coefficients from Eq. (S5) in Eq. (1) of the main text leads to a reconstructed transfer function   of the form:  ( , ) = [ ( , ) ∗ ( , )] (S6) i.e., a space-time propagated transmission function of the sample. The fundamental idea underlying the inverse propagation operator is to define an inverse function ( , ) which inverts Eq. (S6) to retrieve the non-propagated transmission function of the sample by ( , ) = ( , ) ∗ ( , ). Following standard approaches, we define our inverse-propagation operator in the Fourier domain as follows:  ( , ) = ( , )∗( , ) + ( , ) (S7) where ( , ) is the dyadic Green’s function in the Fourier domain, NSR =1/SNR is the average spectral noise-to-signal ratio, and α is a fitting parameter.  In the results presented in Fig. 4 of the main text, we set = 0 as we are smoothing the THz fields acquired through the TDS 
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Abstract: Terahertz (THz) imaging is a rapidly emerging field, thanks to many potential applications
in diagnostics, manufacturing, medicine and material characterisation. However, the relatively
coarse resolution stemming from the large wavelength limits the deployment of THz imaging
in micro- and nano-technologies, keeping its potential benefits out-of-reach in many practical
scenarios and devices. In this context, single-pixel techniques are a promising alternative to
imaging arrays, in particular when targeting subwavelength resolutions. In this work, we discuss
the key advantages and practical challenges in the implementation of time-resolved nonlinear ghost
imaging (TIMING), an imaging technique combining nonlinear THz generation with time-resolved
time-domain spectroscopy detection. We numerically demonstrate the high-resolution reconstruction
of semi-transparent samples, and we show how the Walsh–Hadamard reconstruction scheme can
be optimised to significantly reduce the reconstruction time. We also discuss how, in sharp contrast
with traditional intensity-based ghost imaging, the field detection at the heart of TIMING enables
high-fidelity image reconstruction via low numerical-aperture detection. Even more striking—and to
the best of our knowledge, an issue never tackled before—the general concept of “resolution”
of the imaging system as the “smallest feature discernible” appears to be not well suited to
describing the fidelity limits of nonlinear ghost-imaging systems. Our results suggest that the drop in
reconstruction accuracy stemming from non-ideal detection conditions is complex and not driven
by the attenuation of high-frequency spatial components (i.e., blurring) as in standard imaging.
On the technological side, we further show how achieving efficient optical-to-terahertz conversion
in extremely short propagation lengths is crucial regarding imaging performance, and we propose
low-bandgap semiconductors as a practical framework to obtain THz emission from quasi-2D
structures, i.e., structure in which the interaction occurs on a deeply subwavelength scale. Our results
establish a comprehensive theoretical and experimental framework for the development of a new
generation of terahertz hyperspectral imaging devices.

Keywords: terahertz; nonlinear optical conversion; complex optical systems; adaptive imaging;
single-pixel imaging; surface nonlinear photonics

1. Introduction

In recent years, there has been increasing interest in the development of imaging techniques that are
capable of reconstructing the full-wave properties (amplitude and phase) of arbitrary electromagnetic
field distributions [1–3]. While standard optical technologies, such as cameras and photodiodes,
are usually sensitive to the field intensity, a large part of the sample information is encoded in
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the optical phase of the scattered field [4]. Interestingly, the direct detection of the field evolution is
achievable at terahertz (THz) frequencies thanks to the availability of the time-domain spectroscopy
(TDS) technique. TDS detection provides a time-resolved measurement of the electric field (e.g., via
electro-optical sampling [5]), allowing researchers to retrieve the complex-valued dielectric function of
a sample. Such a capability, coupled with the existence of specific and distinctive spectral fingerprints
in the terahertz frequency range, are critical enabling tools for advanced applications, such as
explosive detection, biological imaging, artwork conservation and medical diagnosis [6–10]. However,
despite the vast body of potential applications, the development of TDS devices that are capable of
high-resolution imaging is still regarded as an open challenge. A typical TDS implementation relies on
complex and expensive optical components that cannot be easily integrated into high-density sensor
arrays [11].

To date, THz imaging mostly relies on thermal cameras, essentially the equivalent of optical
cameras, which employ arrays of micro-bolometers to measure the time-averaged intensity of the THz
signal. As such, they cannot be employed for time-resolved THz detection and they are insensitive to
the optical phase and temporal delay of the transmitted THz field. In an attempt to develop arrays
of TDS detectors, researchers have proposed two-dimensional full-wave imaging devices that are
composed of arrays of photoconductive antennas or Shack–Hartmann sensors [12,13]. However, these
devices require complex and expensive technological platforms and their practicality is still a matter
of debate. Furthermore, they fundamentally sample the image information in an array of single
and well-separated small points. Hence, obtaining a high resolution can still require mechanical action
on the sample.

A promising alternative to TDS imaging arrays is single-pixel imaging, or ghost imaging (GI).
In these approaches, the sensor array is replaced by a single bucket detector, which collects the field
scattered by the sample in response to a specific sequence of incident patterns. By correlating each
acquired signal with its corresponding incident field distribution, it is possible to reconstruct the sample
image [14–17]. However, despite its simplicity, the implementation of GI at terahertz frequencies
is affected by the limited availability of wavefront-shaping devices (e.g., spatial light modulators)
that are capable of impressing arbitrary patterns on an incident THz pulse. Following the initial
experimental demonstrations with metallic masks and metamaterial devices [18,19], several research
groups’ researchers have proposed indirect patterning techniques for the generation of high-resolution
THz patterns. One of the most successful approaches relies on the generation of transient photocarrier
masks on semiconductor substrates [20–23]. In these experiments, a standard optical Spatial Light
Modulator (SLM) impresses a spatial pattern on an ultrafast optical beam. Upon impinging on
a semiconductor substrate, the latter generates a distribution of carriers matching the desired pattern
profile, which acts as a transient metallic mask and can be used to pattern an external THz beam. While
this technique has been successfully employed to achieve THz imaging with a deeply subwavelength
resolution, it is also affected by a few limitations. In particular, recent works have shown that
the maximum resolution achievable with these techniques is strongly dependent on the semiconductor
substrate thickness: in Stantchev and coworkers [20,21], for example, researchers have demonstrated
that deeply subwavelength resolutions are achievable only when considering patterning substrates
with a thickness below 10 µm.

In a series of recent works, we have proposed a new imaging technique, time-resolved nonlinear
ghost imaging (TIMING), which overcomes several of these limitations [24–26]. TIMING relies on
the integration of nonlinear THz pattern generation with TDS single-pixel field detection. In this
work, we discuss the main features of our approach and present our latest results on the theoretical
framework underlying our image reconstruction process. Via analysis of the compression properties of
the incident pattern distribution, we show how a TIMING implementation based on an optimised
Walsh–Hadamard encoding scheme can significantly reduce the number of incident patterns required
to obtain a high-fidelity image of the sample. Finally, we discuss how the development of ultra-thin
THz emitters can provide a significant improvement to the imaging performance of TIMING.
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2. Time-Resolved Nonlinear Ghost Imaging: A Conceptual Overview

A conceptual schematic of our imaging setup is shown in Figure 1a. A spatial pattern is impressed
on the optical beam through a binary spatial light simulator, e.g., a digital micromirror device (DMD),
obtaining the optical intensity distribution Iopt

n (x, y,ω). The THz patterns E0
n(x, y, t) are generated using

a nonlinear conversion of Iopt
n (x, y,ω) in a nonlinear quadratic crystal (ZnTe) of thickness z0. The THz

pattern propagates across the crystal and interacts with the object, yielding a transmitted field, which is
collected by a TDS detection setup. Different from the standard formulations in optics, which relies on
the optical intensity, our object reconstruction scheme relies on the time-resolved detection of the electric
field scattered by the object. More specifically, the electric field distribution is defined immediately before
and after the object as E−(x, y, t = E(x, y, z0 − ε, t) and E+(x, y, t) = E(x, y, z0 + ε, t), respectively,
where z0 is the object plane and ε > 0 is an arbitrarily small distance (Figure 1a, inset). Without loss
of generality, the transmission properties of the object are represented by defining the transmission
function T(x, y, t), which is defined on both the spatial and temporal components to account for
the spectral response of the sample. To simplify our analysis, in the following, we considered
two-dimensional objects, i.e., we restricted ourselves to transmission functions of the form T(x, y, t).
Under this position, the transmitted field is straightforwardly defined as:

E+(x, y, t) =

∫
dt′T(x, y, t− t′)E−(x, y, t). (1)

The objective of a single-pixel imaging methodology is to reconstruct the transmitted field
distribution E+(x, y, t) through a sequence of measurements to retrieve the transmission function of
the object. In our approach, this corresponds to measuring the TDS trace of the spatially-averaged
transmitted field from the object in response to a sequence of predefined patterns (a procedure known
as computational ghost imaging) [27]. The nth pattern is denoted by E−n (x, y, t) = Pn(x, y) f (t), where
Pn(x, y) is the deterministic spatial distribution of the pattern and f (t) is the temporal profile of the THz
pulse. The reconstruction process is defined as follows:

T(x, y, t) = Cn(t)Pn (x, y)n −Cn(t)nPn(x, y)n , (2)

where 〈· · · 〉n represents an average over the distribution patterns and the expansion coefficients Cn(t)
are defined as follows:

Cn(t) =

∫
dxdy E+

n (x, y, t) =

∫
dxdydt′T(x, y, t− t′)E−n (x, y, t). (3)

A numerical implementation of the image reconstruction process is shown in Figure 1b,c, where
we employed TIMING to reconstruct the transmitted field from a semi-transparent sample (a leaf).
In Figure 1b, we report the spatial average of the reconstructed field, exhibiting the characteristic
temporal profile of the incident THz pulse. Since our image reconstruction operates simultaneously
in time and space, it allows for not only retrieving the spatial distribution of the object but also
its temporal/spectral features. The specific result of a TIMING scan is a spatiotemporal image of
the transmitted field, as shown in Figure 1c.

An interesting question is whether the distance between the distribution of THz sources
and the sample has any effect on the image reconstruction capability of our setup. This point
is pivotal when time-resolved imaging is desired, as propagation always induces space–time coupling.
This condition represents a typical challenge in mask-based ghost imaging when time-domain detection
is sought. The propagation within the patterning crystal is known to lead to significant reconstruction
issues when considering deeply subwavelength patterns [20–22]. These issues are related to the intrinsic
space–time coupling that takes place within the crystal [28]. In essence, once the patterns are impressed
on the THz wave at the surface of the crystal (at z = 0), they undergo diffraction. As a result,
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the electric field distribution E−n (x, y, t) probing the sample is not the initial distribution E0
n(x, y, t),

but rather a space-time propagated version of it. The latter is mathematically expressed as:

E−n (x, y, t) = En(x, y, z0 − ε, t) =

∫
dxdydt′G(x− x′, y− y′, z0 − ε, t− t′)E0

n(x, y, t), (4)

where G(x, y, z0 − ε, t) is the dyadic Green’s function propagating the field from z = 0 to z = z0 − ε.
Since space–time coupling is essentially a linear process, it can be inverted by applying a Weiner filter
to the reconstructed image to mitigate the effects of diffraction. In the angular spectrum coordinates(
kx, ky, z,ω

)
, the Weiner filter is defined as:

W
(
kx, ky, z,ω

)
=

G†
(
kx, ky, z,ω

)
∣∣∣∣G

(
kx, ky, z,ω

)∣∣∣∣+ αNSR
(
kx, ky,ω

) , (5)

where NSR
(
kx, ky,ω

)
is the spectral noise-to-signal distribution, α is a noise-filtering fitting parameter

and † stands for Hermitian conjugation [24]. As expressed by Equation (5), the Weiner filter is
the equivalent of an inverse Green’s function operator that is modified to take into account the presence
of noise in the experimental measurements. The effect of the NSR term in the denominator, which is
controlled by the parameter α, is to suppress the regions of the spectrum that are dominated by noise
and could render the inversion operation an intrinsically ill-posed problem [29].Micromachines 2020, 11, x 4 of 15 
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Figure 1. Conceptual description of time-resolved nonlinear ghost imaging (TIMING). (a) Schematic of
the experimental setup. (b,c) Simulation of the TIMING reconstruction of a semi-transparent sample,
including the average field transmission (panel b) and the full spatiotemporal image of the sample
(panel c). The simulated object size was 10.24 cm × 10.24 cm, sampled with a spatial resolution of
512 × 512 pixels (∆x = 200 µm) and a temporal resolution of ∆t = 19.5 fs. The nonlinear crystal thickness
was z0 = 10 µm. n.u.: normalised units, TDS: Time-domain spectroscopy.

From a physical point of view, Equations (4) and (5) can be read as follows: when performing
a time-domain reconstruction of the image, the spatial distribution of E+

n (x, y, t) is acquired at a given
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time. However, this is not the scattered field from the object in response to the incident pattern
E0

n at that time; there is no time in which the scattered field E0
n(x, y, t) is univocally represented in

the sampling pattern E−n . The reason is simply that the method is slicing a fixed-time contribution of
a piece of information that is warped in the space-time. This warping is introduced by the distance
between sources and the object plane; therefore, it is different for any plane of the object being imaged.

Said differently, using fixed-time images to reconstruct planar features produces a fundamentally
incorrect picture of the evolving scattered field, with different degrees of “distortion” introduced by
the amount of propagation. It is worth noting that, although related, this is not the same concept
as that of resolution degradation of incoherent near-field systems. In fact, Equation (4) shows that
any space-time information retained by the field can be accessed only by accounting for near-field
propagation. TIMING reconstructs the image of a scattered field from an object with fidelity by applying
the backpropagation kernel from Equation (5). Another interesting aspect is whether the thickness
of the nonlinear crystal accounts for an overall separation between terahertz sources and the object,
affecting the achievable resolution. The difference here is that the propagation is inherently nonlinear
and although the generated terahertz signal diffracts linearly, for any desired resolution, there is
always a given generating crystal section that is sufficiently close to the object to illuminate it within
the required near-field condition. We have recently theoretically and experimentally demonstrated that
the diffraction limit does not directly apply in the nonlinear GI via the generation crystal thickness since
the nonlinear conversion from optical to THz patterns is a process distributed across the crystal [25].
We argue that this general approach is particularly useful when considering samples stored in cuvettes
or sample holders.

3. Compressed and Adaptive Sensing Applications

In this section, we discuss the image reconstruction performance of TIMING as a result of
our particular choice of input pattern distribution. To reconstruct the sample, TIMING relies on
the Walsh–Hadamard (WH) image decomposition, which constitutes the binary counterpart of standard
Fourier-based image analysis [30]. In our approach, the choice of the incident pattern distribution was
driven by three considerations: (i) the compatibility with the available wavefront-shaping technology
impressing patterns on the optical beam, (ii) the average signal-to-noise ratio (SNR) of the signal
associated with each incident pattern and (iii) the energy compaction (compressibility) properties
of the image expansion base. The WH patterns can be implemented straightforwardly through
a digital micromirror device (DMD) and they are known to maximise the SNR of the acquired
signals in experiments [31,32]. The latter is a significant advantage when compared to standard TDS
imagers, which rely on a raster-scan reconstruction approach, where either the source or receiver
(or both) are sequentially moved across the sample, leading to a combination of single-pixel detection
and illumination [10]. While this approach is intuitive and straightforward to implement, a single-pixel
illumination usually implies a degradation of the SNR of the expansion coefficients for a fixed intensity
per pixel. Furthermore, raster-scan imaging is a local reconstruction algorithm that is not suitable
for compressed sensing; in mathematical terms, the raster scan corresponds to expanding the sample
image in the canonical Cartesian base En,m(x, y) = δ(x− xn, y− yn). Trivially speaking, to reconstruct
the entire image with this approach, each pixel composing it needs to be scanned.

In contrast, the WH encoding scheme is a very popular example of energy compacting
(compressive) decomposition, as in the case of Fourier-based or wavelet-based image analysis [33,34].
In these approaches, the image is represented as an orthogonal basis of extended spatial functions.
For example, in the case of Fourier image analysis, the sampling patterns are the basis of
the two-dimensional Fourier Transform [29,35]. The choice of an expansion basis composed of
extended patterns has two main advantages. First, extended patterns are generally characterised by
transmitted fields with higher SNRs because distributed sources generally carry more power. In fact,
for a given power limit per pixel, the Walsh–Hadamard decomposition allows for a total energy per
pattern that is about N/2 higher than single-pixel illumination. Second, and more importantly, there
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is no one-to-one correspondence between individual image pixels and distinct measurements (as in
the case of the raster scan). In fact, the incident patterns not only probe different parts of the sample in
parallel but can also provide useful insights into its spatial structure, even before completing the entire
set of illuminating patterns.

In practical terms, a WH pattern of size N ×N is obtained by considering the tensor product
between the columns (or, invariantly, rows) of the corresponding N ×N Walsh–Hadamard matrix
(see Figure 2a). The columns (or rows) are mutually orthogonal and form a complete tensor basis for
any two-dimensional matrix. Interestingly, the columns of the Hadamard matrix can be re-arranged in
different configurations, leading to matrices with different orderings [36–38]. In Figure 2, we compare
two configurations: the Walsh (or sequency) order and the Hadamard (or natural) order. The Walsh
ordering is particularly useful in image reconstruction as it mirrors the standard order of the discrete
Fourier basis, i.e., the columns are sorted in terms of increasing spatial frequencies. This means that by
using the Walsh matrix, it is possible to acquire complete lower-resolution images before completing
the illumination set, which can be useful for applying decisional approaches and reducing the set
dimension [39,40].
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Figure 2. Walsh–Hadamard image reconstruction. (a) Generation of incident patterns from the Walsh–Hadamard
matrix. Each pattern is defined as the tensor product between two columns of the generating matrix. The patterns
can be generated from different configurations of a Hadamard matrix: we show the Walsh, or “sequency”, order
(top, used in TIMING) and the standard Hadamard, or “natural”, order (bottom). (b,c) Reconstructed Walsh
spectrum of the peak-field object transmission. Interestingly, only a fraction of the patterns (8.1%) were associated
with a spectral amplitude exceeding the−60 dB threshold (with 0 dB being the energy correlation of the fittest
pattern—panel c). Nevertheless, these patterns were sufficient to provide a high-fidelity reconstruction of
the image (insets). (d,e) Pearson correlation coefficients between reconstructed and original images as a function of
the number of patterns employed in the reconstruction. The results refer to the entire scan (panel d) and the initial
10% of patterns (panel e).

To illustrate how the image information is distributed across the basis of incident patterns, it is
useful to analyse the peak-field Walsh spectrum of the reconstructed image, which is shown in Figure 2b.
The WH spectrum is obtained by plotting the Cn

(
t = tpeak

)
coefficients as a function of their generating
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pattern indexes. As can be evinced from Figure 2b, the WH decomposition re-organises the image
information into a hierarchical structure, which mirrors the spectral content of the image. Interestingly,
this property is at the core of the compression properties of the WH encoding scheme, as can be
exploited to significantly reduce the number of measurements required to reconstruct the image.
We illustrate this result in Figure 2c, where we identify the coefficients with an amplitude exceeding
a −60 dB threshold with a red marker. As shown in Figure 2c, these significant coefficients were mostly
localised in correspondence with the smaller spatial frequencies of the image, and for this image,
they represented 8.1% of the total number of patterns. Remarkably, this limited number of patterns
was sufficient to accurately reconstruct the image (as shown in Figure 2c, inset).

For a given Walsh–Hadamard matrix, it is also critical to consider the specific order employed
when selecting the sequence of columns forming the distribution of incident patterns. In our approach,
we implemented an optimised ordering of the WH patterns (denoted as “smart-Walsh”), which sorts
the incident patterns in terms of increasing spatial frequency (see Supplementary Video 1). In Figure 2d,e,
we illustrate the fidelity of the TIMING reconstruction across the ensemble of incident patterns for
different sorting schemes. The fidelity between reconstructed and original images is estimated through
the Pearson correlation coefficient, which measures the spatial correlation between the two datasets
and is defined as:

ρ(A, B) =

∑
mn

(
Amn −A

)(
Bmn − B

)

√∑
mn

(
Amn −A

)2 ·∑mn

(
Bmn − B

)2
, (6)

where A and B are the spatial averages of A and B, respectively. In our analysis, we considered
the performance of our “smart-Walsh” sorting (blue line) with the natural Hadamard sorting (yellow
line) and the recently proposed “Russian-doll” sorting (orange line) [38]. As shown in Figure 2d,
both the smart-Walsh and the Russian-doll sorting were capable of high-fidelity reconstructions of
the sample image, even just by using a fraction of patterns, especially when compared to the standard
Hadamard case. Further insights on the image reconstruction performance can be obtained by analysing
the image reconstruction across the first 10% of patterns (Figure 2e). Remarkably, both our approach
and the Russian-doll sorting outperformed the standard Hadamard sorting, yielding a high-fidelity
image (spatial correlation exceeding 90%) by considering only 0.1% of the total number of patterns.
Interestingly, while the performance of our “smart-Walsh” approach matched the Russian-doll sorting
as soon as each Hadamard order was completed (dashed grey lines), we observed that it outperformed
it across incomplete scans.

4. Performance of Field-Based Ghost-Imaging Detection in the Fourier Plane

The possibility of performing field-sensitive detection provides TIMING with a significant
advantage when compared with traditional GI. However, the typical GI correlation between detection
parameters and image fidelity is broken by the nonlinear ghost imaging transformation, i.e., the need
for establishing a correlation between coherent-field detection and the optical intensity patterns.
More precisely, the implementation of a field average in the image extraction radically changes the way
the image quality depends on the experimental parameters. Standard GI reconstruction relies on
detecting the integrated scattered field to estimate the spatial correlation between the incident patterns
and the sample, where:

Cn =

∫
dxdy I+n (x, y) =

∫
dxdydt′

∣∣∣T(x, y, t− t′)E−n (x, y, t)
∣∣∣2. (7)

This corresponds to the direct acquisition of the total scattered field with a standard bucket
detector, which integrates the transmitted intensity distribution. Fundamentally, it is an estimator of
the total scattered power, and as such, it is directly affected by the numerical aperture of the detector
and by the distance between the detector and the sample. As discussed in the literature on optical
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GI, both these factors directly fix the amount of information that is available when reconstructing
the image and directly affect its fidelity [15].

TIMING inherits the direct detection of the scattered THz field distribution from time-domain
spectroscopy systems. By operating directly on the electric field, it allows for measuring the average
THz scattered field (in a fully coherent sense) by performing a point-like detection in the Fourier plane.
As defined by Equation (3), the coefficients Cn can be obtained by measuring the

(
kx, ky

)
= 0 spectral

components of the THz transmitted field:

Cn(t) =

∫
dxdy E+

n (x, y, t) = F
[
E+

n (x, y, t)
]
|kx = 0, ky = 0. (8)

This implementation implies that the experimental measurement of the correlations Cn is not
limited at all by the numerical aperture of the bucket detector. This type of measurement can be
obtained by placing the object in the focal point of an arbitrary lens and by acquiring the signal in
the central point of the opposite focal plane (Figure 1a). The electric field in the focal plane reads as
follows:

E f ocal(x,′ y′) ∝ F
[
E+

n (x, y, t)
] (

kx =
x′
λ f

, ky =
y′

λ f

)
, (9)

where x′ and y′ are the physical coordinates in the Fourier plane [41].
However, in terms of implementation, the detector samples a finite small area of the Fourier plane

with an area-sampling function PH
(
kx, ky

)
, obtaining the estimation Cn

′(t):

C
′(t)
n =

∫
PH

(
kx, ky

)
∗ F

[
E+

n (x, y, t)
]

dkxdky, (10)

where PH
(
kx, ky

)
is physically represented by the profile of the probe beam in the electro-optical

sampling (e.g., a Gaussian function), or by the shape of any aperture implemented in front of
the nonlinear detection to fix its interaction area with the THz field.

The accuracy of the measurements is then directly related to how “point-like” our detection can
be made. Although one could be tempted to foresee a general benefit of the high signal-to-noise ratio
(SNR) resulting from large detection apertures as in the standard GI, this is also a source of artefacts,
fundamentally establishing a trade-off between SNR and fidelity.

Figure 3 illustrates the effects of the size d of the sampling function PH
(
x′ = kxλ f , y′ = kyλ f

)

on the image reconstruction fidelity (Figure 3e). Interestingly, the reduction of fidelity observed
for increasing the sampling diameter is different from the typical limitations in standard imaging.
In our case, a too-large area sampling function in the Fourier plane did not lead to a reduction in
the discernible details but rather in the disappearance of entire parts of the image (see Figure 3e, insets).

Similarly, in Figure 4, we illustrate the effect of a misalignment of the sampling function PH centre
with respect to the centre of the Fourier plane. Trivially, the spatial correlation between the reconstructed
and original images peaks at the centre of the Fourier plane and swiftly decayed in the case of off-axis
detection (Figure 4a). In these conditions, the reconstructed image showed the appearance of spurious
spatial frequencies, corresponding to the

(
kx, ky

)
sampling position (Figure 4b,d). Interestingly,

however, the overall morphology and details of the image were still present in the images, and no
noticeable blurring occurred.
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(a–d) The spatial average of the transmitted field (b) associated with each incident pattern (a) could
be measured by performing a point-like detection in the centre of the Fourier plane (c,d). In realistic
implementations, the centre of the Fourier plane is sampled using a sampling function PH of finite
diameter d. (e) Spatial correlation between the reconstructed and original image as a function of
the sampling function diameter. A departure from the point-like approximation led to a significant
corruption of the reconstructed image (insets). Interestingly, the typical image degradation did not
necessarily involve the total disappearance of highly resolved details.
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Figure 4. Influence of the pinhole displacement on the Fourier detection of TIMING reconstruction coefficients.
(a) Spatial correlation between the reconstructed and original image as a function of the sampling function
position in the focal plane. The displacement (∆x, ∆y)was measured with respect to the lens axis and the sampling
function diameter was set to d = 0.36 mm, corresponding to a spatial correlation of 100% at the centre of the Fourier
plane (cf. Figure 3e). (b–d) Examples of image reconstruction with off-axis detection, illustrating the appearance
of spurious spatial frequencies. Interestingly, the object morphology was still noticeable, even at a relatively large
distance from the optical axis.



Micromachines 2020, 11, 521 10 of 15

5. A Route towards Thinner THz Emitters: Surface Emission from Quasi-2D
Semiconductor Structures

Deep near-field regimes are in general a requirement to obtain deep-subwavelength image
resolutions. Here, we review this current technological solution that is under development in TIMING
towards this goal.

In terms of nonlinear ghost imaging, the high resolution fundamentally results from the ability
to achieve significant optical-to-terahertz conversions, keeping the sample in the proximity of
the distribution of terahertz sources. This translates into the need for generating terahertz from
quite thin devices (although we argued how TIMING exhibits significantly more relaxed constraints
compared to previous literature [25]).

Although the technology is continuously evolving, the best-performing and most practical
off-the-shelf sources are within the class of electro-optical switches. The terahertz emission is generated
by a transient current that is sustained by an external electric source and is triggered by a change
of conductivity induced by an ultrafast optical absorption [5]. This specific approach benefits from
a virtually high optical-to-terahertz conversion efficiency since the actual source of radiation is a current
sustained by the electric source. However, this technology is difficult to translate to TIMING since
the integration into a single device of a dense distribution of independent electrical switches emitting
terahertz signals is extremely challenging.

In terms of direct optical-to-terahertz conversion, improving the efficiency of nonlinear converters
is undoubtedly a central research area with a vast spectrum of proposed solutions ranging from novel
materials to the design of sophisticated propagation geometries, which allows for very long interaction
lengths. However, very few alternatives are currently available for emitters with a thickness below
the micrometre scale. One general issue is that the efficiency of bulk nonlinear interactions tend to
be vanishingly low at this scale, whereas the ruling mechanisms of the nonlinear interactions are
dominated by peculiar physical mechanisms that exist only in quasi-2D frameworks. Some very
promising, recently explored solutions comprise exploiting spin-mediated current transients (spintronic
emitters) in nano-hetero-metallic structures [42]. On the other hand, a significant fraction of the work
in this research area focuses on achieving a very large interfacial nonlinear response or inducing
carrier-mediated nonlinear dynamics at a surface.

In general, these effects are fundamentally driven by breaking the lattice symmetry, which is
produced by the material discontinuity at the interface. The requirement of tightly reduced interaction
lengths makes low-bandgap semiconductors, such as Indium Arsenide (InAs) and Indium Antimonide
(InSb), very popular experimental frameworks. What motivated the interest in these systems is
the surprisingly high conversion efficiency per interaction length [43–45]. In a traditional NIR ultrafast
excitation setting, the mean absorption length for photons is very small, typically within the scale
of ld = 140 nm at a wavelength λ = 800 nm. At low fluences (below 100 nJ/cm2), InAs is probably
considered the benchmark surface emitter. In this case, the generation is driven by the very large
difference in mobility between holes and electrons via the photo-Dember effect (Figure 5c,d): when
a high density of photogenerated pairs is induced in the proximity of the surface, electrons quickly
diffuse away from the surface, leaving uncompensated carriers of the opposite sign. Such a charge
unbalance creates a fast stretching dipole, or equivalently, a local current transient that is the source of
the terahertz emission [46].

At very high pumping energies (above 10 µJ/cm2), this phenomenon becomes critically saturated
due to the electromagnetic screening role of dense carrier densities. Conversely, the optical surface
rectification (SOR) dominates the emission [43]. The optical surface rectification is a quadratic
phenomenon induced by the contribution of a local static field at the surface, which is induced by
surface states within the bulk cubic nonlinear response (Figure 5a,b). The DC field effectively plays
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the role of a field contribution in a four-wave mixing process in a mechanism commonly referred to as
a field-induced quadratic response [45,47] and is described using:

ETHz ∝ χ(3)Esur f E∗ωEω, (11)

where χ(3) is the third-order susceptibility of InAs, Esur f is the intrinsic surface potential field, Eω
is the incident optical field and ∗ stands for the complex conjugate. Quite interestingly, because
the phenomenon is driven by a surface potential, it is also a measurable way to probe the dynamics of
the carrier at the surface, and it has been proposed as the optical analogy of a Kelvin probe [48].Micromachines 2020, 11, x 11 of 15 
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Figure 5. Surface emission driving mechanisms. (a) Surface optical rectification—a surface field
at the air–semiconductor barrier combines with the optical field in a four-wave mixing process
(cubic), generating a terahertz mixing product (see Equation (7)). (b) Measurement of the terahertz
emission using surface optical rectification with an optical pulsed excitation fluence of 7 mJ/cm2 (1 kHz
repetition rate) and a pulse with a wavelength of 800 nm and a duration of 90 fs. (c) Simplified
sketch of the photo-Dember process in InAs. The absorption of an ultrashort pulse generates a high
density of photogenerated hole–electron pairs within the optical penetration depth (140 nm). The fast
diffusion of the electrons induces a transient current JTHz, which is the source of the terahertz emission.
(d) Measurement of the terahertz emission by photo-Dember mechanism with an optical pulsed
excitation fluence of 0.28 µJ/cm2 (80 MHz repetition rate) and pulse with a wavelength of 800 nm
and a duration of 140 fs.

6. Discussions and Conclusions

In this work, we have provided an overview of the advantages and implementation challenges
of a time-resolved nonlinear ghost-imaging approach to THz single-pixel imaging. By combining
nonlinear THz generation and single-pixel TDS detection, we demonstrated the high-resolution
reconstruction of a semi-transparent sample with a subwavelength resolution (512 × 512 pixels).
By providing a detailed analysis of the Walsh–Hadamard reconstruction scheme, we have shown how
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a specific choice of patterns and the order of acquisition can play a beneficial role in speeding-up
the reconstruction of the peak-field transmission from the sample. Remarkably, we have shown
that less than 10% of the incident samples were required to achieve a high-fidelity reconstruction
of the sample image in a general sequential reconstruction. Our approach, which is based on
a lexicographical sorting of the incident patterns in terms of their spatial frequency (an approach
we denoted as a “smart-Walsh” reconstruction), is general and image-independent and can be applied
to reduce the overall reconstruction time for unknown samples. Interestingly, such a result could
be further improved by considering that even a smaller percentage of incident patterns are required
to reconstruct the sample: in our case, only 8% of the patterns were associated with an expansion
coefficient exceeding 60dB. In practical terms, this would correspond to a 92% shorter acquisition
time, corresponding to a 12.5× speed up of the image reconstruction process when compared to
a full scan based on the Hadamard encoding scheme. These numbers suggest that the reconstruction
process could be significantly sped up through the application of adaptive-basis-scan algorithms
and deep-learning-enhanced imaging, which identify and predict the best set of scanning patterns in
real time [40,49–51].

Interestingly, our results suggest that the nonlinear GI methodology is not limited by the numerical
aperture of the optical system in a “conventional” sense. Said differently, it operates under
the assumption of a very low numerical aperture to obtain a faithful spectral representation of
the image. However, our results highlight that the image reconstruction is quite sensitive to the size
and alignment of the pinhole function selecting the

(
kx, ky

)
= 0 components of the scattered field.

Most importantly, in sharp contrast with previous literature on the topic, the reconstruction accuracy
cannot simply be represented as a matter of effective “resolution”. The drop in reconstruction fidelity,
in fact, is not driven by the attenuation of high-frequency spatial components (i.e., blurring) as in
standard imaging, but it can lead to the appearance of artefacts and spurious spatial frequencies.
To the best of our knowledge, the reconstruction limits of single-pixel time-domain imaging have never
been formalised elsewhere.

Finally, although thin emitters are a general requirement for this approach, TIMING exhibits
relaxed constraints between the nonlinear interaction length and the image resolution. Yet, solutions
for sub-micron-thick large-area terahertz generation are practically possible, enabling resolutions
within the same scale or better. A promising platform to achieve this goal is narrow-bandgap
semiconductor devices based on InAs or InSb platforms. These materials not only provide
extremely high optical-to-terahertz conversion efficiency per unit length but they are also suitable for
large-scale fabrication and deployment in real-world devices thanks to their established deployment in
the electronic domain.

We believe that TIMING is a significant step forward in the development of terahertz
micro-diagnostics based on hyperspectral imaging devices. Our approach also addresses fundamental
criticalities in the imaging reconstruction process, which generally affect any high-resolution imaging
domain where high temporal resolution is sought. As such, TIMING establishes a comprehensive
theoretical and technological platform that paves the way for new generations of terahertz imaging
devices satisfying the requirements for high-resolution and spectral sensitivity in real-world applications.
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Author Contributions: Conceptualisation, J.S.T.G., A.P. and M.P.; Methodology, J.S.T.G., L.O., A.P. and M.P.;
Investigation, J.S.T.G., J.T., L.P., V.C., A.C., L.O., R.T. and V.K.; Supervision, J.S.T.G., A.P. and M.P.; Writing—original
draft, J.S.T.G.; Writing—review & editing, J.S.T.G. and M.P. Project administration, M.P.; Funding acquisition, M.P.
All authors have read and agreed to the published version of the manuscript.

Funding: This project has received funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement no. 725046). J.T. acknowledges
the support of the Engineering and Physical Sciences Research Council (EPSRC) through the studentship
EP/N509784/1. J.S.T.G, L.P., V.C., V.K. and R.T. acknowledge the support of the European Union’s “Horizon 2020”
research and innovation program, grant agreement no. 725046, ERC-CoG project TIMING. J.S.T.G. acknowledges



Micromachines 2020, 11, 521 13 of 15

funding from the Helena Normanton Fellowship of the University of Sussex, UK. A.C. acknowledges the support
from the University of Palermo, Italy through the mobility fellowship “Corso di Perfezionamento all’estero 2018”.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Tikan, A.; Bielawski, S.; Szwaj, C.; Randoux, S.; Suret, P. Single-shot measurement of phase and amplitude
by using a heterodyne time-lens system and ultrafast digital time-holography. Nat. Photonics 2018, 12, 228.
[CrossRef]

2. Shechtman, Y.; Eldar, Y.C.; Cohen, O.; Chapman, H.N.; Miao, J.; Segev, M. Phase Retrieval with Application
to Optical Imaging: A contemporary overview. IEEE Signal Process. Mag. 2015, 32, 87–109. [CrossRef]

3. Rivenson, Y.; Zhang, Y.; Günaydın, H.; Teng, D.; Ozcan, A. Phase recovery and holographic image
reconstruction using deep learning in neural networks. Light Sci. Appl. 2018, 7, 17141. [CrossRef] [PubMed]

4. Hack, E.; Zolliker, P. Terahertz holography for imaging amplitude and phase objects. Opt. Express 2014, 22,
16079–16086. [CrossRef]

5. Song, H.-J.; Nagatsuma, T. Handbook of Terahertz Technologies: Devices and Applications; CRC Press: New York,
NY, USA, 2015.

6. Kampfrath, T.; Tanaka, K.; Nelson, K.A. Resonant and nonresonant control over matter and light by intense
terahertz transients. Nat. Photonics 2013, 7, 680–690. [CrossRef]

7. Frühling, U.; Wieland, M.; Gensch, M.; Gebert, T.; Schütte, B.; Krikunova, M.; Kalms, R.; Budzyn, F.;
Grimm, O.; Rossbach, J.; et al. Single-shot terahertz-field-driven X-ray streak camera. Nat. Photonics 2009, 3,
523–528. [CrossRef]

8. Yu, L.; Hao, L.; Meiqiong, T.; Jiaoqi, H.; Wei, L.; Jinying, D.; Xueping, C.; Weiling, F.; Yang, Z.
The medical application of terahertz technology in non-invasive detection of cells and tissues: Opportunities
and challenges. RSC Adv. 2019, 9, 9354–9363. [CrossRef]

9. Yang, X.; Zhao, X.; Yang, K.; Liu, Y.; Liu, Y.; Fu, W.; Luo, Y. Biomedical Applications of Terahertz Spectroscopy
and Imaging. Trends Biotechnol. 2016, 34, 810–824. [CrossRef]

10. Mittleman, D.M. Twenty years of terahertz imaging [Invited]. Opt. ExpressOe 2018, 26, 9417–9431. [CrossRef]
11. Sengupta, K.; Nagatsuma, T.; Mittleman, D.M. Terahertz integrated electronic and hybrid electronic–photonic

systems. Nat. Electron. 2018, 1, 622–635. [CrossRef]
12. Lee, A.W.; Hu, Q. Real-time, continuous-wave terahertz imaging by use of a microbolometer focal-plane

array. Opt. Lett. 2005, 30, 2563–2565. [CrossRef] [PubMed]
13. Abraham, E.; Cahyadi, H.; Brossard, M.; Degert, J.; Freysz, E.; Yasui, T. Development of a wavefront sensor

for terahertz pulses. Opt. Express 2016, 24, 5203. [CrossRef] [PubMed]
14. Moreau, P.-A.; Toninelli, E.; Gregory, T.; Padgett, M.J. Ghost Imaging Using Optical Correlations. Laser

Photonics Rev. 2018, 12, 1700143. [CrossRef]
15. Padgett, M.J.; Boyd, R.W. An introduction to ghost imaging: Quantum and classical. Phsical Eng. Sci. 2017,

375, 20160233. [CrossRef] [PubMed]
16. Shapiro, J.H.; Boyd, R.W. The physics of ghost imaging. Quantum Inf Process 2012, 11, 949–993. [CrossRef]
17. Erkmen, B.I.; Shapiro, J.H. Ghost imaging: From quantum to classical to computational. Adv. Opt. Photon.

Aop 2010, 2, 405–450. [CrossRef]
18. Chan, W.L.; Charan, K.; Takhar, D.; Kelly, K.F.; Baraniuk, R.G.; Mittleman, D.M. A single-pixel terahertz

imaging system based on compressed sensing. Appl. Phys. Lett. 2008, 93, 121105. [CrossRef]
19. Watts, C.M.; Shrekenhamer, D.; Montoya, J.; Lipworth, G.; Hunt, J.; Sleasman, T.; Krishna, S.; Smith, D.R.;

Padilla, W.J. Terahertz compressive imaging with metamaterial spatial light modulators. Nat. Photonics 2014,
8, 605–609. [CrossRef]

20. Stantchev, R.I.; Sun, B.; Hornett, S.M.; Hobson, P.A.; Gibson, G.M.; Padgett, M.J.; Hendry, E. Noninvasive,
near-field terahertz imaging of hidden objects using a single-pixel detector. Sci. Adv. 2016, 2, e1600190.
[CrossRef]

21. Stantchev, R.I.; Phillips, D.B.; Hobson, P.; Hornett, S.M.; Padgett, M.J.; Hendry, E. Compressed sensing with
near-field THz radiation. Optica 2017, 4, 989. [CrossRef]

22. Zhao, J.; Yiwen, E.; Williams, K.; Zhang, X.-C.; Boyd, R.W. Spatial sampling of terahertz fields with
sub-wavelength accuracy via probe-beam encoding. Light Sci. Appl. 2019, 8, 55. [CrossRef] [PubMed]



Micromachines 2020, 11, 521 14 of 15

23. Chen, S.-C.; Du, L.-H.; Meng, K.; Li, J.; Zhai, Z.-H.; Shi, Q.-W.; Li, Z.-R.; Zhu, L.-G. Terahertz wave near-field
compressive imaging with a spatial resolution of over λ/100. Opt. Lett. 2019, 44, 21. [CrossRef] [PubMed]

24. Olivieri, L.; Totero Gongora, J.S.; Pasquazi, A.; Peccianti, M. Time-Resolved Nonlinear Ghost Imaging. ACS
Photonics 2018, 5, 3379–3388. [CrossRef]

25. Olivieri, L.; Gongora, J.S.T.; Peters, L.; Cecconi, V.; Cutrona, A.; Tunesi, J.; Tucker, R.; Pasquazi, A.; Peccianti, M.
Hyperspectral terahertz microscopy via nonlinear ghost imaging. Optica 2019, 7, 186. [CrossRef]

26. Olivieri, L.; Totero Gongora, J.S.; Pasquazi, A.; Peccianti, M. Time-resolved nonlinear ghost imaging:
Route to hyperspectral single-pixel reconstruction of complex samples at THz frequencies. In Society of
Photo-Optical Instrumentation Engineers (SPIE) Conference Series, Proceedings of the Nonlinear Frequency Generation
and Conversion: Materials and Devices XVIII, San Francisco, CA, USA, 5–9 Feberuary 2019; Schunemann, P.G.,
Schepler, K.L., Eds.; SPIE: San Francisco, CA, USA, 2019; p. 44.

27. Shapiro, J.H. Computational ghost imaging. Phys. Rev. A At. Mol. Opt. Phys. 2008, 78, 061802. [CrossRef]
28. Peccianti, M.; Clerici, M.; Pasquazi, A.; Caspani, L.; Ho, S.P.; Buccheri, F.; Ali, J.; Busacca, A.; Ozaki, T.;

Morandotti, R. Exact Reconstruction of THz Sub-λSource Features in Knife-Edge Measurements. IEEE J. Sel.
Top. Quantum Electron. 2013, 19, 8401211. [CrossRef]

29. Khare, K. Fourier Optics and Computational Imaging; Wiley, John Wiley & Sons Ltd.: Chichester, West Sussex,
2016; ISBN 978-1-118-90034-5.

30. Harwit, M. Hadamard Transform Optics; Elsevier: New York, NY, USA, 2012; ISBN 978-0-323-15864-0.
31. Davis, D.S. Multiplexed imaging by means of optically generated Kronecker products: 1. The basic concept.

Appl. Opt. 1995, 34, 1170–1176. [CrossRef]
32. Streeter, L.; Burling-Claridge, G.R.; Cree, M.J.; Künnemeyer, R. Optical full Hadamard matrix multiplexing

and noise effects. Appl. Opt. 2009, 48, 2078–2085. [CrossRef]
33. Eldar, Y.C.; Kutyniok, G. Compressed Sensing: Theory and Applications; Cambridge University Press: Cambridge,

UK, 2012; ISBN 978-1-107-00558-7.
34. Dongfeng, S.; Jian, H.; Wenwen, M.; Kaixin, Y.; Baoqing, S.; Yingjian, W.; Kee, Y.; Chenbo, X.; Dong, L.;

Wenyue, Z. Radon single-pixel imaging with projective sampling. Opt. ExpressOe 2019, 27, 14594–14609.
[CrossRef]

35. Wenwen, M.; Wenwen, M.; Dongfeng, S.; Dongfeng, S.; Jian, H.; Jian, H.; Kee, Y.; Kee, Y.; Kee, Y.;
Yingjian, W.; et al. Sparse Fourier single-pixel imaging. Opt. ExpressOe 2019, 27, 31490–31503. [CrossRef]

36. Hedayat, A.; Wallis, W.D. Hadamard Matrices and Their Applications. Ann. Stat. 1978, 6, 1184–1238.
[CrossRef]

37. Wang, L.; Zhao, S. Fast reconstructed and high-quality ghost imaging with fast Walsh–Hadamard transform.
Photonics Res. 2016, 4, 240. [CrossRef]

38. Sun, M.-J.; Meng, L.-T.; Edgar, M.P.; Padgett, M.J.; Radwell, N. A Russian Dolls ordering of the Hadamard
basis for compressive single-pixel imaging. Sci. Rep. 2017, 7. [CrossRef] [PubMed]

39. Rousset, F.; Ducros, N.; Farina, A.; Valentini, G.; D’Andrea, C.; Peyrin, F. Adaptive Basis Scan by Wavelet
Prediction for Single-Pixel Imaging. IEEE Trans. Comput. Imaging 2017, 3, 36–46. [CrossRef]

40. Kravets, V.; Kondrashov, P.; Stern, A. Compressive ultraspectral imaging using multiscale structured
illumination. Appl. Opt. AO 2019, 58, F32–F39. [CrossRef] [PubMed]

41. Born, M.; Wolf, E. Principles of Optics: Electromagnetic Theory of Propagation, Interference and Diffraction of Light,
7th expanded; Cambridge University Press: Cambridge, NY, USA, 1999; ISBN 978-0-521-64222-4.

42. Seifert, T.; Jaiswal, S.; Martens, U.; Hannegan, J.; Braun, L.; Maldonado, P.; Freimuth, F.; Kronenberg, A.;
Henrizi, J.; Radu, I.; et al. Efficient metallic spintronic emitters of ultrabroadband terahertz radiation.
Nat. Photonics 2016, 10, 483–488. [CrossRef]

43. Reid, M.; Fedosejevs, R. Terahertz emission from (100) InAs surfaces at high excitation fluences. Appl. Phys.
Lett. 2005, 86, 011906. [CrossRef]

44. Reid, M.; Cravetchi, I.V.; Fedosejevs, R. Terahertz radiation and second-harmonic generation from InAs:
Bulk versus surface electric-field-induced contributions. Phys. Rev. B 2005, 72, 035201. [CrossRef]

45. Peters, L.; Tunesi, J.; Pasquazi, A.; Peccianti, M. High-energy terahertz surface optical rectification. Nano
Energy 2018, 46, 128–132. [CrossRef]

46. Apostolopoulos, V.; Barnes, M.E. THz emitters based on the photo-Dember effect. J. Phys. D Appl. Phys.
2014, 47, 374002. [CrossRef]



Micromachines 2020, 11, 521 15 of 15

47. Cazzanelli, M.; Schilling, J. Second order optical nonlinearity in silicon by symmetry breaking. Appl. Phys. Rev. 2016, 3,
011104. [CrossRef]

48. Peters, L.; Tunesi, J.; Pasquazi, A.; Peccianti, M. Optical Pump Rectification Emission: Route to Terahertz
Free-Standing Surface Potential Diagnostics. Sci. Rep. 2017, 7. [CrossRef] [PubMed]

49. Dai, H.; Gu, G.; He, W.; Liao, F.; Zhuang, J.; Liu, X.; Chen, Q. Adaptive compressed sampling based on
extended wavelet trees. Appl. Opt. 2014, 53, 6619. [CrossRef] [PubMed]

50. Dai, H.; Gu, G.; He, W.; Ye, L.; Mao, T.; Chen, Q. Adaptive compressed photon counting 3D imaging based
on wavelet trees and depth map sparse representation. Opt. Express 2016, 24, 26080. [CrossRef]

51. Barbastathis, G.; Ozcan, A.; Situ, G. On the use of deep learning for computational imaging. Opt. Opt. 2019,
6, 921–943. [CrossRef]

© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
article distributed under the terms and conditions of the Creative Commons Attribution
(CC BY) license (http://creativecommons.org/licenses/by/4.0/).



70

Chapter 6

Time-space Volume microscopy via
Nonlinear Ghost Imaging

6.1 Introduction

The spatio-temporal reconstruction of complex field distributions represents a critical
challenge for a wide range of fields, ranging from photonics to ultrasound imaging in
biological media [Bor+02; Ler+07; Ber+12; Err+15; Pap+17]. At the same time, hyper-
spectral imaging is considered a necessary technological extension to standard spec-
troscopy techniques in many disciplines, as it allows for the capture of morphology
within the absorption spectrum and the investigation of the physical and chemical
natures of heterogeneous objects [LF14; Gow07; Jah+15].

By bridging these two areas of interest, there is an emerging opportunity to per-
form time-resolved field detection, through possibilities offered by various physical
settings. The knowledge and the spectrum of delays of a wave scattered from an ob-
ject, for example, grants the possibility to extract its full electromagnetic fingerprint
and 3-D morphology. While these approaches are currently employed at microwave
frequencies (e.g. in time-reversal pathways determination) [Bor+02; Die+18] and ul-
trasound imaging [Err+15], they still represent a significant challenge in photonics.

At terahertz (THz) frequencies, time-resolved full-wave measurements are enabled
by implementing Time-Domain Spectroscopy (TDS) [AN88; FG89; HN95]. In this
band, however, the lack of available field-sensitive cameras poses an inherent techno-
logical hurdle to collect time-domain images with a large amount of pixels [SMN15;
ACB16]. As a result, techniques that exploit single-pixel detection have been recently
explored [Sha08; BKS09]. These approaches have been inspired by single-pixel imag-
ing solutions widely available in the optical domain for both classical and quantum
imaging [Pit+95].

We recently proposed and experimentally demonstrated the time-resolved non-
linear ghost imaging (TNGI), a general methodology that allows the investigation of
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complex objects by correlating nonlinearly generated THz patterns with a TDS detec-
tion of the scattered field [Oli+18; Oli+20; Oli+19; TG+20]. In our approach, the THz
patterns are generated by the second-order nonlinear conversion of an ultrafast struc-
tured optical beam. The TDS detection collects the average of the scattered field by
detecting the electric field in the centre of the Fourier plane,i.e. at k = 0. Interestingly,
this detection scheme lifts the requirement of a large numerical aperture collection, in
stark contrast with standard ghost imaging implementations. One of our key find-
ings is that in subwavelength-resolved imaging (i.e. in the near field of the sample)
the propagation significantly couples the spatio-temporal information, scrambling the
original image morphology and the associated spectral features. In such a case, it
was experimentally shown that the collection of the full spatio-temporal information
enables the reconstruction of the field scattered from an object plane [Oli+20].

A challenge arises from the observation that the spatio-temporal coupling origi-
nates from the rapidly evolving point-spread Green-function. To create an analogy, in
confocal microscopy a very narrow depth-of-field at very high magnifications can be
used to separate the images of two planes at a different depth, exploiting the rapid
blurring of a plane as it moves out of focus [Paw06]. Although conceptually different,
we can then argue that a back-propagation of the spatio-temporal coupling can funda-
mentally focus on each specific plane, while the information of other planes remains
homogeneously scrambled.

Working on this hypothesis, I demonstrate a methodology to reconstruct the spa-
tial and spectral features of the inner planes of complex 3D objects via a TNGI ap-
proach. This type of reconstruction is generally not achievable using fixed-time single-
pixel approaches that rely on reconstructing the scattered field by simply composing
the field detected at different times.

An important consequence of our results is that in many practical scenarios, I am
able to locate a morphological feature along the 3-dimensions with subwavelength
definition. We believe this to be a significant breakthrough in the field of ghost imag-
ing, with repercussions beyond the domain of terahertz imaging.

6.2 Methods: 3-dimensional inverse propagator

We defined the TNGI as a field-sensitive single-pixel imaging approach based on the
correlation between a time-resolved detection of the field scattered by the object and a
set of nonlinearly generated THz patterns, as opposed to standard GI formulation that
relies on the time-averaged detection of the intensity [Fer+10]. In our previous works
[Oli+20], we experimentally demonstrated that the TNGI can reconstruct the spectral
and morphological features of the complex transmission function Tsample(x, y, t) for a
thin sample:
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Tsample(x, y, t) = 〈Cn(t)In(x, y)〉n − 〈Cn(t)〉n 〈In(x, y)〉n , (6.1)

where In(x, y) is the intensity distribution of the nth incident pattern and 〈. . .〉n de-
notes the average over the entire distribution of patterns. If the sample has a relevant
complexity in the third spatial dimension z, the expansion coefficient Cn(t) in the pre-
vious equation is defined as:

Cn(t) =
∫∫

dx dy T(x, y, z = L, t) ∗ −→E THz
n (x, y, z = 0, t) , (6.2)

where
−→
E THz

n (x, y, z = 0, t) is the incident THz field distribution, and ∗ denotes a
spatio-temporal convolution. The operator T(x, y, z, t) represents the field propagator
of a generic inhomogeneous and heterogeneous sample, which is generally difficult to
describe analytically (numerical tools are usually preferred).

As expressed in Eq.(6.2), the Cn(t) coefficients correspond to the spatially-averaged
field scattered by the sample and measured by a single-pixel field-sensitive TDS detec-
tion. Interestingly, when the THz field is generated via a quadratic transformation of
the optical pattern In(x, y), it becomes proportional to the distribution of THz sources
ETHzn(x, y), which made 6.1 equivalent to the general formulation of the linear ghost
imaging when only a single temporal delay is considered.

In super-wavelength conditions, such as when the optical pixel size is larger than
the THz wavelength (dx >> λ), and for weak scattering media, the reconstructed
image of a thin object appears as the superposition of all instances along z. The THz
sub-wavelength scenario (dx << λ), however, is potentially quite different: each pixel
of the patterns can be represented as source-point which generate spherical waves. As
a result, the near-field point-spread function drastically affects the propagation of the
sampling field

−→
E THz

n in such a way that each plane of the sample experiences a very
different spatio-temporal sampling distribution. This creates sufficient orthogonality
between the description of every single plane to allow their separate retrieval. The
vast spectrum of complex wave vectors probed simultaneously, recall the way tomo-
graphic systems recover the image of a specific plane.

In [Oli+18; Oli+20], we demonstrated that the effects of space-time coupling can
be deconvolved by applying a Wiener-like inverse propagator

←→
W of the form:

←→
W =

←→
G (kx, ky, kz, ω)∗

|←→G (kx, ky, kz, ω)|2 + NSR(kx, ky, kz, ω)
, (6.3)

where
←→
G (kx, ky, kz, ω) is the dyadic Green’s function in the Fourier domain, and

NSR = 1/SNR is the average spectral noise-to-signal ratio. By constructing
←→
G for

different propagation depths we can apply the Wiener filter:
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T(x, y, z0, t)sample = Tsample(x, y, t) ∗W(x, y, z0, t) , (6.4)

shifting the reconstructed plane along the depth axis of the sample. Although the
technique is indeed affected by the transparency of the first illuminated layers, in prin-
ciple it allows significant preservation of the spectral components of distant elements
within a single three-dimensional object in a way that is not generally possible in stan-
dard fixed-time, near-field approaches. We argue that we can generalise this compar-
ison by observing that near-field, fixed-time imaging ideally requires a null distance
between the source (or probe) and the object. Any separation in a realistic scenario,
such as that induced by the source thickness, inevitably introduces a space-time dis-
tortion. While such distortion can be kept small by imposing technological constraints
(e.g. source and sample thickness), without a priori knowledge of the object image the
distortion cannot be quantified or estimated without the approach proposed here.

Figure 6.1: Conceptual description of the Time-resolved Nonlinear Ghost Imaging (TNGI)
approach. (a) Key experimental components and methodology. (b) Volumetric representation
of the nonlinear generation of THz patterns. (c) Refocused hyperspectral image at the z=0
plane. (d) Refocused hyperspectral image at the z=z0 plane, averaged between 0.8 and 1.2

THz.

An overview of our experimental setup is presented in Fig.6.1. We shaped the
spatial distribution of an ultrafast optical beam, obtained from a 1kHz, 100 fs class
regenerative sources centred at λ=800 nm, using a commercial digital micromirror ar-
ray device (DMD). A nonlinear optical rectification in a 1 mm ZnTe was exploited to
generated the THz field distribution

−→
E THz

n (x, y, z = 0, t). The generated THz pattern
propagated through a complex 3D target placed in close proximity to the crystal sur-
face, and the spatial average of the scattered field is measured by an Electro-Optic (EO)
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detection in a TDS fashion. In our experiments, the expansion coefficients Cn(t) co-
incide with the time-resolved TDS detection of the spatially-averaged scattered field
measured at the centre of the Fourier plane. In terms of the imaging scheme, we
employed the Walsh-Hadamard set of binary matrices (with "Russian Doll" ordering
[Sun+17]) which is a convenient choice in terms of maximising the SNR for a given
number of illuminations [Zha+17].

6.3 Spatio-temporal coupling as a 3D refocusing tool

In Fig.6.2-6.3 we present an example of refocusing via both simulation and experimen-
tal implementation. The three-dimensional target, which is placed in close proximity

Figure 6.2: Simulated reconstruction of a metallic 3D object via refocusing. (a) Concep-
tual illustration of the imaging scheme: the refocusing plane is placed at z=0 µm. (b) Simu-
lated temporal response of the sample. (c-d) Simulated fixed time reconstructed images at the
points indicated in (b). (e) Simulated hyperspectral image averaged between 0.8 and 1.2 THz.
(f) Conceptual illustration: the refocusing plane is placed at z0=300 µm (g) Simulated temporal
response of the refocused image (h-i) Simulated fixed time reconstruction of the refocused im-
age at the points indicated in (g). (j) Simulated hyperspectral image at the focal plane z=0µm,
averaged between 0.8 and 1.2 THz. In all panels, the simulated field of view was 2 mm×2 mm

with a 32×32 spatial sampling.
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to the crystal, consists of two metallic letters "S" and "U" separated by a 300 µm thick
slab of plastic. In both cases, the field of view is 2 mm×2 mm with a spatial sampling
of 32×32 pixels.

The fixed-time reconstruction is equivalent to placing the near-field focus on the
layer (z = 0). In this case, the TNGI allows reconstructing the morphology of the letter
"S", but the sample morphology at different planes is not visible at any time (nor in the
reconstructed spectral image at 1THz), nor the temporal waveform associated with a
pixel can be associated to elements scattering the waves in those planes.

When we scanning along the z dimension with the inverse transformation from
Eqs. (6.2)-(6.4), we can "re-focus" the image plane in correspondence of the letter

Figure 6.3: Reconstruction of a metallic 3D object via refocusing. (a) Conceptual illustration
of the imaging scheme and optical image with the focal plane highlighted (z=0 µm). (b) Tem-
poral response of the sample. (c-d) Fixed time reconstructed images at the points indicated
in (b). (e) Hyperspectral image averaged between 1.6 and 2.4 THz. (f Conceptual illustration
of the imaging scheme and optical image with the focal plane highlighted (z=390 µm). (g)
Temporal response of the refocused image. (h-i) Fixed time reconstruction of the refocused
image at the points indicated in (g). (j) Hyperspectral image at the focal plane z=z0, averaged
between 0.8 and 1.2 THz. In all panels the simulated field of view was 2 mm×2 mm with a

32×32 spatial sampling.
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"U" located at the end of the plastic slab. Note that the exact knowledge of the z-
displacement is not required, as different values of z allow scanning along the whole
depth of the sample. The "refocusing" effect of the inverse propagation is quite evident
when observing the effects on the "S" slice of the sample, which is clearly out of focus
( Fig.6.2h-j and Fig.6.3h-j for simulation and experimental results, respectively. In our
simulations, the re-focused reconstruction plane is placed at the end of the plastic slab
(z=300µm), whereas in the experimental solution the focal plane is set at a distance of
z=390µm to compensate for the thickness of the letters’ substrate, and some air gaps
that might have occurred during fabrication of the sample.

Interestingly, even though the metal layers are not transparent, during the focal-
plane refocusing the visibility of any out-of-focus metallic object largely diminishes. In
a sense, this result suggests the possibility of retrieving information of an object which
is behind another, in a methodology that is similar to the operation of hypercentrics
optics [US19]. As in our sample the letters are relatively far away from each other, the
TNGI allows separating the two contributions with relative ease.

In addition, we can separate the "U" and "S" plane contributions without much
superimposition: one’s plane becomes blurred enough to be indistinguishable in the
other’s focal plane. To quantify this effect, we need to introduce an autocorrelation
map that measures the spatio-temporal changes experienced by a pattern as it propa-
gates across the sample.

We define the autocorrelation coefficient δ(z) as the spatial correlation between the
original binary pattern In(x, y, z = 0, t = t0) and the propagated pattern at a distance
z,
−→
E THz

n (x, y, z, t = t0):

δ(z) = SSIM(x,y)

[
In(x, y, z + 0, t = t0),

−→
E THz

n (x, y, z, t = t0)
]

, (6.5)

where
−→
E THz

n (x, y, z, t = t0) = [G(x, y, z, t) ∗ −→E THz
n (x, y, z = 0, t]t=t0 . (6.6)

To illustrate the effect of spatio-temporal coupling on the spatial properties of a
propagating pattern, we calculated an autocorrelation map by estimating δ as a func-
tion of the propagation distance z and the incident pattern resolution ∆x. Our results
are shown in Fig.6.4. As expected, the correlation never decays below 50% for pixel
sizes close to λ, where the spatio-temporal coupling does not affect the spatial dis-
tribution of the pattern upon propagation. As such, we here expect to experience a
much broader superposition of planes in the case of semi-transparent 3D objects. On
the contrary, for smaller pixel sizes the spatial features of the initial pattern are scram-
bled even just after a few numbers of planes, leading to a sharper selectivity of the
desired focal plane upon inverse propagation.
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Figure 6.4: Autocorrelation map for THz pattern undergoing spatio-temporal coupling. Red
and white lines show the 50% and 80% of correlation, respectively. In the simulation λTHz =

335µm.

In the case reported in Fig.6.3, the image presents a pixel size of 0.17λ (60µm in our
case), the spatial correlation drops after a propagation of 0.2-0.3λ (70-100µm). The "U"
and "S" contributions are, thus, separable.

An interesting questions is whether such an approach can be extended to iden-
tify the three-dimensional spatial location of a chemical species in a complex semi-
transparent 3D structure.
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6.4 Refocusing of Teflon and Sugar particles in a complex 3D
structure

To address this question, we considered a thick multi-layer sample composed of two
superimposed plastic slabs (with a thickness of 300 µm and 200 µm, respectively) in
which Teflon and sugar particle were deposited.

As illustrated in Fig.6.5, by analysing the iso-time images alone it is difficult to
reconstruct the morphology of the sample, as different parts of the sample induce
different phase shifts and delays. Quite strikingly, even the acquisition of the full
temporal response of the target is not sufficient for a complete reconstruction. More
specifically, both the hyperspectral and phase images at the initial focal plane (z=0
µm) show the presence of the second slab of plastic, while the reconstruction of the
morphology of the particles appears unsuccessful.

Figure 6.5: Reconstruction of a complex 3D object via refocusing: Teflon and sugar on plas-
tic. (a) Optical Image of the sample (b) Conceptual illustration of the sample’s composition.
(c) Temporal response of the sample. (d) Fixed time reconstructed images at the peak time (e)
Conceptual sketch of the imaging scheme: refocusing planes highlighted. (f-g) Hyperspectral
and phase images at 0.5 THz at the initial focal plane z=0 µm. (h-i) Hyperspectral and phase
images at 0.5 THz averaged between z=310 µm and z=370 µm, showing the Teflon’s contribu-
tion. (l-m) Hyperspectral and phase images at 0.5 THz averaged between z=510 µm and z=570
µm, highlighting the sugar’s contribution. In all panels the field of view is 4mm×4mm with a

32×32 spatial sampling.
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Figure 6.6: Temporal response and hyperspectral study of Teflon particles. (a) Optical image
of the sample. (b) TDS acquisition. (c) Spectrum (d-k) Fixed-time reconstruction for the time
indicated in (b). (l-p) Hyperspectral images at different frequency. (q-u) Phase response at the

frequencies shown in (c).

The three-dimensional analysis enabled by the inverse-propagator allows us to
change the focal plane and scan through the depth of the sample. As a result, we
observed two specific components located at around 340 µm and 510 µm, as illustrated
in Fig.6.5h,j and Fig.6.5l,m respectively. The former image (z=340 µm) appears to have
a strong phase contrast due to the presence of the second plastic slab, while the Teflon
phase component appears on the bottom left side of the image.

As shown in Fig. 6.6, where an hyperspectral study of Teflon particles is reported,
the Teflon particle’s spectral response consists almost entirely of a phase contribution,

Figure 6.7: Temporal response and hyperspectral study of Sugar particles. (a) Optical image
of the sample. (b) TDS acquisition. (c) Spectrum (d-k) Fixed-time reconstruction for the time
indicated in (b). (l-p) Hyperspectral images at different frequency. (q-u) Phase response at the

frequencies shown in (c).
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while it does not show a strong absorption or edge scattering that could be visible via
a THz amplitude image. On the contrary, around z=540 µm the sugar particles are
visible in both amplitude and phase images (a detailed study is reported in Fig.6.7).

Finally, in Fig.6.8, we show that the inverse propagator can be applied to any ar-
bitrary focal planes, thus determining the 3D composition of the target presented in
Fig.6.5. In the present case, the Teflon and Sugar contributions are not completely
separable: having a pixel size of 125 µm (≈ 0.4λ), the autocorrelation length δ shows
an 80% of correlation at 100 µm which is the physical distance between the particles’
planes.

Figure 6.8: Refocusing study at arbitrary plane of Sugar and Teflon mixture. (a) Conceptual
composition of the sample. (b-i) and (j-q) Hyperspectral and phase images at different focal

planes, respectively.

6.5 Conclusions

In conclusion, in this Chapter we have defined and demonstrated a new protocol for
the volumetric reconstruction of the spectral features of complex 3D objects using the
Time-Resolved Nonlinear Ghost Imaging technique.

This approach does not require any further measurements, and it is strictly en-
abled by the combination of field-sensitive single-pixel detection with the coherent
quadratic conversion of optical patterns.

We demonstrated that traditional time-of-flight techniques are not suitable for sub-
wavelength near-field microscopy of thick objects as spatio-temporal coupling affects
deeply the image reconstruction, making it impossible for these techniques.
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We proved both theoretically and experimentally that, by applying an inverse
propagator operator, we can retrieve the information belonging to different focal planes
within the sample. These results enable us to identify and locate objects composed of
different materials placed in the interior of complex 3D samples, in sharp contrast with
standard time-of-flight techniques which are insensitive to the spatial arrangement of
the object.

We believe that this methodology could be extremely valuable for the analysis
of biological and chemical samples, as it would allow for much greater insight into
the composition of each. To the best of our knowledge, no other technique allows
for a full sub-wavelength spatial 3D-reconstruction of a complex sample while being
able to retrieve the spectral response of any point in the three-dimensional spatial
reconstruction.
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Microcombs based on Turing patterns have been extensively studied in configurations that can be modeled
by the Lugiato-Lefever equation. Typically, such schemes are implemented experimentally by resonant coupling
of a continuous wave laser to a Kerr microcavity in order to generate highly coherent and robust waves. Here,
we study the formation of such patterns in a system composed of a microresonator nested in an amplifying
laser cavity, a scheme recently used to demonstrate laser cavity solitons with high optical efficiency and easy
repetition rate control. Utilizing this concept, we study different regimes of Turing patterns, unveiling their
formation dynamics and demonstrating their controllability and robustness. By conducting a comprehensive
modulational instability study with a mean-field model of the system, we explain the pattern formation in
terms of its evolution from background noise, paving the way towards complete self-starting operation. Our
theoretical and experimental paper provides a clear pathway for repetition rate control of these waves over
both fine (Megahertz) and large (Gigahertz) scales, featuring a fractional frequency nonuniformity better than
7 × 10−14 with a 100-ms time gate and without the need for active stabilization.
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I. INTRODUCTION

The formation of patterns in nonlinear dissipative systems
is ubiquitous in nature [1]. The emergence of such self-
organized periodic patterns on top of a homogeneous back-
ground, which was pioneered by Turing, has been observed
and investigated in many realms of science, including chem-
istry, biology, and statistical mechanics [1,2].

With regard to optics, patterns in nonlinear dissipative
systems have been studied in both the spatial and the tem-
poral domains [3–15]. The temporal study of such patterns
in bistable optical systems [10–15] has received increasing
attention in the past decade, in part due to the strong drive
to develop optical frequency combs based on microcavities
[16–26], referred to as “microcombs.” Typical implementa-
tions of such microcomb sources involve externally driving a
nonlinear Kerr cavity with a continuous wave (cw) laser. This
scheme has also emerged as an interesting scenario to study
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nonlinear systems far from equilibrium [27] where localized
states, such as cavity solitons, or the modulational instability
(MI) of homogeneous states, can appear [19]. This configu-
ration has been extensively studied theoretically and can be
efficiently modeled with the Lugiato-Lefever equation [3,28].

Bistable systems, in general, sustain different types of
waveforms [1]. Of particular interest for microcombs are
localized pulses, namely, solitons, as well as periodic wave-
forms, usually referred to as patterns, Turing rolls, or cnoidal
waves. Solitons are localized waves that can appear as either
single or multiple pulses. Because these pulses are highly
confined in time, solitons can achieve broad and smooth
spectra and have, as such, been of significant interest to
the microcomb community for applications in spectroscopy,
optical ranging, and communications [29–38]. On the other
hand, patterns are nonlocalized waves which, in contrast to
solitons, are periodic within the cavity space and, in gen-
eral, achieve fewer optical frequency modes. Nonetheless,
the intrinsic nature of periodic waves leads to patterns that
exhibit a more robust type of phase locking and, for this
reason, they are better suited to applications that require high-
quality mode locking of a high repetition rate source, such as
pure microwave, terahertz generation, or low-noise ultrafast
telecommunications [38–41].

Turing rolls can appear in Lugiato-Lefever systems that
are pumped in either the normal or the anomalous dispersion
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FIG. 1. (a) Depiction of the laser operation. The Kerr microresonator (green ring) is nested into an amplifying fiber loop (yellow). A Turing
pattern waveform (light green) is excited in the microcavity and is sustained by a leading-order (red) and a first-order (blue) “supermode”
waveforms from the amplifying loop. These supermodes are periodical with the microcavity length, highlighted by a line segment La.
(b) Spectral distribution of the modes in the cold-cavity condition. The microcavity resonances (green) have a FSR denoted Fa whereas
the FSR of the amplifying main-cavity modes (black) is denoted Fb. The leading-order and first-order supermodes are plotted in red and blue,
respectively. (c)–(e) Zoom of the mth, central, and −mth resonances. � is the normalized frequency offset between the central frequency of the
leading supermode and the microcavity resonance. v is the normalized FSR detuning, appearing when the two cavities are not commensurate.

regime [1,3,17,42]. These different cases have an effect on
the transition from Turing patterns to higher complex non-
linear regimes and/or to spatiotemporal chaos. Anomalous
dispersion configurations, for instance, are known for being
prone to a limited regime of stability for Turing patterns. The
transition to spatiotemporal chaos has been recently studied
in the monostable regime of the Lugiato-Lefever equation,
highlighting the evolution of the state into a turbulent regime
[43]. The transition to chaos, in general, is what limits the
maximum conversion efficiency of the system. In the nor-
mal dispersion regime, local mode hybridization has been
implemented to enhance the pump conversion efficiency by
increasing the region of existence of the Turing patterns, thus,
avoiding the emergence of subcombs [40]. This technique has
demonstrated combs with a fractional frequency nonunifor-
mity measured at 7.3 × 10−14 with a 1-s time gate and allows
one to design a sample that produces an oscillator with a single
well-defined repetition-rate.

Looking more generally at alternative approaches for mi-
crocomb generation, we introduced a scheme based on nesting
a high-Q nonlinear microcavity into an amplifying fiber loop
[44–46]. Such a scheme allows for coherent pulsed states
[44,46] and as recently demonstrated sustains a class of
temporal cavity solitons, namely, laser cavity solitons [47].
Microcomb laser cavity solitons are intrinsically background-
free bright solitons with a mode efficiency exceeding 96%,
compared to the theoretical limit of 5% for bright Lugiato-
Lefever solitons. Remarkably, these solitons are reconfig-
urable in terms of repetition rate by simply acting on the cavity
length of the fiber loop.

Here, we focus our attention on a different set of solutions
of this laser: nonlocalized Turing pattern waves. Revisiting
our original results for stable pulsed solutions [44] and imple-
menting a comprehensive mean-field model, in conjunction
with our measurements, we explain the generation dynamics
of these waves via a MI process. We examine the range of
parameters for which it is possible to select the repetition
rate for some multiple of the microcavity free-spectral range
(FSR) [48] and show that it can, in fact, be continuously
tuned by up to 10 MHz. Finally, we demonstrate extremely

robust and high-quality mode locking, obtaining a frequency
variation in the repetition rate well below the hertz level,
making such patterns particularly attractive for the generation
of ultrastable microwave sources. Our approach achieves a
deviation in the repetition rate less than 7 × 10−14 for time
gates of 100 ms with the ability to tune the repetition rate
by adjusting a simple parameter (or component, i.e., a delay
line). We verify experimentally continuous tuning of up to
10 MHz and Turing pattern generation with repetition rate of
approximately 100, 150, and 200 GHz.

II. THEORETICAL BACKGROUND

We begin by describing the two traveling-wave resonator
system as depicted in Fig. 1(a), which features a Kerr cavity,
such as a microring (green ring), nested in a main amplifying
cavity, e.g., a gain fiber loop (yellow loop). Their roundtrip
time and length, expressed in standard units, are T(a,b) and
L(a,b) with FSRs F(a,b) = T −1

(a,b), respectively. We consider
Tb � Ta and define an integer M such that

Fa = (M − ν)Fb. (1)

The relative cavity-period mismatch |v| < 1
2 that allows for

modeling noncommensurate loops is of particular importance.
As we will see below, the FSR mismatch between the two cav-
ities regulates the region of existence of solitons and patterns.
In the latter case, we will show that v plays a fundamental
role also in defining the properties of the MI of a constant
stationary state, which defines the typical features of pattern
formation and their FSRs.

We define the spatial coordinates X(a,b) and assume that
the optical fields in the two cavities A(T, Xa) and B(T, Xb),
in square root of Watts are slowly varying in time T in
seconds. It is important to derive an expression for the
field in the main cavity that permits an easy manipulation
in terms of supermodes also determining the existence and
stability of several different stationary states in the system.
A supermode is a wave formed by a set of equally spaced
modes of the main cavity, the relative spacing of which is
given by the microcavity FSR Fa. This concept is depicted in
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Figs. 1(b)–1(e). It is useful, then, to first expand the field
B(T, Xb) within the fiber cavity in the set of cavity modes
bn(T ),

B(T, Xb) =
∞∑

n=−∞
bn(T ) exp

[
2π in

Xb

Lb

]
. (2)

The frequency of these modes, spaced by the main-cavity
FSR Fb, is depicted by means of the gray lines in Fig. 1(b). We
can now group together all the modes spaced by the microcav-
ity FSR, which, as expressed by Eq. (1), is approximately M
times larger than the main-cavity FSR. To this aim, we express
the index n of the set bn as

n = mM + q, (3)

where the integer m can take an arbitrary value whereas the
integer q is given such that |q| < M and defines the order of
the supermode. Figure 1(d) visually depicts those modes in
red for the leading-order mode with q = 0 and in blue for the
first-order mode q = 1. We can now focus our attention on
the modes bn = bmM+q featuring the same q. These modes are
Fourier transformed in the space Xa of the microcavity,

Bq(T, Xa) =
∞∑

m=−∞
bm M+q(T ) exp

[
2π im

Xa

La

]
. (4)

Here the supermode with q = 0 has the best spectral over-
lap with the microcavity resonances. The fields Bq in the direct
space are summarized in Fig. 1(a) where the line segment La

covers a length Xa equal to the microcavity round-trip.
As we have demonstrated [47], the two-cavity system can

be represented by a set of mean-field equations in terms of the
field in the microcavity A, and a total number of N supermode
fields Bq in the main cavity (where N � M). As such, we
consider the following parameter definitions: the waveguide
first- and second-order dispersion β

(1,2)
(a,b) , in s m−1 and s2 m−1,

respectively; the amplifying gain within the main-cavity G,
in m−1; the corresponding bandwidth �FF , dictated by a
bandpass filter, in hertz; the Kerr waveguide coefficient γ ,
in W−1 m−1 [49]; the −3-dB linewidth of the microcavity
resonance �FA in hertz, which is directly related to the
coupling coefficient of the two cavities θ = π �FATa [50].
Furthermore, � is the cavity-frequency offset, normalized
with Fb. The dimensionless system reads

∂t a = iζa

2
∂xxa + i|a|2a − κa + √

κ

N∑
q=−N

bq, (5)

∂t bq = −ν ∂xbq +
(

iζb

2
+ σ

)
∂xxbq

+ 2π i (� − q)bq + gbq −
N∑

p=−N

bp + √
κa. (6)

Here, the equations have been normalized as in Ref. [47].
Specifically, we make the normalization of the propagating
time against the main-cavity period in the moving pulses
frame t = T T −1

b , whereas the fast cavity time, defined as
x = XaL−1

a − T T −1
a , is normalized against the microcavity

roundtrip. Further normalization of the system properties are
for the microcavity field a = A

√
γ TbLaT −1

a , the main-cavity
field bq = Bq TbT −1

a

√
γ La, the amplifying gain g = GLb,

the normalized cavity dispersions ζa = −β (2)
a LaTbT −3

a , ζb =
−β

(2)
b LbT −2

a , and the filtered main-cavity bandwidth σ =
(2π �FF Ta)−2. The normalized coupling between the two
cavities is defined such that κ = θTbFa = π �FA Tb, which
directly provides the number κπ−1 of main-cavity modes
per microring resonance. Similar equations have also been
studied for coupled waveguide laser configurations [51–53]
and frequency selective feedback lasers [54].

It is important to stress that the system does not involve
any form of fast gain saturation [12], which is not necessary
for sustaining the types of waves studied here. We note, how-
ever, that slow saturation of the lasing material (in ytterbium
erbium-doped fiber this value is on the order of 10 ms [55])
does play a role in setting the optical field energy within
the system. The analysis reported here, then, is focused on
explaining the nature of the stationary states and the ultrafast
wave dynamics, such as MI, which are instrumental in defin-
ing the different types of stable states.

Since patterns may arise from the instability of a cw
solution, it is useful to find the homogeneous solutions, a(t ) =√

I exp[−2π iφt] and bq(t ) = b̄q exp[−2π iφt], where I is the
constant intensity of the microcavity field, b̄q is the constant
field for the supermode q, and φ is the normalized frequency
of the stationary state. Among this class of solutions, the
system also admits the trivial solution a(t ) = 0 and bq(t ) = 0.

For N > 0, we find 2 N + 1 states which are approximated
by the formulas,

φ
(q)
± = −[� − q ± (2π )−1

√
(1 − g)g], (7)

I (q)
± =

(
2π (� − q) ±

√
g(1 − g + κ )√

1 − g

)
, (8)

with q spanning from −N to N and the field in the microres-

onator resulting in a(q)
± (t ) =

√
I (q)
± exp[−2π iφ(q)

± t]. These
formulas are exact for N = 0 and allow us to identify the
different states, which can be readily refined by numerical
integration. Note that the I (q)

± states have most of their en-
ergy contained within the supermode of order q with b(q)

q,± ≈√
κ I (q)

± [1 ∓ i
√

g(1 − g)−1] exp[−2π iφ(q)
± t] and b(q)

p,± ≈ 0 for
p �= q.

Modulational instability of the homogeneous,
stationary states

Equations (5) and (6) define a homogeneous system which
is solved by the trivial state solutions a = 0 and bq = 0.
The MI of such states provides important information on the
region of existence of localized and nonlocalized solutions
as discussed in Ref. [47] for the formation of solitons. Here,
we mostly focus our attention towards nonlocalized solutions,
which can arise from the MI of the zero-energy background.
The MI gain of the system is obtained by calculating the
real part of the eigenvalues associated with the linear per-
turbation of the stationary state [1]. Such perturbation is a
monochromatic wave with frequency f. We will refer to this
frequency as the dynamical or perturbation frequency.

Figure 2 summarizes some significant results from the MI
analysis as a function of the detuning parameter �. Since the
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FIG. 2. MI maps for the stationary states. For the calculations: ζa = 1.7 × 10−4, ζb = 3.5 × 10−4, σ = 2.5 × 10−4, and
√

κ = 2.5,
which are compatible with the experimental regime discussed in the sections below. Here, we used N = 7, corresponding to a total of 15
supermodes. (a) MI map for the trivial solution (TS) showing the regions of instability as a function of the cavity gain g and detuning � with
ν = 0. (b) MI gain of the zero solution with g = 0.06 (indicated by a white dashed line) and ν = 0. (c) MI gain of the low-energy cw state I+

0 .

(d) Zoom out of (c). (e)–(h) are the same as (a)–(d) with ν = 1/3.

system is periodic with period 2π , we focus our attention on
the base range −1/2 < � < 1/2. Figures 2(a)–2(d) and 2(e)–
2(h) show the results for the matched cavities (v = 0) and for
cavities with a period mismatch (v = 1/3), respectively. The
maps in Figs. 2(a) and 2(e) generally summarize the stability
regions for the trivial state as a function of the detuning �

and cavity gain g. In the unstable regions (yellow shading) it
is implied that the MI gain is positive for, at least, one per-
turbation frequency. Here, we note that the zero-energy state
is always unstable for perfectly matched cavities (� = 0).
Examining the MI gain over the range of perturbation frequen-
cies [reported in Figs. 2(b) and 2(f)] at a specific value of the
cavity gain: g = 0.06, we note that the maximum MI gain is
observed for the perturbation frequency f = 0, resulting in a
growth of a cw perturbation from the trivial state.

It is also important to properly evaluate the MI spec-
trum for homogeneous nontrivial states. Within the set of
parameters studied here, the MI analysis suggests that all cw
states can be unstable within the base range. We focus our
attention on state I (0)

+ . As can be verified with Eq. (8), this state
represents the lowest-energy cw solution across the region
� < 0. A plot of the intensities of the cw states as a function
of � in the range of parameters studied here is also reported
in Fig. 3(c) for better visualization. The MI for the matched
cavities (v = 0) and for cavities with a period mismatch (v =
1/3) are reported in Figs. 2(c) and 2(g), which cover the lower
dynamical frequency range of the complete MI spectrum
presented in Figs. 2(d) and 2(h). The latter plots show that
this MI gain is very wide for � > 0 (red-detuned cavities)
and extends towards very high frequencies. We recall that this
is the region where solitons, which are localized waves, exist
[47]. The MI gain for the range � < 0 (blue-detuned cavities),
conversely, can be more limited in bandwidth, hence, it is
easier to induce and control nonlocalized patterns.

In more detail, Figs. 2(g) and 2(h) show that the cavity-
period mismatch v can actually induce a set of new "tongues"
in the lower-frequency spectrum of the MI gain. This can be
understood considering that the presence of a filter within a
laser cavity is known to allow the selection of pulsed states
at multiples of the free-spectral range associated to the filter
cavity by means of the Vernier effect [48,56]. In the formalism
of this paper, when the mismatch ν is the inverse of some
integer number K (i.e., ν = 1/K), the frequency of the main-
cavity mode can align to every Kth microring resonance mode.
This feature has also been shown, in some cases, to force the
oscillation at every Kth FSR of the intracavity filter [48,56]
and, in fact, stable oscillation has previously been obtained in
configurations similar to that of our paper when a nonlinear
microcavity was employed as a filter [46,48].

Our analysis, here, allows us to clearly interpret the origin
of the set of Turing pattern states in terms of a cascading
MI. Indeed, the MI spectrum of the cw states can present
a sharp maximum around the dynamic frequency f = K .
Figure 2(g) shows an example for the case ν = 1/3 where
the normalized frequency f = 3 is highlighted with a dashed-
white line. Figures 2(f) and 2(g), then, reveal the existence
of a self-starting regime of the Turing pattern state defined
for a set of values where � < 0, an example of which is
presented in Fig. 3. Here, the MI gain of the trivial state
initially seeds the growth of a cw state, which, once generated
within the cavity, will have its dynamics regulated by the MI
gain of the homogeneous state. In this case, the sharp peak at
f = 3 induces the formation of a stable Turing pattern at this
frequency.

These considerations explain why this set of Turing pat-
terns is very commonly observed [44–46,48]. They are a
set of intrinsically self-starting solutions that can be readily
reformed if the energy in the cavity is lost through some
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FIG. 3. Self-starting Turing pattern states. The zero solution evolves into state I (0)
+ , which is also unstable and gives rise to a Turing pattern.

The simulation parameters are: ζa = 1.7 × 10−4, ζb = 3.5 × 10−4, σ = 2.5 × 10−4, � = −0.17,
√

κ = 2.5, g = 0.0365, ν = −0.3342,
N = 7. (a) Evolution of the temporal profile of the field in the microcavity with the y axis normalized to the microcavity length. (b) Maximum
intensity of the evolution in the microcavity. (c) Low-energy stationary states. (d) Output time profile of the fields in the micro- and main
cavities. (e) Output spectral profiles of the fields within the micro- and the main cavities with power spectral density (PSD) as a function of the
normalized relative frequency.

perturbation. The presence of sharply localized tongues in
the MI spectrum allows for a very clean selection of the
dynamic frequency f , which is controlled directly by the
cavity mismatch v. We will discuss this along with the effect
of small changes of the cavity mismatch ν in Sec. III where
we present also our experiments.

Finally, the strong skew in the MI spectrum induced by
the period mismatch v [as shown in Figs. 2(e)–2(h)], shift-
ing the higher frequencies towards the border of the base
range of the detuning �, may be indicative that the system
can support Faraday instabilities, which have been recently
studied in resonators with regions of differing group-velocity
dispersion [57,58].

III. EXPERIMENTAL IMPLEMENTATION

A schematic of our experimental setup is shown in
Fig. 4(a). It is composed of a high-Q(>106) integrated Hydex
microresonator [59], an EYDFA, a free space delay line, a
tunable passband filter, and an optical isolator. The microres-
onator FSR is ∼49 GHz with a linewidth of ∼100 MHz.
The EYDFA provides relatively large gain over a short fiber
length (<1.5 m), the gain profile being shaped by the tunable
passband filter (6-nm 3-dB bandwidth) centered at ∼1550 nm.
The free space delay line is used for controlling the phase of
the main cavity modes with respect to the microcavity modes.
The total main-cavity length is ∼3.5 m, resulting in a mode

spacing of ∼55 MHz. The use of fully polarization main-
taining fiber components prevents any nonlinear polarization
rotation effects [19].

Frequency comb-assisted spectroscopy [46,47,60] is per-
formed in order to extract the exact positions of the oscillating
microcomb lines in the hot resonator (i.e., during operation).
A scanning cw laser probes the resonance profiles and oscil-
lating microcomb lines whereas a reference frequency comb
(Menlo Systems) and a Mach-Zehnder interferometer (MZI)
are used to perform the highly accurate frequency calibrations
as illustrated in Fig. 4(b).

A frequency uniformity measurement setup [40,61,62] is
used to extract the microcomb repetition rate deviation. Here,
three adjacent microcomb lines are selected and beat with
three adjacent comb lines of a reference frequency comb.
The three beat notes, B1, B2, and B3 are combined (B1-B2
and B2-B3) through two frequency mixers. We retained only
the repetition rate frequency signal which was detected by a
high-resolution frequency counter in the ratio counting mode
(10-mHz frequency error at 1 s).

The optical spectrum and autocorrelation from the sys-
tem are monitored with the intracavity optical coupler at
the microresonator drop port. In particular, the frequency
comb-assisted spectroscopy measurements utilize the small
backreflected signal from the input port whereas the frequency
uniformity measurements use the microresonator through the
port signal.
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FIG. 4. (a) Experimental setup of the micro-cavity-filtered laser. Erbium-ytterbium-doped fiber amplifier: EYDFA; translation delay stage:
TD; bandpass filter: BPF; output coupler: OC. (b) Diagnostic setup for the frequency comb-assisted spectroscopy. Photodiode: PD; MZI;
radio-frequency bandpass filter: rf-BPF. (c) Diagnostic setup for the frequency uniformity measurement. The beat notes B1–B3 among the
three desired comb lines W1–W3 and their adjacent reference frequency comb lines are selected using a dense wavelength division multiplexer
(DWDM). They are then mixed and counted by a high-resolution frequency counter.

A. Turing pattern selection via the Vernier effect

We first verified the properties of the Turing pattern states
controlled by the Vernier effect. As discussed in Fig. 3, the
cavity detuning and mismatch parameters, respectively, � and
v, need to be carefully adjusted in order to access this regime.
Experimentally, this control is obtained by acting on the delay
line in the fiber cavity whereas the position of the oscillating
microcomb lines can be verified by means of the intracavity
scanning spectroscopy setup. The experimental results shown
in Fig. 5 display a range of cases with comb teeth spaced by
two to four FSRs. These measurements are fit using Eqs. (5)
and (6) with simulation parameters:

√
κ = 2.5, σ = 2.5 ×

10−4, ζa = 1.7 × 10−4, ζb = 3.5 × 10−4, N = 7, and values
|β (2)

(a) | = 20 and |β (2)
(b) | = 60 ps2/km (within our experimental

constraints).

Figures 5(a), 5(d), and 5(g) show the experimental optical
spectra as well as autocorrelation traces and the position of the
central oscillating comb line (i.e., the mode with the highest
power spectral density). The corresponding simulated spectral
traces are presented in Figs. 5(b), 5(e), and 5(h) for a set of
Turing patterns with frequency spacing at two to four FSR.
The high contrast autocorrelation traces are indicative of the
waveforms’ coherence. The intracavity spectrum shows an
oscillating line within the microcavity resonance blue-detuned
by 13.9, 12.4, and 22.1 MHz. For the numerical fitting in
Figs. 5(b), 5(e), and 5(h), settings of � = −0.36, � = −0.17,
and � = −0.54 were used, along with mismatch parameters
ν = 1

2 , ν = 1/3, and ν = 1/4. The analysis around Fig. 2
has indicated that, for these parameters, the MI of the trivial
solution leads to the emergence of a homogeneous state. Fig-
ures 5(c), 5(f), and 5(i) depict the MI gain spectrum of such a
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FIG. 5. (a), (d), and (g) Experimental optical power spectral density (PSD) for the microcomb modes. The insets depict the autocorrelation
(AC) and the intracavity spectrum of the oscillating spectral mode with the highest power. The red line here shows the position of detuning
� used in the respective simulations. The color shadings in (d) are in reference to the resonance profiles presented in Fig. 6. (b), (e),
and (h) Simulated optical spectra calculated at ν = 1/2, 1/3, 1/4, respectively, with corresponding gain settings and cavity detunings of
(b) g = 0.0400, � = −0.36, (e) g = 0.0320, � = −0.17, and (h) g = 0.0501, � = −0.54. (c), (f), and (i) MI gain spectrum of the cw states.
In the calculations: σ = 2.5 × 10−4, ζa = 1.7 × 10−4 ζb = 3.5 × 10−4,

√
κ = 2.5, and N = 7

state, given each set of parameters. The related gain spectrum
shows a clear maximum around the perturbation frequency at
approximately two to four FSR, which is consistent with the
experimentally observed comb line spacings.

B. Fine-Tuning and Phase Locking of the Turing patterns

Experimentally, the fine tunability of the repetition rate
can be obtained by slight modification of the main-cavity
length via a tunable delay line. Stable laser oscillation is
observed throughout the whole tuning process, highlighting
the capability of the system to maintain this state. We present
an example of this tunability, with intracavity spectroscopy
measurements of a Turing pattern with a period equal to three
times the FSR of the nested microresonator. Similar tunability
has been verified on all the cases presented above. We use
five different fiber cavity lengths covering a range of 400 μm.
The intracavity spectroscopy measurements allow us to visu-
alize the shift of the resonating lines within the microcavity
resonances and is summarized in Fig. 6. Note that, in all
these cases, we observe that the line with the highest power
spectral density (highlighted with orange shading) remains in
almost the same position with respect to the central resonance
(the variations are within a few megahertz), whereas sideband
modes experience much larger shifts which are indicative of
a change in the repetition rate. From these lines, we extract a
normalized detuning parameter � = −0.35 for all the cases,

whereas the mismatch parameter v for the respective main-
cavity lengths varies by 0.044, 0.064, 0.076, 0.092, and 0.106
around the value of v = 1/3.

Figure 7 shows further simulations that agree well with
the experimental observations on the tunability of the rep-
etition rate. The numerical parameters are the same as in
previous simulations shown in Fig. 3 where the mismatch
v was changed from −0.33 to −0.39: corresponding to an
experimental change in cavity length of 400 µm. The stability
that is maintained over this range of the mismatch parameter
in our simulations emphasizes the strong agreement between
our theoretical model and experiments. The change in group
velocity of the pattern obtained in Fig. 7, compared to Fig. 3,
indicates the fine-tuning of the repetition rate: this is visible
from the clear inclination of the patterns in Fig. 7(a), which is
better shown in the inset of the figure. These simulations also
confirm the strong phase locking of the Turing pattern states
as already discussed within the context of the Lugiato-Lefever
comb [39]. To highlight this, the differential phase evolution
of the absolute phase for three of the modes is presented
in Fig. 7(d), demonstrating the strong phase locking of the
repetition rate of the state.

For a more accurate measurement of the repetition rate
detuning and stability, we employ a frequency uniformity
measurement technique as illustrated in Fig. 4(c) [40,61,62]
to probe the equidistance of the generated comb lines. The
recorded mixed frequencies for the experiment in Fig. 6 are
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FIG. 6. Experimental resonance profiles and beat note signals obtained with the probe laser scanning oscillating comb lines. (a)–(e)
Descending rows correspond to a relative change in the main cavity length of 0, −100, −200, −300, and −400 µm. The four sequential
color-shaded plots correspond to different comb line wavelengths, 1547.13, 1549.47, 1550.64, and 1553.01 nm, respectively, from the left to
the right panels as indicated by the color shading in Fig. 5(d). The dashed red line is a Lorentzian fit to the profile of the hot resonance whereas
the vertical dashed-blue lines indicate the relative shift of the oscillating comb lines within their respective resonances.

FIG. 7. (a) and (b) Numerical results showing the evolution of the (a) temporal and the (b) spectral profile of the field. The temporal
evolution has a corresponding zoom of the stable operation to illustrate more clearly the pattern. For the simulations: ζa = 1.7 × 10−4,
ζb = 3.5 × 10−4, σ = 2.5 × 10−4, � = −0.17,

√
κ = 2.5, g = 0.0365, ν = −0.3942, and N = 7. (c) Optical spectrum of the stable pattern

state. (d) Differential phase evolution of three comb modes indicated by colored shading in (c). The differential phase is calculated as the
derivative of the absolute phase ϕn over the temporal evolution, and it is indicative of the stability intrinsic to the repetition rate of the comb.
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FIG. 8. (a) The average beat note frequencies between two
selected microcomb lines and their adjacent reference frequency
comb teeth (recorded by an oscilloscope) as a function of the
decreasing main-cavity length. The raw frequency measurement, in
megahertz, relative to the frequency for 0-µm delay, is shown in blue.
(b) Distribution of the microcomb output spectrum stemming from
an equidistant mode spacing, including a Gaussian fit (dashed red
line). Here, we consider the −300-µm delay case with a frequency
counter gate time of 100 ms.

shown in Fig. 8(a) for the cases where the differential length
of the delay line varies from 0 to −400 µm. The resulting
average change in repetition rate is plotted for the various
cavity delay lengths with the raw frequency data displayed
in blue. The linear increase in repetition rate by up to 10 MHz
as the fiber cavity length is decreased is clearly visible. The
quality of the phase locking for these Turing pattern states
can be then evaluated. A typical distribution of the frequency
deviation stemming from an equidistant mode spacing for a
gate time of 100 ms is shown in Fig. 8(b). This measurement
was obtained by setting the reference comb repetition rate as
a noninteger submultiple of the microcomb repetition rate. As
such, the beating signals [indicated as B1-B2 and B2-B3 in
Fig. 4(c)] were centered around a frequency of 18 MHz, which
was passband filtered. We collected the ratio between the two
signals in order to extract the stability of the repetition rate.
Since our measurement system was not further phase locked,
we observed slips of the measurements towards other beat
notes, which have been removed from the dataset by setting
a threshold at ± 5 Hz.

The mean and the standard deviation of the frequency
distributions in Fig. 8(a) is presented in Table I.

Our mean values are consistently in the same order of
magnitude of the standard error, which are all in the range
of 10 mHz, indicating that, even with short-time gates of
100 ms, we can claim a stability better than 7 × 10−14 for the
150-GHz state. Our electronics unlocked several times during
the measurement of the case at −200 µm, which has a low

number of counts and, for this reason, the highest standard
error.

Typical values for the stability of the repetition rate associ-
ated to the free-running microcomb sources range from 10−9

to 10−12 for soliton states measured with these level of time
gates [63,64]. Free-running Turing pattern-based sources,
which are known for having a stronger phase lock, have been
demonstrated in the same order of magnitude (7 × 10−14) as
our measurement but obtained with time gates of 1 s [40].
This shows the remarkable performances of our system, which
can achieve the same level of stability averaging on gate
times shorter by one order of magnitude. We believe that
this enhanced stability is due to the intrinsic feedback that
our nested cavities design allows. In addition, we maintain
this excellent stability continuously over a tuning range of 10
MHz, whereas designs, such as the one proposed in Ref. [40],
require fixing the repetition rate to a specific value. Our tuning
capabilities are in agreement with the theoretical calculation
in Fig. 7(d), which shows the strong locking of the Turing
pattern state also when the group velocity is detuned.

In conclusion, we study the formation of nonlocalized Tur-
ing patterns in a system where a nonlinear high-Q microres-
onator is nested into an active fiber loop. By using a compre-
hensive mean-field model, we develop a MI analysis which
explains the nature of these waves, revealing the dynamics
of their formation from noise and explaining the ease with
which they are observed. We demonstrate that these waves
possess strong phase locking with frequency deviations of the
repetition rate frequency being below a hertz. Furthermore, we
show that the repetition rate can be controlled by simply acting
on the main-cavity length which affects the modulational
instability spectrum whereas maintaining the pulse quality.
In this regard, the experimental results demonstrate that the
repetition rate of these waves can be controlled over both fine
(megahertz) and large (gigahertz) scales, with a continuous
tuning of up to 10 MHz verified experimentally. From a
theoretical point of view, this paper will help increasing our
understanding of nonlinear processes in multi cavity systems.
Our results provide a pathway for designing practical micro-
comb devices that can be easily initiated and tuned by the
end user, a fundamental requirement for the widespread use
of these devices outside the laboratory environment.
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Chapter 8

Conclusions

In conclusion, in this Thesis I have defined and demonstrated a novel methodology
for field-sensitive near-field ghost imaging demonstrating its capabilities at THz fre-
quencies. The approach relies on the generation of THz patterns by nonlinear conver-
sion of an optical patterned beam. The GI protocol is based on the correlation of the
computed-a priori optical spatial distribution with the TDS single-element detection in
the centre of the Fourier plane.

Time-resolved Nonlinear Ghost Imaging is, thus, an imaging technique able to re-
construct the three-dimensional hyperspectral features of complex targets. The mod-
elling of the imaging process, moreover, provides useful insights on the propagation
dynamics inside and outside the target object. This allows us to obtain an exhaus-
tive description of the light-matter interaction between THz illumination and sample.
In a subwavelength scenario, one of the predominant effects is the spatio-temporal
coupling (or diffraction) which scrambles the spatial and temporal information of
each pattern, coupling the spatial and temporal domain. By applying an inverse-
propagator operator to the three-dimensional transmission function, we demonstrated
that nonlinear GI can reconstruct without ambiguities the full response of the sample
(including phase and temporal delay contributions) even in challenging situations.
The inverse-propagator is here used to shift the focus to the desirable focal plane al-
lowing to investigate the third spatial dimension.

The THz scientific community has already taken inspiration from the Time-Resolved
Nonlinear Ghost Imaging approach [Zha+19; Wu+19; Che+20b]. In particular, in
[Zha+19] the optical probe is spatially shaped via a spatial light modulator which
investigates the THz transmitted by the object via EO detection. They also show that
it is possible to reconstruct the main spatial features of the object with just the 20% of
patterns. Such a result opens up to the possibility of real-time THz imaging.

We believe that TNGI can represent a substantial breakthrough in the field of near-
field imaging, especially in light of the emergence of thinner and more efficient THz
emitters [Pet+18; Sei+16; Vic+14; Tun+19]. Chen et al., in particular, have recently
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performed TNGI with the use of a spintronics source [Che+20b], achieving 6µm reso-
lution images. Spintronics emitters are known to be among the most efficient optical-
to-terahertz converters: they are usually a few nanometer thick but their emission is
comparable to a 0.5mm-thick ZnTe crystal. In addition, these sources are able to gen-
erate THz radiation over a broad spectral bandwidth spanning from 0.1 up to 30 THz
[Kam+13; Sei+16].

We also think that the demonstration of a time-resolved single-pixel methodology
based on full-wave measurements has profound implications that go beyond the field
of THz imaging. Single-pixel detection and ghost imaging, for example, play a crucial
role in the development of advanced applications in the infrared and microwaves fre-
quency bands. In these spectral regions, nonlinear frequency conversion and bucket
detection are actively employed in the realisation of quantum radar and sensing tech-
nologies [Lan11].

At the same time, it has been recently shown that time-resolved intensity mea-
surements can be employed to achieve quite remarkable performances in deep-tissue
biological imaging at optical and infrared frequencies, such as single-shot imaging
through thick and opaque samples [Sat+16]. These applications rely on reconstruct-
ing the full-wave transmission properties of complex samples, such as turbid media
or biological tissue.

The doctoral studies are said to be the darkest moment in a researcher’s life, with
increasingly warning levels of anxiety and depression among students [Nat19]. Hav-
ing to complete a complex project with a fixed 3-year deadline can be stressful and
high tenacity is required, especially when you have no control over things around
you, e.g. from major lab upgrades to the spread of a pandemic. Issues and delays are
always around the corner, and good planning skills are sometimes worth nothing.

Flexibility and determination, with good supervision, empathy and understand-
ing, are instead key to overcome tough times and reach the moments every researcher
is waiting for. The constellations align, because your experiment finally works for a
magical and mysterious reason. The excitement from achieving something new pays
off, removing a big deal of stress and frustration. An experiment that took years to
design and set up is finally working and within a month you gather all the data you
needed and you are ready to write up and submit.

Being at the end of my Ph.D. I often wonder if it is worth the price. There is no
univocal answer. Looking back I reflect on the difficult times as well as the good
times, urging all who are looking to embark on this journey to understand the depth
and difficulties they are likely to face. It is therefore of paramount importance that
everyone ensures they have a reliable personal support structure for this endeavour.
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8.1 Future Works

Many are the things to improve and understand, as TNGI is a new technique with
great potential still to unveil.

Firstly, to access the TNGI full potential, a great work on engineering optimisation
must be done in order to perform faster scans, and ideally, real-time imaging. To
do so, compressed sensing or machine learning algorithms, which enable to reduce
the spatio-temporal sampling, must be introduced: performing a hyperspectral image
reconstruction with a smaller ensemble of patterns and temporal delays would reduce
the acquisition time.

On the other hand, a higher SNR detection should be introduced: in order to ex-
ploit the kHz refresh rate of the DMD, a single laser pulse per pattern should be ac-
quired for each temporal delay. A kHz refresh rate and compressed sensing algorithm
(using 20% of patterns) would allow us to completely reconstruct a 64x64 image in 1.6
seconds (around 10 s for an hyperspectral image!). To lower the noise-level, another
photodiode could be introduced to account for the laser power fluctuations.

Finally, as the TNGI is not limited by the numerical apertures of the detector, deep
subwavelength image reconstruction could be performed employing new ultrathin
THz emitters [Che+20b].

The TNGI can address challenges hardly explored before in the THz scientific com-
munity. The full control over the spatial and temporal features of the THz patterns and
the field-sensitive detection can enable super-resolution images through scattering or
turbid media (already proven in photo-acoustic [Con+15]).

We believe also that our GI technique can benefit from the compressed sensing and
active learning frameworks, allowing the targeting of objects with specific spatial or
spectral features [Riz+19; RRR13]. Taking inspiration from the science of computer
vision frameworks, Ghost Imaging acquisition protocol can be tailored to explore spe-
cific "known" morphological and spectral features with deep subwavelength resolu-
tion, locating anomalies or interesting regions in the three spatial dimensions.

Further study on the 3D refocusing, combined with real-time measurements, could
lead to a 3D reconstruction of in vivo biological tissue. Taking inspiration from hy-
percentric optics [US19], TNGI could also be used to reconstruct the 3D edges of the
objects, exploring the space behind opaque samples.

To conclude, this thesis certainly represents a novel input in such a young subject.
I can not but hope it will continue to inspire the development of new technologies and
help researchers unveiling unexplored science.
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