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Abstract

We study the transformation of the vertices of a certain simple simplicial complex in n-dimensional
Euclidian space and prove that the resulting set of simplices is a simplicial complex with an approximate
rotational symmetry. Such simplicial complexes have applications in computing Lyapunov function for
nonlinear dynamical systems using linear optimization and are also of interest for other applications.

1 Introduction

Triangulations of R™ and its subsets have numerous applications in image processing [27, 1], mesh construc-
tion in numerical analysis [4, 6, 26], and other fields. The construction of a triangulation, often referred
to as mesh generation or grid generation, is thus an important topic in various different disciplines. In a
shape-regular triangulation the triangles, or simplices in dimensions n > 3, have to intersect in a certain way.
Such sets of simplices are frequently referred to as simplicial complexes. The so-called standard triangula-
tion is a simplicial complex with vertices in Z™ and has a number of nice properties, cf. e.g. [10, Def. 4.8].
However, when refining the mesh and adjusting it to a certain geometry, one would like to obtain other,
more appropriate triangulations in a constructive and simple way.

One specific application of simplicial complexes is in the computation of continuous and piecewise
affine (CPA) Lyapunov functions for nonlinear dynamical systems given by an autonomous ordinary dif-
ferential equation [20, 19, 23, 14, 9, 22] or an iteration [8, 21, 16]. Furthermore, they are used for CPA
contraction metrics [7, 18]. On a given triangulation of a compact subset of R™, the function is determined
by its values at the vertices and is interpolated affinely on the simplices. For a nonlinear system with a
hyperbolic, asymptotically stable equilibrium, one can easily construct a quadratic Lyapunov function for
the linearization around the equilibrium, and this function is locally also a Lyapunov function for the non-
linear system. To extend the domain of this Lyapunov function in the framework of CPA functions, one is
particularly interested in triangulations that can mimic the level sets of the quadratic Lyapunov functions,
namely hyper-ellipsoids, with a reasonably small number of simplices. The main idea for such a construction
is to generate a general class of triangulations by starting from the standard triangulation, a triangula-
tion that is very simple to generate and such that its vertices are Z™. Then we map the vertices of the
standard triangulation by the map F : R® — R", where F(x) = L]l

lIxIl2

x, and consider the set of simplices
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co{F(x0),F(x1),...,F(xn)}, where co{xg,x1,...,X,} runs over the simplices of the standard triangulation.
Note that F maps hyper-cubes to hyper-spheres. After that, one can map the vertices with a radial function,
namely ®(x) = p(||x||c) - F(x) with a suitable function p, to reduce the size of the simplices and subsequently,
using a nondegenerate symmetric matrix A = AT, map the hyper-spheres to hyper-ellipsoids ®(x) — A®(x),
see Figures 1 and 2 below. The nontrivial question is: when mapping the vertices in this way, is the resulting
set of simplices a triangulation? A positive answer to this question is the main result of this paper.

The strategy to this aim is to characterize a shape-regular triangulation/simplicial complex by the
property that each point is an inner point of a unique subsimplex of dimension 0 < k < n. An inner point
is a point such that all coefficients in the convex combination of the vertices are nonzero. Then we define
a continuous transformation, parameterized by ¢ € [0, 1], from the standard triangulation to the final one
by moving the vertices continuously. We will prove that for each fixed ¢ the resulting set of simplices is a
triangulation. This result will be useful to construct a general class of triangulations in many applications.

Note that although one can always use a Delaunay triangulation to triangulate a given set of points in
general position in n-dimensions [2, 13, 5], a Delaunay triangulation is not necessary the optimal one for our
[12] or other applications. In particular, our triangulation allows for efficient algorithms to locate simplices
containing a given point [15, 17], which is of great advantage or even essential when using CPA functions.

After introducing notations in Section 1.1, we prove our main result, Theorem 2.17, through a series
of lemmas in Section 2 before we conclude in Section 3.

1.1 Prerequisites and notation

We utilize a bold-face font for vectors x € R™ and denote its components either by z; or [x];. A vector
x € R" is considered to be a column vector, i.e. x € R®*! and xT € R " is its transpose. For a vector
x € R™ and p > 1 we define the norm ||x||, = (3, |xi|p)1/p. We also define ||x[|oc = max;efi.n} |2:], Wwhere
{1:n}:={1,2,...,n}.

For a matrix A € R™ " we write AT for its transpose. A diagonal matrix with entries a =
(a1,as,...,a,)T onits diagonal is denoted by diag(a). We denote by e1,es, ..., e, the standard orthonormal
basis of R and use the Kronecker delta symbol defined by &;; = ele;. Also, we denote by I,, the identity
matrix in R"*"™,

The convex combination of vectors xg,X1,...,X,, € R is denoted by

co{X0,X1,. .., X} 1= {yeR” | y:ZAixi, 0< N\ <1, ZA" = 1}.
i=0 i=0

The vectors xg, X1, ..., X, € R™ are said to be affinely independent if

m m

Z)‘ixi =0 and Z)‘i =0 implies \g=A1=---= A, =0.

i=0 i=0
Equivalent characterizations for affine independence are that each x € co{xg,x1,...,X,,} has a unique
representation as a convex combination of the x;, that for any (and then all) j € {0 : m} the vectors x; —x;,
i € {0:m}\ {j}, are linearly independent, or that the vectors x&,x¢,...,x% € R*"" x% := [xI 1]T for
i € {0 : m}, are linearly independent. We call the set S := co{xg,X1,...,Xm} a simplex. If the vectors
X, X1, ---,Xm € R™ are affinely independent, then we call the simplex S proper and we refer to the vectors
in the set ve S := {x0,X1,...,X;, } as its vertices. Otherwise we say that the simplex S is degenerate. If we

want to emphasize that a proper simplex S has positive m-dimensional volume, or equivalently that it has
m + 1 vertices, we call it a proper m-simplez. Note that in the literature the term simplex is often reserved
for proper simplices.

A face of a proper m—simplex S = co{xg,X1,...,Xm} is the convex hull co A of a nonempty proper
subset A of its vertices, i.e. ) # A C ve S. Clearly, a face F of S is a subset of the boundary of S, i.e. F C 95,
and F' is a proper k-simplex, 0 < k < m, when ve F' has k + 1 elements. We use the term subsimplex of S,
for a subset F' C S that is either a face of S or F' = S.

We denote by Sym(n) the set of permutations of the set {1 : n} and by |A| the cardinality of a set
A. Finally, for a,b € R"”, a # b, we define the line segment [a, b], the open line segment (a,b) and the ray
[a, b) as the point set {x € R"|x =a+t(b—a)} with ¢t € [0,1], ¢ € (0,1) and ¢ € [0, 00) respectively.
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2 Triangulations

We start with a few definition before we state and prove a useful characterization of simplicial complexes in
Lemma 2.5. Note that a triangulation is a set of n-simplices, while a simplicial complex is a set of k-simplices
with 0 < k < n. Although we are essentially interested in triangulations, it is often more convenient to work
with the associated simplicial complexes.

Definition 2.1 (Triangulation). A triangulation 7 is a set of proper n-simplices {S,}er = {coC\}oer,
with vertices C,, :=ve S, = {x§,xY,...,x0} CR™, where the pairwise intersection of simplices in T satisfies

S,NS,=coC,NcoC, =co(C,NC,). (2.1)

Note that the condition (2.1) means two different simplices in T intersect in a common face or not at all.
The domain and the complete set of vertices of a triangulation T are denoted by

Dr:={J8, and Vr:=|]JC,

vel vel

respectively. We also write Dg for the union of any set S of simplices. We say that T is a triangulation of
R™ if Dy =R".

While we defined a triangulation to be a set of proper n-simplices that intersect in a certain way, a
simplicial complex, see below, is a set of proper k-simplices, 0 < k < n.

Definition 2.2. A simplicial complex K is a set of proper k-simplices, 0 < k < n, having the property that:
o If S is a simplex from K then each subsimplex of S is also in K.

o If Sy and S are two simplices from K which intersect, then their intersection is a subsimplex of both
of them.

Thus, for a triangulation 7 = {S, },cr and with C, :=ve S, for v € I, it follows easily from Lemma
2.5 below that we have the associated simplicial complex

K7 :={coC|0#C CC, for v e I}

On the other hand, we can start with a simplicial complex and define a triangulation by throwing out all
k-simplices with k < n. Note that in the framework of convex polytopes, a simplicial complex just the set of
all face lattices of all included n-simplices, such that the nonempty intersection of two faces in the set is also
a face in set [11]. In the following definition the sets C, will later be the set of vertices of proper n-simplices
that are mapped in a certain way. The question is then if the resulting set of simplices is a triangulation.

Definition 2.3. Let C := {C, C R"|v € I}, where each |C,| =n + 1. We define the complex
C[C] :={coC|0#C CC, forvel}.

Note that some or all of the simplices coC in the set C[C] might be degenerate. If, however, the
simplices co C,, are proper n-simplices, then all the elements in C[C] are proper simplices because subsets of
a set of affinely independent vectors are also sets of affinely independent vectors. Further, the set of simplices
{coC,},er is a triangulation, if and only if the complex C[C] is a simplicial complex.

The following definition is needed for the characterization of a triangulation in the next lemma.

Definition 2.4. Let S = co{xq, X1, ..., X} be a proper k-simplex in R™, 0 < k < n. We say that a point
p € R” is an inner point of S if the representation of p as the convex sum of the vertices of S has strictly
positive coefficients, i.e. p has the representation

k k
p:Z)\ixi with Z)‘izl and \; >0 fori=0:k.
i=0 i=0
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Note that for any point p € S, where S = co{xg, X1, ..., Xx} is a proper k-simplex in R", p is an
inner point of exactly one subsimplex S* of S. Namely

k
S* = co{x;;} where the \;, # 0 in Z AiX; = P. (2.2)
=0

In particular, a singleton simplex {x} = co{x} has exactly one inner point.

Lemma 2.5. A set S = {S,},.; of proper n-simplices in R™ is a triangulation, if and only if for every
p € Ds there ewxists a unique k-simplex S, 0 < k < n, with S € C[{ve S, },ec1| such that p is an inner point
of S.

PROOF: Assume S is a triangulation and let p € Dg be arbitrary. Clearly there exists an S € S such that
p € S and then a unique subsimplex 7" of S such that p is an inner point of 7', corresponding to the non-zero
coefficients \. We must show that p € S* € S implies that T is the unique subsimplex of S* such that p is
an inner point of 7. With C' = ve S and C* = ve S* and because S is a triangulation, we have that

peSNS* =coCNcoC* =co(CNC™)

and as in (2.2) we get the existence of a unique subsimplex of the simplex co(C' N C*) with p as an inner
point. Evidently this subsimplex must be 7', which concludes the if part of the proof.

Now suppose that for any point p € Dgs there exists a unique k-simplex S, 0 < k < n with S €
C[{ve S, },er] which has p as an inner point. We show that S is necessarily a triangulation. Fix arbitrary
S,S* € § such that SN S* # ) and set C = ve S and C* = ve S*. Since clearly co (C' N C*) C coC NcoC*,
it suffices to show that coC N coC* C co(C N C*) to prove coC NcoC* = co(C N C*). To show this, let
P € coC NcoC* be arbitrary. Then p is an inner point of subsimplices 7" and T* of S and S* respectively.
From the hypothesis, we have T = T* and hence p € T' C co (C N C*), which finishes the proof. O

The basis for our construction of a general class of triangulations is the standard triangulation, see
the following definition.

Definition 2.6 (The standard triangulation of R™). The standard triangulation is the triangulation
Tsta = {Sv}ver with indices v = (z,0,J) € Z%, x Sym(n) x {~1,+1}" =: I and vertices ve S, = C, =
{xg,xY,...,x2} given by:

k
x; = Ry (Z—erg(l)) = Ryz + Ry uj. (2.3)
=1

Here, Ry = diag(J1,J2,...,Jn) € R™™"™ with J; € {—1,4+1} fori € {1 : n} and uf = Zle exq)- We
abbreviate the associated simplicial complex K1, by Ksa.

Notice that for the standard triangulation Tsq we have Vr,, = Z", i.e. the vertex-set is just the
integer lattice of R", and D7,, = R".

Remark 2.7. We can also define the permutation matriz P, = (eg(l), €5(2)r- s eg(n)) € R™™ correspond-
ing to the permutation specified by o € Sym(n) and then write:

XZ = Rjyz + RJug = Rjyz + Rj P, vy

where vy = Zle e; € R™ has the first k components equal to 1 and the remaining n — k equal to 0.

The vectors uj depend on both k and o. However, for k = n it is clear that uj, = (1,1,...,1)
for all 0 € Sym(n). In fact, with k fized, the vector uj takes on exactly (2) distinct values while o Tuns
over Sym(n). This matches exactly because ZZ:O (Z) = 2", the number of integer coordinates for the cube
Rj3(z + [0,1]") which are the vertices of the simplices in that cube. There is a more detailed account of the

construction and the various properties of the standard triangulation in [24].

T
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2.1 Mapping the standard triangulation

We will now generate new triangulations by rearranging the vertices of 7g5q but retaining the triangulation
structure through the specification of the vertex-sets {C,},c;. To be more precise, with Tgq = {coC,}er
we will consider the set of simplices given by Ty, := {coy(C,)},; where the mapping ¢ : R" — R™ performs

the rearrangement of the vertices. For a linear ¢ : R — R", 1(x) = Ax with a nonsingular matrix
A € R"*™ the set Ty is clearly a triangulation because AcoC, = co(AC,) and AC, = {Axg, Ax1,..., Ax,}
is a set of affinely independent vectors because the vectors C, = {X¢,X1,...,X,} are affinely independent.

For nonlinear v in general cot(C,) # ¥ (coC)) and then the interesting question arises: when is the set of
simplices Ty = {co¥(Cy)}ver in fact a triangulation?

We will study a general class of transformations ® in the next definition. The key element is the
map F mapping hyper-cubes to hyper-spheres, and then ® is constructed by multiplication with a rescaling
function p.

Definition 2.8. Consider the mapping

fR*" =R, f(0)=1 and f(x)= |:|X:|°° for x £ 0,
X|2
and the following transformations:
F,o:R" > R", Fx) =f(x)x and Px)=p(|x|l) F(x), (2.4)

with p : R>g — Rx>q continuous and non-decreasing with p(z) > 0 if x > 0. We refer to p as a rescaling-
function. With Tsta = {coCyL}uer and C, = {x{§,xY,...,x2} as before, define the following set of simplices:

To = {co®(Ch)},e; = {co{®(xq), ®(x7), -+, ®(x7) e -
If ) # A C C, we refer to co®(A) as the (sub)simplex in Te corresponding to the (sub)simplex co A in Tsa.

Remark 2.9. Note that F and ® are radial transformations, i.e. ®(x) = c(x)x where ¢(x) = p(||x]|c0) -
Ix|loo/lI%]l2 € R forx # 0. F maps level sets of ||-||c (hyper-cubes) to ||-||2 level sets (hyper-spheres). Because
of [|®(x)l2 = p(||xlloc) IX[|cc the effect of the transformation ® is to map the n-cube: {x € R" | ||x||oc = M}
to the n-sphere: {x € R" ‘ x|l = p(M)M}. Hence, if ® acts on the set of vertices of the standard
triangulation V1., then Vr, is a vertex distribution which is approzimately rotationally symmetric and is
radially scaled by p, cf. Figure 1.

In the reminder of this paper we will prove that 7 is a triangulation, a fact that seems quite evident,
but is surprisingly difficult to prove. We achieve this through a series of lemmas, before we come to the main
theorem of this paper, Theorem 2.17, and its corollary.

For the proof we create a continuously parameterized set of transformations which starts from the
identity mapping Idg» and ends with ®. This parameterized set of transformations corresponds to the
intuitive notion of rearranging the vertices in a continuous or gradual fashion. For some x € R" consider the
line segment between x and ®(x). Because ® is a radial transformation, this line lies on the straight line
from 0 to x, and our set of transformed vertices will be on that straight line, too. Let us be more precise:

Definition 2.10. For each t € [0,1] and for any rescaling function p we define hi : R" — Rsq and
Hf{ : R™ = R" as follows: h{(0) =1 and for x # 0 we set

PRl 1%l oo
hY(x) := and HY(x) := h} (x)x. (2.5)
' tlellz + (1 = B)p(lIxloo)[%[loo ' '
We emphasize that Hf = Idg» and Hf = ® with ® from (2.4). For a fixed x € R" the path
[0,1] — R™; ¢ — Hf(x) continuously parameterizes the straight radial line segment connecting x and ®(x).
In terms of the functions f,h} : R™ — R~ this means h}(0) =1 for all ¢ € [0, 1] and for x # 0 we have:

hi(x) =1

i (x) = p([[x[ls0) - f(x)
L ¢ L s (2.6)
hy(x)  plx]lso) f(x)
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Figure 1: The images of the standard triangulation in R? (upper row) and R?® (lower row) restricted to
[~5,5]% and [-5,5]° and the same restrictions under the mappings Hy = Idg», H} /», and H} = @ from left
to right (p(z) = 1), see Definition 2.10 for H;.

The following lemma shows that an n-simplex of the original triangulation is mapped to a proper

n-simplex for each t.

Lemma 2.11. For an arbitrary n-simplex S = coC = co{xq, X1,...,Xn} € Tsta and for any choice of fixed
t € [0,1] and rescaling function p, the transformed vertices

Hf(C) = {H?(Xo), Hf(xl)a cey Hf(Xn)}
are affinely-independent. As a result, the convex combination
coH?(C) = co{H! (x0), H (x1), ..., H{ (x,)}
s a proper n-simplex.
PROOF: Let S = coC = co{xg, X1,...,Xn} € Tsta be an arbitrary simplex of the original triangulation
determined by some value of (z,0,J) € Z%; x Sym(n) x {—1,+1}". The form (2.3) of a general vertex
of § € 7T reveals that we can write x; = Rjyxj, with xj, € RY, for all £ € {0 : n} and so with C* =

{x3, x7,...,x5} C Nj we can apply the linearity of Ry and write:

S=coC =coR3C* = RycoC* = R3S*.
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Figure 2: Left: The image of the restriction of the standard triangulation in R?® to [—5,10]®> under the
mapping Hi = ®. Right: The image of the restriction of the standard triangulation in R? to [-5, 5]> under
the mapping x — A®(x) with the matrix 4 = ((1,-1,0)%,(-1,2,1)%,(0,1,5)T).

Therefore we can focus our proof on S* = coC* C R, rather than S without loss of generality. We drop
the asterisk and continue with (2.3) replaced by :

Xp =12+ uj.

To prove that the vectors HY (xo), HY (x1), ..., HY (x,) are affinely independent in R"™ is equivalent to
proving that the vectors Hg, Hy, ..., H,, are linearly independent in R"*!, where
T T
H, = | BO) | | ARk | g
| I
1 1
We abbreviate ¢, = hf(xx) and write ¢ = (cg, 1, .. .,¢,)T. We will show that the matrix
R S N
_ CoXp C1X1 C2Xg -+ CpXp (n+1)x (n+1)
Xy = eR 2.7
H 1 1 [ (2.7)
1 1 1 e 1

is invertible, and thereby prove our lemma. Prior to the action of HY we have:

SR S NPT
_ | X0 X1 X2 - Xy (n+1)x (n+1)
X = eR .
P L
1 1 1 - 1



Because S is a proper n-simplex, it follows that the columns of X are linearly independent and therefore
X is invertible. In fact, we will see that det X = +1. With C' = diag(c) € R+*Dx("+1) the product X C
differs from Xy only in that it has ¢T in the last row rather than 1s. We write:

n+1
Xg=XC+> (1-cp1)en1ef
k=1

where &, denotes the k-th unit vector in R"*! (e, is reserved for the k-th unit vector of R™). Recall that
the rank 1 product of unit vectors éiéjT e R+Dx(n+1) §5 an all-zero matrix with 1 in row i and column
j and hence the second term represents the correction in the last row of X C. Expressing Xy as a rank 1
correction of X C allows us to use the following identity from [3], related to the Sherman-Morrison lemma
[25]: det(A +uv?®) = (1 +vT A~ u) det(A) for an invertible square matrix A € RM™+D*(+1) and vectors
u,v € R*1, Hence

n+1 T
det Xg= |1+ <Z(1 — ck._l)ek> (X C)_l €n+1 det(XC')
n+1 _ec
- (1 kl) ef X! en+1> det(XC)
= (1+b" X e,41)det(XCO), (2.8)
T
where b = <1;—0°0, 1;—101, . 165") We will now obtain an expression for X . Let us define the following
(n+1) x (n+ 1) matrices:
[T Tt 1T |0
P,=| 1) €52 “ €s(n) |- (2.9)
1 L
00 0 |1
[0 .- 0|1
0
P, = , (2.10)
I, :
i 0
1 -1 0 0
0 1 -1 0
A= : : Do 5 (2.11)
0 o --- 1 -1
0 0 - 0 1

Notice that these matrices are Gauss-Jordan style manipulation matrices, which we will apply to X in a
particular way. First, we multiply X by A from the right, which subtracts from each column the previous
column as follows:

1 - 0 0
T 1 0 0 1 -1 0 T ) T
_ Xp X1 X2 Xn . _ Z €5(1) €5(2) €5(n)
X A= : =
I 4 | 4 : ] | |
I 1 1 1 0 0 I -1 1 0 0 0
0 0 0 1

using Xi — Xp—1 = €,(k) in the last identity. P, and P, are permutation matrices and by multiplying with



P, from the right, we put the first column last:

R 0 --- 0 (1)

X-A.-p,=|% %W C@ 7 Cm
L 1 I,

T 0 0 0 | 0
SR NP S
_ €o(1) €s(2) " €o(n) | Z
R
0 0 - 0 |I]

Finally, we multiply with P} from the left, which is a row rearrangement corresponding to o~ !:

[« €r(1) — 0
— eg) — 0 T T e T T
PE-X AP = : : : e,l(l) eg¢(2) eafl) i
< Comy |0 0 0 0 |1
0 -+ 0 ‘ 1
i 1)
I Z
— n o =T Zy
" (2)
0 - 0 ‘ 1
where z, = (25(1); Z0(2), - - - » za(n))T, i.e. z, € R™ is the vector z with rearranged components according to

the permutation o. The last reduced matrix I(z,) has a simple inverse, namely:

"
(PF-x-A- PZ)_l = (I(zg))_l () = I, =
0O --- 0 ‘ 1

and therefore
X '=A.P,-I(~2,)- PF,

from which it easy to see that det X = +1. With the following simplifications:
b'x'e,,1 =bT AP, I(-z,)Pre,
— [PTA™D]" - [I(~2,) PLe, 1]

by—bo 1"
by — by T
— . —Zy
- : f
bn - bn—l 1
bo

we can rewrite expression (2.8) as follows:

det Xpg = (1+b" X '&,41) det(X C)

= <1 + by — Z (b — br—1) Zo(k)) det(X C)

k=1

— <c];) — Z (clk — Ck11> Zo(k)) det(X C) (212)

Ne]



1 We have |det(XC)| = |det X|- |det C| = |det C| = det C =[], _,cx >0
At this juncture, let us make the following observations: With ||z|| . =: M and x; = z+u{ it is clear
that there exists a ko € {1 : n} such that:

M if k< ko

co — M, =
el k {M+1 i k> ko.

In fact, consider (20(1)» 2g(2) s zo(n)) and let the kg-th term be the first one which is M or equivalently,
define kg through 2,(,) = M and 0 < z, () < M for all k < ko. With kg determined in this way, we further
let:

p(M)=:r itk <k

P ([Pxklloc) = o1 = {P(M+ 1) =R if k> k.

Let us first consider the case z = 0. Then
1

| det Xy| = c—| det(X C)| = det(C) > 0
0

Let us now consider the case z # 0, so M € N. Using the above notation and expression (2.6), we can

write: ) -
Xkl|2
— =2
Ck P M
> Since xp — X1 = €,(;) we know that x; matches x;_; in all components except for o(k), where [xg|o) =
3 2y + 1 and [Xp_1]o(k) = Zo(k)- We therefore have

n n

Ieills = lxa—allz = D (xrl)* = D (r—1)i)® = oty + 1% = (Zo)® = 2200 + 1. (2.13)

i=1 i=1
« This means that for k # ky we have

Lol (il = i) = — - 2Zot 1
Xk — || Xk — =
2 HIET 0 My (%2 + (%112

cr  Cr—1  prMy

(2.14)
For k = kg however, we have:

i _ L — %Ko ll2 _ l1%ko—1]l2

Cko Cko—1 R(M + 1) rM

o xkollz [wo—all2)  Ixko—1ll2 +i [ Xko—1]2
R(M+1) rM R(M+1) R(M+1)

b (kollz — ko1 l2) — tlxcko—llz ( — !
= X — || Xk — — | Xk — _
e M, ko ll2 ko—1||2 ko—1ll2 \ 37 RO+ 1)

t QZa(kO) +1 1 1
= —tlxro-illz { =7 = w71
ProMio [1%ko ll2 + [ Xk —1]l2 rM  R(M+1)

by (2.13). Consider the sum in expression (2.12): since —7 — m > 0 we have
n 1 1
> o) w
=\ Cr

n

t 2z, + 1 1 1
= Z ® Zok) = HXko—1ll2 | =7 — 57— | Zo(ko)
= pe My [[xk[l2 + [|xk-1]2 rM R(M +1)

n

t 5 1 t)|z||2 rM
< = - 1 - M
Mz &= ((z"(’”) T3 |Z”(’“>|> M R(M +1)

tlzllz | tllz[h t|z]l2

1 M ).
= T, r(M+1)< tR )

10
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Further,

\det Xg| = |~ i(l L det(X )|
e =|—- — - 25 e
H Co 1 Ck Ck—1 (k)
1 n
=|— - — = 2y det(C).

Let us consider the first term:

1 (1 1 t)|z]|2 t)|z] t|z1 t)|z]|2 R—r
— - S Pl - S - 1 M
L (ck k> ow > Sar YDA e, Trarep \U R

o1tz tlal,
o9 Mzll, ~ (M +1)

St el el Y
r\M+1 2M|zl.

2l
Z 1.€e. —
M 1" M+1 2M|zly =

holds true for any z € NjJ with ||z]jcc = M € Nas 2M/(M+1) > land |z|; = Y i, |z:] <>y 2> = |23
Hence, | det Xg1| > 0, see (2.12), which concludes our proof. O

because

12 [Eaip
2]l <

After having established that the simplices in Ty = {co(H{ (ve S,)})g <7 are proper for all t € [0, 1],
in particular 7o = THf, we now proceed to prove that they intersect in the correct way for 74 to be a
triangulation. We start with a few lemmas that simplify the proof of the main theorem.

Lemma 2.12. Let a,p1,p2,.-.,Pk,d1,42,---,dr € R"\ {0} and assume that q; € [0,p;) fori=1:k. Set
P={p1,p2,...,px} and Q = {a1,qz,...,qx}. Then

[0,a)NcoP =0, ifand only if [0,a)Nco@ = 0. (2.15)

If the vectors in P and the vectors in QQ are affinely independent, then additionally
[[0,a) NcoP| =1, if and only if ][0,a) NcoQ|=1. (2.16)
In this case, denoting [0,a) Nco P =: {b} and [0,a) Nco@ =: {c}, b is an inner point of co P, if and only

if ¢ is an inner point of co Q.

PRrOOF: First note that there exist constants s; > 0 such that q; = s;p; for i = 1: k. To prove claim (2.15)
assume that ¢ € [0,a) Nco@. Then we can write

k k
c=Y Nai, \=0, Y A\=L (2.17)
i=1 i=1
Set
k AiSi
= /\11 0 d i = lzf i =1:k.
c ; S > and B or 1
Then

k k k k
_ i 1
b:=c 1C=Z?lch‘ ZZMiPz‘, pi =0, and ZMZ EZ)\isizl- (2.18)
=1 =1 i=1 i=1
Thus, for every representation of ¢ € co @ as in (2.17) there is a corresponding b = ¢~ !c € co P as in (2.18).

As b € ]0,c) = [0,a) it follows that [0,a) and co P intersect. The “only if” part of claim (2.15) follows by
symietry.

11
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For proving claim (2.16) assume that the vectors in P are affinely independent and suppose c,c* €
[0,a) Nco@, c # c*. We can write

k k
c=> Ngi, =) MNai, A A >0, Y A=) A=
g : :

Set,

k k
\is, \s,
c= Z)\isi >0, ¢ = Z)\fsl >0, and p; = % and W= 151 for i=1:k,
i=1 i=1 ¢ ¢
P:

and consider the vectors b, b* € co

5 k
b:=clc= Z/Jipi and b* = (c")lc* = Zuipi-
i=1 i=1

We show that b # b*. Assume for contradiction that b = b*. Then

k k
b= ZMP;‘ = Zﬂfpi =b*
i—1 i1

and because the vectors in P are affinely independent we have

Aisi  ATs; Ai A
ui:l—szzz—szzuf, ie. — =" fori=1:k.
c c* c c*
Because ¢! = S8 A = 58 i‘— = (¢*)~! we have ¢ = ¢* and from c"!c = b = b* = (¢*)"!c* we get
¢ = c¢* contradictory to assumption. The claim (2.16) now follows by symmetry. The last statement follows
from the proof above by observing that, since u; = %, we have \; > 0 for all 4, if and only if p; > 0 for all
i. |

Remark 2.13. Consider P = {e1,e; + ez, e2}, Q = {e1,(e1 +€2)/2,e2}, a = e; + e, and note that the
vectors in P are affinely independent and the vectors in Q) are not. Now [0,a)Nco P = {t(e;+e2) |t € [1/2,1]}
but [0,a) NcoQ = {(e1 + e2)/2}. We thus need to assume that both the vectors in P and the vectors in Q
are affinely independent for claim (2.16).

The following lemma is a simple consequence of the last lemma and its proof.

Lemma 2.14. Let P = {p1,p2,...,Pr} C R™\ {0} be a set of affinely independent vectors and a € R™\ {0}
be such that [0,a) Nco P = {b}. Let q;(t) = s;(t)p; fori=1:k, where for an interval J C R the s; : J = R
are continuous functions and s;(t) > 0 for all t € J. Assume that Q(t) = {q1(t),d2(t),...,qx(t)} is a set
of affinely independent vectors for all t € J. Then there is a continuous function ¢ : J — R such that
c:J — R" defined through

{c(t)} :=[0,a) NcoQ(t)
can be written as c(t) = ¢(t)b for all t € J.

ProoOF: That ¢ : J — R™ is a properly defined function follows by the fact shown in the proof of Lemma
2.12, that (2.17) and (2.18) define a bijection between the elements of co P and coQ(¢) for every ¢ € J.

Further, with b = Zle 1ip; we have as in (2.17) and (2.18) with
k k k
c(t) =Y X)ai(t), Y N(t) =1, c(t) :=>_ Xi(t)si(t) >0 and p; =

i=1 i=1 i=1 C(t)

that

- k
Hi )\i(t) _ 1 ) B 1 . .
; si(t) c(t) @, ie. c(t) = (Z sz(t)> is continuous

i=1
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and c(t) = ¢(¢)b since

b_i ’ ,_sz:)\. (t) ._sz:)\, ‘(t)—@
= — HiPi = C(t) £ iSil{l)Pi = C(t) £ idi = C(t)

We prove two more lemmas before we state and prove the main theorem.

Lemma 2.15. Let S = co{xo, X1, ..., Xx} be a proper k-simplex in R™ and [a,b) be a ray in R, a # b,
such that a is not an inner point of S. Assume [a,b) NS D {c,d}, ¢ #d and c is an inner point of S.
Then there is an open line segment (e, f) > ¢ with e, f € [a,b) such that all points q € (e,f) are inner
points of S.
Furthermore, there are two different subsimplices T and T* of S, which [a,b) intersects in unique
inner points of T and T™, respectively and ve S = veT UveT™.

ProoF: Note that the line parameterized by p(t) = ta+ (1 —t)b, t € R, lies in the affine space {x € R" |x =
Zf:o AiXi, Zf:o Ai = 1}. Thus

k k
p(t) = Z)\i(t)xi, where Z Ai(t) =1 for all t € R,

=0 i=0

and it is easily seen that the \; : R — R are affine functions of ¢, i.e. A\;(t) = a; + b;t for some constants
a;,b; € R. Indeed, the line can also be parameterized by p(s) = sc + (1 — s)d, s € R, since {c,d} C [a, b),
and ¢ # d and ¢ = Zle Aix; and d = Zi;l wix; with Zle Ai = Zle i = 1, since ¢,d € S. Hence,
p(s) = S0 (shi + (1 — s)ps)x; with 355 (sA\i + (1 — s)p;) = 1.

Let t. € R be such that p(tc) = c. Since c is an inner point of S we have A\;(tc) > 0 for I € {0: k}
and, since S is compact and [a, b) is unbounded and a is not an inner point of S, there are to < t. < t¢ and
indices 4,j € {0 : k} such that

Ai(t) >0 foralll € {0:k}and ¢t € (te,tr), Ai(te) =0 and A;(te) =0.

Clearly i # j and e := p(te) and f := p(t¢) are on the ray [a, b), noting again that a is not an inner point
of S. This shows that all points on (e, f) are inner points of S.

Now denote by T and T* the sub-simplices of S having e and f as inner points, respectively. In
particular, x; ¢ veT and x; ¢ veT™.

We finish the proof by showing that T N[a,b) = {e}, T* N[a,b) = {f}, and ve S = veT U veT™*.
Note that A\;(t) < 0 for ¢t < te and A\;(t) > 0 for ¢ > te and therefore p(t) ¢ T for ¢t # te as x; ¢ veT,
ie. TNla,b) = {e}. Similarly 7" N [a,b) = {f}. To show that ve.S = veT U veT™, let us assume in
contradiction to the statement that x; € veS and x; &€ veT UveT™* for I € {0 : k}. The latter statement
implies that A\;(te) = 0 and \;(¢¢) = 0, and thus A;(t) = 0 for all ¢ € R since A, is an affine function of ¢.
This is a contradiction to A;(tc) > 0, since ¢ is an inner point of .S, which shows ve .S = veT UveT™*. O

Lemma 2.16. Assume the ray [0,p), p € R"™, intersects two different subsimplices T and T* of a simplex
S € Ksa in unique inner points a = sp € T and b = s*p € T*, s < s*. Then for every t € [0,1] the
ray intersects the subsimplices coHY (veT) and coHf (veT*) of S' := coHY(ve S) in unique inner points
a; = s;p and by = s;p, respectively, where s; < sj.

PRrROOF: By Lemma 2.12 the ray [0, p) intersects the simplices co HY (ve T') and co Hf (ve T*) in unique points
for every ¢ € [0,1]. Assume for a contradiction that there exists a ¢ € [0,1] such that s; > sf. By Lemma
2.14 the functions t — s; and ¢t — s} are continuous and thus there exists an r € [0, 1] such that s, = s It
follows that S” is not a proper simplex, because a, = s,p = sip = b, is an inner point of both coH?(ve T')
and coH?(veT™*) and thus can be written in two different ways as a convex combination of the vectors in
H?(ve S). This is a contradiction to Lemma 2.11 and we conclude s; < sj for all ¢ € [0, 1]. g
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Theorem 2.17. For every t € [0, 1] the set of simplices S := {co(H{(ve S,))}g cr.,, 5 a triangulation of
R™.

ProOOF: Let p € R™\ {0} be arbitrary but fixed throughout the proof. Consider the ray [0, p), namely {sp}
with s > 0. The ray intersects infinitely many proper n-simplices of the standard triangulation. For each
point sp, s > 0, there exists a unique k-simplex S5 € Ksta, k € {0 : n} such that sp is an inner point of Ss.
For different s, these simplices S; may or may not be equal. We are interested in boundaries of intervals
(84, 8i+1) such that the simplices are equal for all s € (s;, $;41)

In particular, we can define numbers 0 = sg < s1 < s < ... with s; — 0o as i — oo such that
Ss =S¢ =15, ;41 for all s,t € (s;,s;41) and the interval (s;, s,11) is maximal with this property. Moreover,
we define S; := S5, € Kga. We have that {s;p} is an inner point of S; and {s;p} = S; N [0,p) for
i=0,1,2,..., since if S; N[0, p) consisted of the inner point ¢ = s;p and at least one further point d # c,
then Lemma 2.15 shows that there is an interval (¢1,t3) 3 s; such that ¢p are inner points of S; for all
t € (t1,t2) in contradiction to the definition of S;.

For s; < s < s;41 we have {sp} # SN [0,p) for any S € Kqq; we have, however {sp} C S;it1.
Lemma 2.15 shows the existence of two different sub-simplices T, T* of S; ;41 that the ray [0, p) intersects
in unique inner points. Further, veS; ;11 = veT UveT™. Clearly we can assume S; =T and S, =T™.

Now fix a t € [0,1] and define in a similar way, using Lemma 2.12 and 2.11, the numbers 0 = s} <
st < sh < ...and S! € C[8"], such that {sip} = Sf N[0,p) for i = 0,1,2,..., and if s! < s* < s! ;| then
{s'p} # S* N0, p) for any S* € C[St] Moreover, sip are inner points of S!. By Lemma 2.16 we have that
ve St = veH}(S;) for i = 0,1,2,.... Define S = co(ve St UveS! ;) = co(H?(veS;) UHY(veS;)) and
note that we have [st, 31+1]p C S@ i+1 because s{p, s}, ,p € Sf;, . Further and with identical arguments, if
for some s’ > 0 the pomt s'p is an inner point of an S € C[S!] and {s'p} # S N[0,p), then necessarily
with i such that s} < s* < s, we have S, = S}, . If s; = 0 then S* = {0} is the unique simplex in C[S"],
of which Op = 0 is an inner point and if {s'p} = SL N[0, p) then s = s! for some i = 1,2,... and St = S!
by Lemma 2.12. Since p € R™ \ {0} was arbitrary and S! is a set of proper n-simplices by Lemma 2.11, the
fact that s’p is the inner point of a unique S* € C[S?] concludes our proof of that S is a triangulation by
Lemma 2.5.

It remains to be shown that Dg: = R™. Choose a point p € R™. We will show that st — co as i — oo,
from which the statement follows. Let M > 1 be arbitrary and let N € N be such that sy||p|lcc > M + 1;
note that s; — oo as i — co. We have syp € Sy for a simplex Sy = co{xg,X1,...,Xk} € Ksta. Thus,
I%illoo = [ M + 1] or ||Xillec = |[M + 1] +1for all i € {0: k}, in particular ||x|e > M > 1. It follows with
Ixl2 < itlx]l that

. . 1)
B (x;) = U0 1%l 0 pUI%illoc) > p( S0
' xillz + (L= Dp(xi o)l — v+ (L —Dp(Ixille) — 1+ (L= (1)
and thus, since s&; € co(Hf ve Sy) and p(||x;]|) > p(1)
F 00 > i hp % i || oo > *Ma
snlplloe = min Ai(xi)|xilloe = p
which concludes our proof. O

An obvious corollary is:
Corollary 2.18. Tp = {co(®(ve S,))}g, o7, i a triangulation of R™.

It is worth noting that a subset 7 C 7Tgq is a triangulation and so is the set 7T* :=
{co(H?(veS,))}g, c7- Further, Dy is connected, if and only if D7~ is connected. This is easily seen from
Definition 2.1 and the proof of Theorem 2.17. However, the convexity of D7 does not imply the convexity
of D+, as can be seen in Figure 2 (left).

3 Conclusions

We presented a method to generate a set of simplices in R™ from a very simple simplicial complex (standard
triangulation) and proved that the resulting set is also a simplicial complex. This new simplicial complex
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has an approximate rotational symmetry, cf. Figure 1, and has applications when computing continuous
and piecewise affine Lyapunov functions and contraction metrics for nonlinear systems [14, 9, 8, 7]. In
particular, it can be easily transformed to a simplicial complex that matches the level sets of quadratic
Lyapunov functions, that is, hyper-ellipsoids, cf. Figure 2 (right), and allows for efficient algorithms to
locate simplices [15, 17].
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