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Abstract

The purpose of this article is to study Turing pattern formation in one- and

two-dimensional domains under heterogeneous distributions of the parameters

for an activator-depleted model. Unlike previous studies of this nature, the

choice of the heterogeneous distributions of the parameters is closely linked and

estimated by use of rigorous wave mode selection in order to excite different

modes in different subsets of the domains. This allows us to relate the nu-

merical solutions with theoretical linear stability analytical results. Our most

revealing results show that the wave modes of adjacent subsets evolve locally

and yet possess continuity across the interface. These local patches of the solu-

tions result in a globally heterogeneous solution stable only in the presence of

heterogeneous distributions of the parameters. Furthermore, our results show

that initial conditions continue to play a crucial role in the selection of excitable

wave modes and consequently the formation of the inhomogeneous patterns
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formed. In particular, initial conditions influence pattern orientation and polar-

ity, and yet with a pre-pattern, the patterns conserved orientation and polarity.

Numerical solutions are obtained by the use of the finite element method and

the backward Euler scheme to deal with the spatial and the time discretizations,

respectively.

Keywords: Reaction-diffusion systems, Pattern formation, Turing

diffusion-driven instability, Activator-depleted model, Parameter space,

Heterogeneous parameters

1. Introduction

Reaction-diffusion equations have been widely employed to study the be-

haviour of physical and biological phenomena in nature. Particularly, they

have been used to model processes which follow mass and energy conserva-

tion laws. For example, in heat conduction, mass transfer and morphogenesis

[1, 24–26, 30]. In such models, the diffusive term has the effect of homogenising

the evolving species. However, for some cases, in the presence of reactions, the

interaction between diffusive and reactive terms may lead to unstable solutions

in space, time or both in space and time. Alan Turing [30] presented six cases

of diffusion-driven instabilities, or Turing instabilities [24] for systems of linear

reaction-diffusion equations. One of them, defined as stationary waves of fi-

nite wave-length, is a plausible theoretical hypothesis for morphogenesis and it

has been widely studied in mathematical biology. In fact, Turing himself men-

tioned the proximity of the model to describing pattern formation in the Hydra

tentacles and proposed a morphogen theory of phyllotaxis [26]. Among other

phenomena, the pattern formation on animal furs which exhibit non-uniform

pigmentation, the spontaneous appearance of spatial oscillations during glycol-

ysis, and the ligament growth have also been studied [17, 21, 29, 31].
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It is known that reaction-diffusion equations may show Turing instabili-

ties when at least two species are interacting [28]. The Gierer-Meinhardt, the

Sel’kov’s glycolysis and the activator-depleted (also known as the Schnakenberg

model [28]) reaction models [8, 24, 29] are examples of two-species models whose

solution may show Turing instabilities. In the literature, there are numerous

numerical implementations of the activator-depleted model, for example, Duque-

Daza et al. [3], Garzón-Alvarado et al. [5, 6, 7], Madzvamuse and Chung [15]

implemented reaction-diffusion and reaction-advection-diffusion models under

different conditions on the domain (either stationary or growing). In addition,

reaction-diffusion equations with activator-depleted reaction kinetics have also

been applied on biological models, e.g. Madzvamuse et al. [17] applied the

activator-depleted model on the growth of spatial patterns in the arcoid bivalve

ligaments. The activator-depleted model has shown versatility on physical and

biological applications supported by numerical experimentations in each of the

mentioned examples.

Nonetheless, there exist some limitations on the physical and biological ap-

plicability of the reaction-diffusion pattern formation mechanism in that highly

organised patterns exhibited by the mathematical model do not always repre-

sent the reality [18]. The main disadvantages of the reaction-diffusion theory

for pattern formation are three: the model system possesses symmetric and or-

ganised solutions, (ii) these solutions are highly dependent on initial conditions

which act as a basin of attraction for the solutions, and (iii) the pattern forma-

tion mechanism is highly dependent on the geometry. Additionally, the model

is highly sensitive to the number of species and any reduction of the number of

variables may lead to inconsistent responses [9]. Furthermore, reaction-diffusion

systems are commonly analysed via asymptotic analysis which cannot account

for transient behaviour in solutions. Recent studies have shown that the in-
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clusion of domain growth for pattern formation enhances the robustness of the

formation of patterns [10, 16], however, our current study does not consider the

effects of domain growth.

In many applications of reaction-diffusion theory for pattern formation, the

use of homogeneous distribution of the parameters is the norm. However, there

exists experimental evidence that seems to suggest that parameters vary across

the experimental domain and do not remain constant [18, 22, 23]. For exam-

ple, Page et al. [22] indicated that the boundaries between or within tissues

may provide heterogeneities on the system parameters and, in embryonic de-

velopment, a pre-existing pattern may define the reaction and diffusion rates.

Likewise, Page et al. [23] suggested that the cellular and extra-cellular condi-

tions can trigger heterogeneities. As a result, it is important to examine the

effect of spatial-dependent parameters on the response of the reaction-diffusion

mechanism for pattern formation.

Work in this direction include (but not limited to) that of Maini et al.

[18] who spatially varied the diffusion coefficient on a one-dimensional reaction-

diffusion activator-depleted model. They implemented two situations: one in-

volving a sharp variation of the diffusion coefficient through a step function;

and the other involved a smooth variation through a hyperbolic cosine function.

They reached patterns with isolated peaks and with variable amplitude. May

et al. [19] also applied the activator-depleted reaction-diffusion model varying

the diffusion coefficient through a step function, yet they defined a disk as their

domain. Likewise, they found patterns with isolated peaks and with variable

amplitude.

Apart from the activator-depleted model, other models studied within this

context include the Gierer-Meinhardt model, for example, Page et al. [22] set

a space-dependent kinetic variable in a step-function manner with values inside
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and outside the Turing space. Besides obtaining more complex patterns, they

noticed the emergence of patterns with parameters outside the Turing space, i.e.

an enlarged Turing space was obtained due to the heterogeneous distributions

of parameters. Page et al. [23] extended the previous work by spatially varying

each parameter in one- and two-dimensional domains. In the two-dimensional

domain they defined the parameter dependence through sinusoidal functions

and they obtained patterns with higher-amplitude and higher-width peaks sur-

rounded by lower-amplitude and lower-width peaks. For the other case, the

domain was divided into two sections with different parameters and it devel-

oped patterns with spots and stripes of different sizes. Furthermore, Krause

et al. [12] reported spatio-temporal behaviour with no stable patterns. They

used the Gierer-Meinhardt model with a linear heterogeneity obtaining a con-

tinuous generation and degradation of moving spikes across the domain. These

results indicate that the presence of heterogeneities within the domain may

indeed induce the formation of less idealised patterns and unstable patterns.

Previous articles showed that space-dependent parameters may trigger the

formation of more complex Turing patterns. In this article we want to study

a particular type of space dependency: the equilibrium point is homogeneous

(thus spatial patterns only evolve as a consequence of Turing instability), and

the two unstable wave modes are distributed in a piece-wise constant manner.

The idea of this distribution in parameters is to see whether pattern formation

can be studied locally, as opposed to globally, say for instance in [11, 13]. We

also want to see whether there exists a difference between the interaction of sets

of parameters close to each other and far from each other. Additionally, since the

Turing instability is highly related to the size of the domain, we also explore the

effect of varying the definition of the piece-wise function. Moreover, we inspect

the effects of two different initial conditions. This particular space dependency
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also generates new behaviours with a limited amount of wave modes.

The results of the one-dimensional case, for example, show that the wave

modes of two subsets evolve locally, although they must be somehow suitable

to coexist at the interface between the two subsets. For the two-dimensional

case, the two types of initial conditions were: a random perturbation around

the steady state and a prepattern. The results showed that for different sizes of

the subsets, the orientation and polarity [18] of the patterns changed with the

former initial conditions. However, with the later initial conditions the patterns

conserved polarity and orientation when no significantly different wave modes

grew (significantly different to the wave modes present in the prepattern).

Hence, this paper is structured as follows. Section 2 presents the mathemat-

ical model under study and Appendix A exposes the fully-implicit backward

Euler finite element method combined with the Newton-Raphson scheme that

is employed to provide approximate numerical solutions to the model equa-

tions. Section 3 shows the numerical measures and comparison schemes used

to exhibit the numerical results. In Section 4 we present a variety of numerical

experiments performed to show-case the emergence of patterns. Finally, in Sec-

tion 5, a disclosure and discussion of the results are given and Section 6 exposes

the conclusions of the study.

2. Mathematical Model

2.1. Reaction-diffusion system with activator-depleted kinetics: Diffusion-driven
instability conditions

Let us consider the following nondimensional reaction-diffusion system with

well-known activator-depleted kinetics (any other plausible reaction kinetics can

be treated in a similar fashion). Let Ω be a bounded one- or two-dimensional

domain with boundary ∂Ω = Γ, then for x ∈ Ω and t ∈ [0, T ] define u(x, t) :

Ω× [0, t]→ R and v(x, t) : Ω× [0, T ]→ R as an activator and an inhibitor. The
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boundary value reaction-diffusion system can be written as:

∂u

∂t
(x, t)−∇2u(x, t) = γf

(
u(x, t), v(x, t)

)
,

∂v

∂t
(x, t)− d∇2v(x, t) = γg

(
u(x, t), v(x, t)

)
,

∇u(x, t) = d∇v(x, t) = 0 on Γ,

u(x, 0) = u0(x) and v(x, 0) = v0(x).

(1)

For notation simplicity u = u(x, 0) and v = v(x, 0) in what follows. In Eq. (1),

d = Dv

Du
is the ratio between the activator and inhibitor diffusion coefficients,

γ is a dimensionless constant that determines the timescale of the reaction,

and f(u, v) and g(u, v) are reaction functions. u0(x) and v0(x) are prescribed

positive bounded initial conditions.

2.2. Activactor-depleted reaction model

Schnakenberg [28] developed a mathematical model capable of evolving in

limit-cycle solutions based on the simplest possible set of chemical reactions.

The dimensionless form of the model is given by:

f(u, v) = (u2v − u+ a),

g(u, v) = (−u2v + b),

(2)

where a and b are constant parameters.

In this work a and b were chosen as 0.1 and 0.9, respectively, as in [3, 5–

7, 15, 17–19, 25]. With these values it is possible to have Turing instabilities.

Madzvamuse [14] realised a stability analysis to define the necessary values of

d and γ such that a specific wave mode would evolve in a unit two-dimensional

square domain. Table B.2 shows some combinations of γ and d for patterns

with wave numbers between (1,0) and (4,4). Following a similar methodology,

in Table B.1 we present some combinations of parameters such that a specific
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wave mode can evolve on a unit one-dimensional domain.

3. Definition of Measures

(a) (b)

Figure 1: Two-dimensional domain Ω, delimited by a contour Γ: (a) a heterogeneous and
discontinuous distribution of parameters , and (b) a homogeneous distribution of parameters.
pi,j,k indicates a specific set of parameters. Notice that in (a) Ω = Ωi ⊕ Ωj ⊕ Ωk.

To analyse the effects of the heterogeneous distributions of parameters, com-

parisons of the results obtained inside domains with heterogeneous parameters,

(see Fig. 1a), with the results obtained inside domains with homogeneous pa-

rameters, (see Fig. 1b), were carried out. In these figures, pi, pj and pk refer

to a specific definition of parameters (set of parameters) within the indicated

domain. A set of parameters was chosen as a combination of a, b, d and γ. For

example, p1 refers to the specific combination: (a1, b1, γ1, d1). We note that the

values of a and b were fixed throughout for all parameter sets with a = 0.1 and

b = 0.9, and only d and γ were varied. This is to ensure that the same homoge-

neous steady state
(
a+ b, b

(a+b)2

)
exists for all sets of parameters defined based

on wave modes.

From now onwards, we will denote patterns generated by heterogeneous and

non-heterogeneous parameters as follows: In (Fig. 1a), patterns obtained are

referred to as perturbed patterns (due to the heterogeneous distribution of the

parameters), and the patterns obtained in the second type of domain (Fig. 1b)
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are referred to as non-perturbed patterns (due to the homogeneous distribution

of the parameters). Perturbed patterns are compared to non-perturbed patterns

formed with one of the p’s present in the heterogeneous domain, e.g. in Fig. 1

the heterogeneous domain is composed of subsets with sets of parameters: pi, pj

and pk, and the homogeneous domain is defined only by the set of parameters

pi. Finally, such comparison may be performed by means of the solution of u

and/or v, in this work the comparisons where made using the the values of v.

To compare the perturbed patterns with non-perturbed patterns three char-

acteristics were examined: (i) spatial distributions of the species, (ii) polarity,

and (iii) orientation. The first describes the spatial distribution of the species

within a pattern. Polarity refers to the out of phase by 180 degrees and an deeper

description of this phenomenon can be found in [18]. Figs. B.14a and B.14b are

two equal patterns with different polarities. Lastly, pattern orientation changes

when a rotation of the spatial distribution of the species happens. Figs. B.14a

and B.14c are two equal patterns with dissimilar orientations. Yet, orienta-

tion changes do not occur inside neither one-dimensional nor non-symmetric

domains. Only the spatial distribution is quantified, the other two are qualita-

tively analysed. In addition, a relation between pattern change and the closeness

of wave modes was sought.

3.1. Closeness between wave modes

In this section, the closeness between wave modes is computed based on the

standard linear stability analysis. The analysis is well-developed in [2, 4, 25]

and specially in [20]. From the analysis, in the activator-deplected model with

constant a, b and domain size, the unstable wave modes depend only on the

values of d and γ. This is evident in equation (2.23) in [20] given by:

c(k2) = dk4 − γ(df̄u + ḡv)k
2 + γ2(f̄uḡv − f̄v ḡu), (3)
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where k is the spatial eigenvalue and the set of unstable eigenvalues is given by:

K = {k ∈ R : c(k2) < 0}, (4)

a schematic representation of c(k2) is illustrated in Fig. B.15. Since Eq. (4) is

a convex parabola whose minimum must be negative (the fourth condition for

Turing instability, see equation (2.31) in [20]) let us characterise a combination

of d and γ by the critical point k2
c such that c(k2

c ) = cmin.

Although different combinations of d and γ can have the same k2
c , this char-

acterisation is enough to distinguish two different wave modes in our model.

First, let us consider the set of all the unstable spatial eigenvalues. Let N1 =

{µ ∈ R : (µπ/Lref)
2 ∈ K} be the set of real unstable spatial eigenvalues in

1D, where Lref is a reference length of the domain. Let N2 = {(µ, ν) ∈ R2 :

(µ/Lxrefπ)2 + (ν/Lyrefπ)2 ∈ K} be the set of real unstable spatial eigenvalues,

where Lxref and Lyref are the reference lengths for each direction. Due to the

zero Neumann boundary conditions only integer wave modes can grow, which

in 1D are {n ∈ N : n ∈ N1} (and in 2D are {(n,m) ∈ N2 : (n,m) ∈ N2). Taking

into account that the parameters in Tables B.1 and B.2 were chosen such that

for each combination only a unique integer unstable eigenvalue may grow, the

different sets K have then different k2
c s.

Finally, let us define the closeness between wave modes through the absolute

difference of k2
c , i.e.:

θij = |k2
ci − k

2
cj |,

where k2
ci and k2

cj are associated to the wave numbers ni and nj (or (mi, ni)

and (mj , nj)), respectively. For example, wave number 1 has k2
c = 10.15, 4 has

k2
c = 164.5 and 8 has k2

c = 649.5349, hence, θ14 = 154.35, θ48 = 485.0349 and

θ81 = 639.3849; i.e. wave mode 4 is closer to wave mode 1 than to wave mode

8.
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3.2. Difference between normalised patterns

Non-perturbed and perturbed patterns were normalised so as to have a better

representation of the spatial distribution of the species v. Hence, a change of

the scale of the concentration values of v was made, v∗. The obtained values

were mapped to a reference scale from 0 to 1, see Eq. (B.1).

To compare the patterns, a difference, Qv, between the normalised perturbed

and non-perturbed patterns was calculated as:

Qv =

N∑
i=1

|v∗i
nop − v∗i

per|, (5)

where N is the finite element discretisation number of nodes. For the two-

dimensional case, since pattern polarity and/or orientation changes may affect

this measure, Qv was calculated rotating the perturbed pattern 90◦, 180◦ and

270◦, and inverting the polarity. These rotation angles were chosen since the

domain is square-shaped. From these calculations, the least was chosen as Qv.

For the one-dimensional case, since there are no changes to orientation, only the

polarity inversion was performed.

Therefore, as perturbed patterns get more different from non-perturbed pat-

terns, Qv grows.

4. Numerical Experiments

In this section, we describe our numerical experiments. We experimented

on space-dependent symmetric distributions of parameters in both unit one-

and two-dimensional domains. We divided the domains in an outer and an

inner subdomains such that in the one-dimensional case the outer subdomain

was disconnected and in the two-dimensional case it was connected. In each

subdomain we chose a different combination of parameters from Tables B.1

and B.2 to see if the wave modes excited in each subset were related to the

global size of the domain. We also tested different sizes for the inner and outer
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subdomains. Finally, we tested the model with different initial conditions to see

whether the model is more robust in terms of dependence on initial conditions.

4.1. One-dimensional case

In this case we set Ω = [−0.5, 0.5] and define u0(x) and v0(x) as perturba-

tions up to 10% around the equilibrium point. The same u0(x) and v0(x) were

used for all one-dimensional simulations.

The domain Ω was divided into two parts: Ωout ⊂ Ω and Ωin ⊂ Ω defined

by: 

Ωout = {x ∈ Ω : |x| > r},

Ωin = {x ∈ Ω : |x| ≤ r},

(6)

where r is a radius-like value which determines the size of the subsets. We

defined γin and din within Ωin and γout and dout within Ωout such that nin 6= nout

and selected nin and nout from Table B.1.

We experimented with twenty subdomain sizes:

r ∈ {0, 0.0125, 0.025, 0.05, 0.075, 0.08, 0.085, 0.09, 0.095,

0.1, 0.125, 0.15, 0.175, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5}.1

4.2. Two-dimensional case

In this case we set Ω = [−0.5, 0.5]2 and defined two types of initial conditions:

for type-I (TI-IC) we define u0(x) and v0(x) as perturbations up to 10% around

the equilibrium point. For type-II (TII-IC) we define u0(x) = u∞(x) and

v0(x) = v∞(x) where u∞(x) and v∞(x) represent the steady state pattern

formed by homogeneously distributing the parameters present in Ωout.

1In cases were r = 0 and r = 0.5 the distribution of parameters is homogeneous inside the
whole domain, for the one-dimensional case.
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In a similar fashion to the one-dimensional case, the domain was divided

into: 

Ωout = {(x, y) ∈ Ω : (x2 + y2) > r2},

Ωin = {(x, y) ∈ Ω : (x2 + y2) ≤ r2}.

(7)

Each subset was set with a different set of parameters: (mout, nout) and (min, nin),

respectively, using the values shown in Table B.2. For this paper three wave

modes were used as (mout, nout) and four as (min, nin):

(mout, nout) ∈ {(3, 0), (3, 1), (3, 2)} and

(min, nin) ∈ {(1, 0), (2, 2), (3, 3), (4, 4)}.

Finally, for r the same values as in the former case were used.

5. Results

5.1. One-dimensional case

5.1.1. Pattern convergence to stationary state

The patterns presented here correspond to stationary states, since the aim

is to analyse the effects of the heterogeneity in stable patterns. Therefore, to

ensure the stationary state, equations (B.2) were calculated until the tolerance

was reached. As an example, Fig. B.16a shows graphically the convergence of the

case with (nin = 2, nout = 1) and r = 0.25 in a one-dimensional domain. In this

figure, the typical Turing pattern evolution can be seen. At the beginning, the

time-derivative rapidly decreases because the diffusive terms try to homogenise

the initial perturbation. Then, when t ≈ 2 the wave modes start to grow and

the time-derivative increases exponentially. Finally, at t ≈ 8 the nonlinear

terms stop the exponential growth and a spatially stable heterogeneous pattern

appears at t ≈ 20. Furthermore, Fig. B.16b shows the convergence of the case
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with (nin = 2, nout = 1) and r = 0.4 in a one-dimensional domain. In this figure,

it can be seen how no wave mode does grow.

5.1.2. Activation of wave modes

(a) r = 0.20 and (nout = 7, nin = 2) (b) r = 0.25 and (nout = 8, nin = 4)

(c) r = 0.30 and (nout = 7, nin = 3) (d) r = 0.095 and (nout = 4, nin = 1)

Figure 2: Heterogeneous steady states in a one-dimensional domain. The dashed lines ( )
show the solution in Ωout and the bold lines ( ) show the solution in Ωin, whereas the
symbols ◦ and × represent the solutions of u and v, respectively.

The solutions which evolved in Turing patterns had a characteristic be-

haviour. The patterns showed different wave modes within the domain. For

example, in Fig. 2a, with r = 0.20 and (nout = 7, nin = 2), the pattern shows

a wave number near to 2 within both Ωout’s (the left- and the right-hand sides

of Ωout) and a wave number near to 1 within Ωin. This phenomenon can be

explained from the stability analysis.
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(a) r = 0.15 and (nout = 3, nin = 8)

(b) r = 0.15 and (nout = 3?, nin = 8?)

Figure 3: Homogeneous and heterogeneous steady states in a one-dimensional domain. The
dashed lines ( ) show the solution in Ωout and the bold lines ( ) show the solution in
Ωin, whereas the symbols ◦ and × represent the solutions of u and v, respectively. Although
both cases represent the combination (nout = 3, nin = 8), in (b) N1 for both Ωin and Ωout

are wider.

For Ωout with Lref = 0.3 N1 = [2.0136, 2.1620] and for Ωin with Lref = 0.4

N1 = [0.5694, 0.9003]. In two isolated domains of length 0.3 and 0.4 no pattern

would appear in both solutions. This, since both solutions must ensure zero-flux

boundary conditions. However, for the heterogeneous case presented here, the
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solution within each subset can have a real wave number since the fluxes in the

interfaces of the subsets (the boundary of Ωin) are in general nonzero. In Fig. 2a

it can be seen that the wave number in Ωout is a little greater than 2 and the

wave number in Ωin is a little less than 1.

The same situation is presented in Fig. 2b where r = 0.25 and (nout =

8, nin = 4). In this case, for Ωout N1 = [1.9548, 2.0989] and for Ωin N1 =

[1.5431, 2.4398]. Therefore, the wave number within each domain is near to 2

which can be seen in Fig. 2b. Here, it is clearer the nonzero flux in the interfaces

of the subsets. In addition, the solutions in both Ωout’s are rather different. It

can be seen that the left-hand-side solution has two critical points (zero gradient)

whereas the right-hand-side solution has three critical points. Although this not

symmetric response of the two Ωout’s was not very common, it also evolved for

some other combinations of parameter sets, such as (nout = 6, nout = 3) with

r = 0.2 and (nout = 5, nout = 8) with r = 0.3 (results not shown). Other type of

not symmetry is presented in Fig. 2c. In this case the solutions within the two

Ωout’s domains have different amplitudes. This not symmetric result was more

common and was also seen with other combinations of parameter sets, such as

(nout = 6, nout = 3) with r = 0.3 and (nout = 5, nout = 1) with r = 0.085

(results not shown). A combination of these not symmetries is presented in

Fig. 2d where (nout = 4, nout = 1) and r = 0.095.

5.1.3. No activation of wave modes

For some combinations of parameter sets the variables did not evolve in pat-

terns with specific r’s. In these cases, the perturbations at the initial conditions

were homogenised to the equilibrium point. For example, the combination of

parameter sets (nout = 3, nin = 8) with r = 0.15, as shown in Fig. 3a. The same

homogeneous solution resulted for other combinations of parameter sets such

as: (nout = 2, nin = 5) with r = 0.075, (nout = 4, nin = 7) with r = 0.45, and
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(nout = 1, nin = 6) with r = 0.2 (results not shown), among others. For every r

but r = {0.0125, 0, 0.5} at least one combination of parameters sets resulted in

the homogeneous stable steady state.

For Ωin with Lref = 0.3 N1 = [2.3457, 2.5187] and for Ωout with Lref = 0.35

N1 = [0.7878, 1.2456]. Then, in two isolated domains with length 0.3 and 0.35

no pattern would appear in the former while a pattern would appear in the

latter. To explore this phenomenon, this combination of wave numbers (nout =

3, nin = 8) was tested under different γ and d. The idea was to widen N1 and

explore whether a pattern could then grow. For the parameters presented in

Table B.1 in a unit one-dimensional domain N1 = [2.2508, 3.5588] (for n = 3)

and N1 = [7.8190, 8.3956] (for n = 8). Modifying the parameters to γ = 276 and

d = 11.7 for n = 3? and γ = 1860 and d = 8.9 for n = 8?2, N1 = [2.0611, 3.9665]

and N1 = [7.0977, 8.9002]. Thereby, including more real wave numbers.

With these parameters for Ωin with Lref = 0.3 N1 = [2.1293, 2.6701] and

for Ωout with Lref = 0.35 N1 = [0.7214, 1.3883]. Although the local widening

effect was not enough to allow more integer wave modes, it was enough to bring

new suitable-to-grow real wave modes. Fig. 3b shows the steady states for these

new parameters, namely (nout = 3?, nin = 8?) and r = 0.15, and a pattern

does evolve. Two more independent tests were done with (nout = 3?, nin = 8)

and (nout = 3, nin = 8)?, in both cases, patterns were also triggered (results

not shown). Therefore, these results indicate that widening N1 may favour the

evolution of a stable pattern within a domain with a heterogeneous distribution

of parameters.

The relationship between the closeness and differences between non-perturbed

and perturbed patterns is shown in Fig. 4. The result shows that as the close-

2The ?’s indicate the use of γ = 276 and d = 11.7 and γ = 1860 and d = 8.9 instead of the
values in Table B.1.
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Figure 4: Average difference between normalised patterns 〈Qv〉 versus closeness between wave
modes θij for the one-dimensional case. θij is calculated for each combination (ni, nj) and
〈Qv〉 was calculated for ni defined in Ωout. For example, the dark-face light-edge circle
located in (24.8500, 0.1297) represents the closeness between n = 1 and n = 2, θ12 = 24.85,
and the average difference between the non-perturbed normalised pattern with n = 1 and the
perturbed normalised patterns with (nout = 1, nin = 2) for all r.

ness between wave modes increases the difference between the non-perturbed

patterns and the perturbed patterns also increases. This means that further

wave modes have more impact on the solution than closer wave modes.

5.2. Two-dimensional case

5.2.1. Pattern convergence to stationary state

In the two-dimensional case with type-I initial conditions the convergence

curves were similar to those in the one-dimensional case presenter in Fig. B.16.

However, an additional type of convergence appeared for some cases. In Fig. 5

it can be seen that the development of the steady pattern passed first for one

(Fig. 5a) or two (Fig. 5b) unstable patterns. In those cases, time-derivatives had

two or three peaks on which unstable wave modes grew. Each peak referring to a
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(a) ((mout, nout) = (3, 2), (min, nin) = (4, 4)) and r = 0.085

(b) ((mout, nout) = (3, 1), (min, nin) = (4, 4)) and r = 0.35

Figure 5: Semi-logarithmic convergence of heterogeneous solutions for the unit square two-
dimensional domain. The bold line ( ) and the dashed line ( ) show the solution of u
and v respectively.

pattern. For example, the patterns developed on Fig. 5b are presented in Fig. 6.

The first pattern is on the right-hand side whereas the second pattern is on the

left-hand side of the image. It is important to clarify that this phenomenon can

also appear in a homogeneous distribution of parameters, e.g. the case for (3, 0)
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Figure 6: Patterns developed with ((mout, nout) = (3, 2), (min, nin) = (4, 4)), r = 0.085 and
type-I initial conditions. These patterns are the solution of u. The stable pattern is on the
left-hand side and the unstable pattern is on the right-hand side, respectively captured at
t = 20 and t = 2.

(results not shown).

Regarding the patterns developed from type-II initial conditions, the be-

haviour of the convergence curves were also similar. However, since this pat-

terns evolved from another pattern, the interpretation of the convergence curves

is rather different. The solutions which showed a convergence curve similar to

Fig. B.16b were both homogeneous and heterogeneous solutions. The former

solutions followed just the homogenisation effect of the diffusive term. On the

other hand, the latter solutions followed only the third stage of the typical

Turing pattern evolution. Therefore, these patterns were similar to the non-

perturbed pattern. The patterns which showed a convergence curve with one or

more peaks of growth of unstable wave modes, on the contrary, had a transition

between the initial pattern into a significantly different pattern.

5.2.2. Two-dimensional patterns

Each combination of parameter sets had the property of showing some con-

servation of the non-perturbed pattern until a critical r. Figs. 7 to 11 show

some patterns for the combination ((mout, nout) = (3, 0), (min, nin) = (1, 0))
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(a) TI-IC (b) TII-IC

Figure 7: Results of the steady state of u for the combination of parameter sets ((mout, nout) =
(3, 0), (min, nin) = (1, 0)) with r = 0.2 and type-I initial conditions (TI-IC) and type-II initial
conditions (TII-IC).

(a) TI-IC (b) TII-IC

Figure 8: Results of the steady state of u for the combination of parameter sets ((mout, nout) =
(3, 0), (min, nin) = (1, 0)) with r = 0.25 and type-I initial conditions (TI-IC) and type-II initial
conditions (TII-IC).

with different r’s and both types of initial conditions. For r between 0.0125 and

0.2 patterns conserved some form of (3, 0). This form can be seen in Figs. 7a

and 7b which are the most different patterns from (3, 0) observed between this

range of r. For the greater r’s tested here this form was lost with both initial

conditions.
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(a) TI-IC (b) TII-IC

Figure 9: Results of the steady state of u for the combination of parameter sets ((mout, nout) =
(3, 0), (min, nin) = (1, 0)) with r = 0.3 and type-I initial conditions (TI-IC) and type-II initial
conditions (TII-IC).

(a) TI-IC (b) TII-IC

Figure 10: Results of the steady state of u for the combination of parameter sets
((mout, nout) = (3, 0), (min, nin) = (1, 0)) with r = 45 and type-I initial conditions (TI-IC)
and type-II initial conditions (TII-IC).

Figs. 7 to 11 also show the variety of effects of the difference in initial con-

ditions on the pattern. Fig. 8a shows the same pattern as Fig. 8b but rotated

counterclockwise 90◦. Equally, Fig. 9a shows the same pattern as Fig. 9b but

with opposite polarity, i.e. the high and low levels of u in the former are re-

spectively the low and high levels of the latter. In addition, the cases with
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(a) TI-IC (b) TII-IC

Figure 11: Results of the steady state of u for the combination of parameter sets
((mout, nout) = (3, 0), (min, nin) = (1, 0)) with r = 0.5 and type-I initial conditions (TI-IC)
and type-II initial conditions (TII-IC).

(a) (m,n) = (1, 0) (b) (m,n) = (3, 0)

Figure 12: (a) and (b) are the stable patterns with homogeneous parameter distributions for
(1, 0) and (3, 0), respectively.

TII-IC where the form of (3, 0) was conserved showed all the same polarity and

orientation whereas with TI-IC the polarity and orientation constantly changed

(results not shown). Furthermore, Figs. 10a and 10b show different patterns

even when the combination of parameter sets are the same. Moreover, in the

two-dimensional case most patterns were symmetric. However, the patterns in

Figs. 8a and 8b were not symmetric.
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Finally, Figs. 12a and 12b are the stable patterns with space-independent

parameters for wave modes (1, 0) and (3, 0), respectively. It is noticeable how

the pattern regularity is lost once the parameters are spatial-dependent. In the

patterns presented in Figs. 7 to 11, the higher wave modes remained in Ωout

while lower wave modes remained in Ωin. This is in agreement with the above

one-dimensional results.

Similarly to the one-dimensional case, we exhibit the relation between close-

ness and differences between the non-perturbed and perturbed patterns. In

Fig. 13 the same relation can be seen as in Fig. 4. Further, wave modes have

more impact on the solution than closer wave modes.

Figure 13: Average difference between normalised patterns 〈Qv〉 versus closeness between
wave modes θij for the two-dimensional case. The symbols ◦, + and ∗ represent respectively
〈Qv〉 with (mout, nout) = (3, 0), (mout, nout) = (3, 1) and (mout, nout) = (3, 2)

6. Discussion

In this paper numerical examples of Turing instabilities in one- and two-

dimensional domains with spatially-dependent parameters were presented. The

results correspond to experimentation with the activator-deplected model. d

and γ were chosen to be the spatially-dependent parameters and followed a
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piecewise constant form. This allowed the excitation of different wave modes in

dissimilar subsets of the domain while the homogeneous steady state remained

the same over the whole domain. Hence, the patterns obtained correspond to

Turing instabilities always. This is an important feature of the model since in

other cases parameter heterogeneities themselves can drive pattern formation.

However, not necessarily Turing instabilities as argued in [11].

In both [11, 13] the authors discussed Turing instability in heterogeneous

domains as a local property. Therefore, the possibility of the system to evolve

in a Turing pattern could be analysed as a local property of each subset within

the domain, as well as the possible wave modes. The one-dimensional results

presented here concur with this local property, as can be seen in Fig. 2, and

the two-dimensional results also concur qualitatively, as can be seen in Figs. 7

to 11. Therefore, it is likely to design complex patterns, with localised regions of

high wave modes and localised regions of low wave modes through similar distri-

butions of parameters. Nonetheless, the case presented in Fig. 3 indicates that

additionally the interaction between the excited wave modes in the subsets must

be somehow suitable, otherwise, the system evolves in the stable homogeneous

steady state.

The homogeneous results might appear contradictory with one of the con-

clusions presented in [22]. They demonstrated that the system can evolve in

heterogeneous solutions even if the parameters do not belong to the classi-

cal Turing space. However, here some solutions correspond to the homoge-

neous steady state even when the parameters belonged to this space. In [22], a

one-dimensional domain was divided in two equal subsets (left- and right-hand

sides) which differed in one parameter of the Gierer-Meinhardt model in a step-

function manner, namely µ (the rate of degradation of the activator). In both

subsets µ was outside of the classical Turing space. The Gierer-Meinhardt-model
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steady state depends upon µ, therefore the subsets also differed in the steady

state. The interface between the two subsets might then represent an anomalous

boundary condition for each subset [22]. In fact, Page et al. [22] simulated the

Gierer-Meinhardt model with constant parameters outside the Turing space, a

Dirichlet condition at the left-hand boundary and a zero-Neumann boundary

condition at the right hand boundary. The results shown for the two mentioned

simulations presented a similar behaviour, a pattern with decaying oscillations.

For the present results the pattern formation is essentially triggered by the in-

stability of the Turing space. Since γ and d do not change the steady state,

both subsets Ωout and Ωin have the same steady state. Thus, the results are not

comparable.

Additionally, it was shown that the system could evolve in non-symmetric

patterns even the parameter distribution was symmetric. Two types of not-

symmetries were presented in the one-dimensional case, non-symmetric critical

points, as seen in Fig. 2b, and non-symmetric amplitudes, as seen in Fig. 2c.

Non-symmetric patterns in symmetric domains were also reported in [23]. In

the two-dimensional case, non-symmetric patterns also evolved, as in Fig. 8a.

Therefore, the system can evolve in non-symmetric patterns even if the param-

eter distribution is homogeneous and the domains are connected.

The discrete L2-norm time derivatives for the two-dimensional case, Fig. 5,

showed that some systems develop unstable patterns before a stable pattern.

This is in agreement with the very cited statement “Most of an organism, most

of the time, is developing from one pattern into another, rather than from

homogeneity into a pattern” from [30]. However, it is important to recall that

these results are tightly dependent on the initial conditions. Furthermore, this

transition can also be seen under homogeneous distributions of parameters, for

example the the homogeneous case (3, 0) had two time derivative peaks (results
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not shown).

Finally, the two types of initial conditions displayed different patterns. First,

when the heterogeneity was not strong enough to trigger the growth of signif-

icantly different wave modes the systems under type-II initial conditions con-

served both polarity and orientation, while some systems under type-I initial

conditions expressed different polarities and orientations, as shown in Figs. 7a

and 7b. Second, for strong enough heterogeneities, systems under type-I and

type-II initial conditions developed the same patterns with some changes in ori-

entation or polarity, as shown in Figs. 11a and 11b. Third, the two systems

showed different patterns under the same distribution of parameters, as seen

in Figs. 10a and 10b. Therefore, the heterogeneous distributions of parameters

presented here is not sufficient to make the Turing mechanism robust enough

so as not to depend upon the initial conditions.

Appendix A. Numerical Solution

Appendix A.1. The finite element weak formulation

Let w ∈ H1(Ω) be a test function. Integrating over Ω the product of Eq. (1)

and w, the weak formulation following integration by parts reads: find u, v ∈

L2

(
[0, T ], H1(Ω)

)
such that:

∫
Ω

w
∂u

∂t
dΩ +

∫
Ω

∇w · ∇udΩ−
∫

Ω

wγf(u, v)dΩ−
∫

Γ

(∇u.n)wdΓ = 0,∫
Ω

w
∂v

∂t
dΩ +

∫
Ω

∇w · d∇vdΩ−
∫

Ω

wγg(u, v)dΩ−
∫

Γ

(∇v.n)wdΓ = 0,

(A.1)

where n is the normal vector to Γ. Bringing in the zero Neumann boundary

conditions, the last term of equations (A.1) vanishes.

Appendix A.2. Spatial discretisation

To build the finite element approximation, let us consider Ωh ⊂ Ω a discreti-

sation of Ω with vertices xhj ∈ Ω, j = 1, ..., Nn defined by: Ωh =
⋃Ne

e=1 Ωhe . In
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one-dimensional domains, Ωhe , e = 1, ..., Ne, are segments limited by two vertex

xhj while in two-dimensional domains are quadrilaterals defined by four vertex

xhj . Ωhe are defined such that:
⋂Ne

e=1 IntΩhe = ∅, where IntΩhe is the interior of

Ωhe and ∅ denotes the empty set.

Let us now define the finite element space as:

Sh(Ωh) =

{
ϕ ∈C0(Γh) : ϕ

∣∣∣∣
Ωh

e

is linear affine for each Ωhe ∈ Ωh
}
,

with basis {χi} i = 1, ..., Nn, such that χi(x
h
j ) = δij (δ the Kronecker delta).

Consider the piecewise linear approximations of u(·, t) and v(·, t) respectively

uh(·, t) ∈ Sh(Ωh) and vh(·, t) ∈ Sh(Ωh) defined by:

uh(·, t) =

Nn∑
j=1

χj(·)Uhj (t), and vh(·, t) =

Nn∑
j=1

χj(·)V hj (t) (A.2)

and the general form of ϕ as:

ϕ(·, t) =

Nn∑
i=1

χi(·)ηi(t), (A.3)

where ηi(t) are arbitrary bounded values.

Then, the discrete form of the weak problem Eq. (A.1) is: find uh, vh ∈

Sh(Ωh) such that

∂Uj

∂t

∫
Ωh χiχjdΩh + Uj

∫
Ωh ∇χi · ∇χjdΩh =

∫
Ωh χiγf(χjUj , χjVj)dΩh,

∂Vj

∂t

∫
Ωh χiχjdΩh + Vj

∫
Ωh ∇χi · d∇χjdΩh =

∫
Ωh χiγg(χjUj , χjVj)dΩh,

(A.4)

notice that the sums for uh, vh and ϕ, the spatial dependency of χi and χj , and

the time dependency of Uj(t) and Vj(t) are omitted for notation simplicity, and

that since ηi(t) are arbitrary they cancel out.
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Let us rewrite Eq. (A.4) as:

Ne∑
e=1

(
Me ·

∂Ue

∂t
+ Ke ·Ue − γFe

)
= 0,

Ne∑
e=1

(
Me ·

∂Ve

∂t
+ dKe ·Ve − γGe

)
= 0,

(A.5)

where Ue and Ve are local nodal values of Ωhe , Me are local mass matrices:

Me =

∫
Ωh

e

χiχjdΩhe , (A.6)

Ke are local stiffness matrices:

Ke =

∫
Ωh

e

∇χi · d∇χjdΩhe , (A.7)

and Fe and Ge are local reaction vectors:

Fe =

∫
Ωh

e

χif(χjUj , χjVj)dΩhe , and Ge =

∫
Ωh

e

χig(χjUj , χjVj)dΩhe . (A.8)

Appendix A.3. The temporal discretisation element-wise

So far the system is completely discrete in space. Now, let us deal with the

time-dependent terms. Consider τ > 0 a time step such that tk = kτ with

k = 1, ..., NT and NT the number of steps to discretise [0, T ]. Applying the

Backward Euler scheme on Eq. (A.4) the fully discrete system of equations is

given by: 

∑Ne

e=1

(
Me · Uk+1

e −Uk
e

τ + Ke ·Uk+1
e − γFk+1

e

)
= 0,

∑Ne

e=1

(
Me · Vk+1

e −Vk
e

τ + dKe ·Vk+1
e − γGk+1

e

)
= 0.

(A.9)

Notice that since the nonlinear terms Fe and Ge implicitly depend on time they

are computed at tk+1.
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Appendix A.4. Fully discrete formulation

Let us now describe the numerical scheme to solve the nonlinear system of

equations in Eq. (A.9). Let us rewrite Eq. (A.9) as:

∑Ne

e=1

(
Me · Uk+1

e −Uk
e

τ + Ke ·Uk+1
e − γFk+1

e

)
= RU ,

∑Ne

e=1

(
Me · Vk+1

e −Vk
e

τ + dKe ·Vk+1
e − γGk+1

e

)
= RV ,

(A.10)

where RU and RV are the residuals of the approximation. The Newton-Raphson

scheme is then given by:
∂RU

∂Uk+1

∂RU

∂Vk+1

∂RV

∂Uk+1

∂RV

∂Vk+1


∆Uk+1

∆Vk+1

 = −

RU

RV

 , (A.11)

where ∆Uk+1 and ∆Vk+1 are the differences of the approximations of Uk+1

and Vk+1, respectively, between solver iterations. The partial derivatives in

Eq. (A.11) are given by:

∂RU

∂Uk+1
=

Ne∑
e=1

(
1

τ
Me + Ke − γ

∫
Ωh

e

χiχj
∂f

∂uh

k+1

dΩhe

)
,

∂RU

∂Vk+1
=

Ne∑
e=1

(
−γ
∫

Ωh
e

χiχj
∂f

∂vh

k+1

dΩhe

)
,

∂RV

∂Uk+1
=

Ne∑
e=1

(
−γ
∫

Ωh
e

χiχj
∂g

∂uh

k+1

dΩhe

)
,

∂RV

∂Vk+1
=

Ne∑
e=1

(
1

τ
Me + dKe − γ

∫
Ωh

e

χiχj
∂g

∂vh

k+1

dΩhe

)
.

(A.12)
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Appendix B. Further details, figures and tables

Appendix B.1. Wave number tables

Table B.1: Combinations of d and γ for the Schnakenberg reaction model with a = 0.1 and
b = 0.9 for some one-dimensional wave modes.

Wave number (n) d γ

1 10 29
2 10 100
3 10 250
4 10 470
5 9 700
6 9 1000
7 8.6 1400
8 8.6 1900

Table B.2: Combinations of d and γ for the Schnakenberg reaction model with a = 0.1 and
b = 0.9 for some two-dimensional wave modes [4].

Wave number (m,n) d γ
(1,0) 10.0000 29.0000
(1,1) 11.5776 70.6000
(2,0) 10.0000 114.0000
(2,1) 9.1676 176.7200
(2,2) 8.6676 230.8200
(3,0) 8.6176 265.2200
(3,1) 8.6676 329.2000
(3,2) 8.8676 379.2100
(3,3) 8.6076 535.0900
(4,0) 8.6676 435.9900
(4,1) 8.5876 492.2800
(4,2) 8.7176 625.3500
(4,3) 8.6676 666.8200
(4,4) 8.6076 909.6600
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Appendix B.2. Changes in polarity and orientation

(a) (b) (c)

Figure B.14: Schematic diagrams of pattern polarity and orientation differences. (a) is a
reference pattern with a change of polarity in (b) and a change in orientation in (c).

Appendix B.3. Schematic representation of c(k2)

Figure B.15: Schematic representation of c(k2).

Appendix B.4. Pattern normalisation

v∗i =
vi −min(v)

max(v)−min(v)
, (B.1)

where vi is the nodal value of v at the i−th node (given by the finite element

method discretisation).
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Appendix B.5. Discretisation and Convergence Criteria

Regarding the discretisation, one-dimensional simulations were performed

with uniform meshes of 1001 nodes and 1000 elements, and the two-dimensional

simulations with uniform meshes of 10000 elements and 10201 nodes. Addition-

ally, a time-step of 0.01 was defined.

The discrete L2-norm time derivative was calculated globally, as presented

in [27]:

||ut+∆t − ut||
∆t

, and
||vt+∆t − vt||

∆t
, (B.2)

and the simulations were stopped after a given tolerance, say ε = 10−6, was

reached for both species.

Appendix B.6. Standard convergence graphics

(a) (b)

Figure B.16: Convergence for the unit one-dimensional domain. The bold line ( ) and the
dashed line ( ) show the solutions of u and v respectively. (a) is the convergence to the
heterogeneous solution with (nin = 2, nout = 1) and r = 0.25 and (b) is the convergence to
the homogeneous solution with (nin = 2, nout = 1) and r = 0.4.

Acknowledgments

DHA was supported by the Universidad Nacional de Colombia through resolu-

tions: 405 of 2019 and 051 and 0354 of 2020. This work was carried out when

(AM) was visiting the Universidad Nacional de Colombia and (DHA) thanks the

University of Sussex for its hospitality during his one-month research visit to the

33



UK. AM is partly supported by the EPSRC grant number EP/J016780/1, the

European Union Horizon 2020 research and innovation programme under the

Marie Sklodowska-Curie grant agreement No 642866, the Commission for De-

veloping Countries, and the Simons Foundation. AM is a Royal Society Wolfson

Research Merit Award Holder funded generously by the Wolfson Foundation.

AM is a Distinguished Visiting Scholar to the University of Johannesburg, De-

partment of Mathematics, South Africa. The Università degli Studi di Bari
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