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This paper presents a novel kinematically redundant
planar parallel robot manipulator which has full rotata-
bility. The proposed robot manipulator has an architec-
ture that corresponds to a fundamental truss, meaning
that it does not contain internal rigid structures when the
actuators are locked. This also implies that its rigidity is
not inherited from more general architectures or result-
ing from the combination of other fundamental struc-
tures. The introduced topology is a departure from the
standard 3-RPR (or 3-RRR) mechanism on which most
kinematically redundant planar parallel robot manipula-
tors are based. The robot manipulator consists of a mov-
ing platform that is connected to the base via two RRR
legs and connected to a ternary link, which is joined to
the base by a passive revolute joint, via two other RRR
legs. The resulting robot mechanism is kinematically re-
dundant, being able to avoid the production of singu-
larities and having unlimited rotational capability. The
inverse and forward kinematics analysis of this novel
robot manipulator are derived using distance-based tech-
niques, and the singularity analysis is performed using
a geometric method based on the properties of instanta-
neous centres of rotation. An example robot mechanism
is analysed numerically and physically tested; and a test
trajectory where the end-effector completes a full cycle
rotation is reported. A link to an online video recording
of such a capability, along with the avoidance of singu-
larities and a potential application, is also provided.

1 Introduction

Planar parallel robot manipulators are used in a vari-
ety of different applications due to their strong load-
carrying capabilities, precision, speed and accuracy;
common applications include machine tooling and po-
sitioning devices [1]. However, one of the disadvantages
of these robotic systems is that they have, in general, a
limited range of rotational capability whereas their serial
counterparts, on the other hand, do not. Full rotatabil-
ity of an end effector is a desirable feature as this implies
a larger workspace and better dexterity than those de-
vices without this characteristic, it can be argued that
this is indeed one of the reasons why serial manipulators

are more commonly used in industrial applications than
their parallel counterparts. The cause of the limited ro-
tatability of planar parallel robot manipulators is the
encountering of mechanical interferences or singularities
in full cycle trajectories.

The determination of singular configurations is a
problem that has been studied greatly in the litera-
ture and many approaches to solving it have been pro-
posed [2, 3]. The term singularity herein refers to the so-
called forward kinematics singularities; these are partic-
ular configurations of parallel robot mechanisms where
different solutions of the forward kinematics problem
meet [4]. From the point of view of robot control, the
problem of singularities is that parallel mechanisms that
must be rigid when the actuators are locked, lose this
characteristic in those particular configurations and the
performance of the robot manipulator deteriorates as
they are approached. A common solution to avoid singu-
larities, and to increase the size of the robot workspace,
is to redundantly actuate the parallel robot manipula-
tor; this involves either replacing one or more of the
passive joints in one of the legs with actuated joints
or adding one or more additional actuated legs to the
mechanism [5]. However, the problem with this solution
is that the additional actuators or legs generate unneces-
sary internal forces or moments on the platform—since
they are not required to make the robot manipulator
rigid—which have to be compensated using advanced
controllers and force sensors [6, 7, 8].

Another standard approach, usually called kinematic
redundancy, is to introduce additional actuated joints to
the existing legs of a non-redundant parallel robot ma-
nipulator [9, 10]. This type of redundancy enables the
position and orientation of the platform to be set while,
concurrently, the additional degrees of freedom provided
by the added actuators and links can be used to avoid
singular configurations and increase the workspace of
the mechanism [11]. Nevertheless, this approach results
in devices with serially connected actuators, what falls
apart the parallel architecture, and the corresponding
advantages, of the original manipulator; for example,
the new architecture would be subject to the accumu-
lation of actuator errors along the limbs with actuators
connected in this manner. Moreover, despite the in-
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crease of the size of the workspace, full rotatability is
not achieved.

A different approach to redundancy of parallel robot
manipulators for alleviating their limited rotational ca-
pability has been recently introduced [12, 13]. This
strategy consists in using parallel architectures with
more actuators than required by the task workspace, but
which all contribute to make the robot manipulator rigid
when locked; robot manipulators resulting from this ap-
proach are called kinematically redundant. Following
this idea, a parallel architecture with unlimited rota-
tional capability was proposed for the first time in [12];
this kinematically redundant robot manipulator is com-
posed of two RPR legs connected to a common joint
on the platform, along with two other similar legs con-
nected to a revolute joint that is then connected to a
second common joint on the platform. A rigid structure
is obtained from this robot manipulator if and only if all
four actuators are simultaneously locked. This resulting
structure corresponds to three triads connected in cas-
cade, which implies that the robot manipulator is not
a fundamental truss [14]. A parallel robot manipula-
tor architecture corresponds to a fundamental truss if it
does not exhibit internal rigid structures, beyond local
elements of single limbs, when the actuators are locked,
such that its rigidity is not inherited from a more general
architecture or resulting from the combination of other
fundamental structures. Thus, for instance, the stan-
dard 3-RRR parallel robot manipulator architecture is
a fundamental truss, but the 4-RPR redundant manip-
ulator is not. The underline in this convention means
that the corresponding joint is actuated.

It has been claimed that generic architectures
of kinematically redundant planar parallel robot
manipulators—as those corresponding to cases where
the robot manipulator’s architecture is a fundamental
truss—cannot achieve unlimited rotation capability [13].
However, in this paper, it is shown that this is not the
case; a novel fundamental kinematically redundant ar-
chitecture with such a characteristic is introduced. The
fundamental topology of this robot manipulator implies
that, just like the 3-RPR architecture, it can be used
as a basis upon which future mechanisms can be devel-
oped and future research can be conducted. The pro-
posed robot manipulator architecture consists of a mov-
ing platform connected to the base via four RRR legs
and a ternary link, which is joined to the ground link
by a revolute joint, via two other RRR legs. The robot
manipulator is kinematically redundant as its degree of
mobility (four) is the same as the number of actuated
joints; and this value exceeds the number of degrees of
freedom required to describe a pose of the end effector
(three). The redundancy allows any pose to be attained
within the workspace of the robot manipulator with-
out producing a singularity and the novel architecture
does not present mechanical interferences in full cycle
trajectories; thus resulting in unlimited rotational capa-
bilities of the end-effector. Although the architecture is
similar to that in [13], it is novel as the two architec-
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Figure 1: Kinematic diagram of the proposed robot
mechanism. The architecture consists of a moving plat-
form connected directly to the base via two RRR legs
and connected to a ternary link, which is joined to the
base by a passive revolute joint, via two other RRR legs.

tures represent different kinematic chains – if the corre-
sponding graphs of the two mechanisms are compared
it can be seen that they are not isomorphic. A method
of identifying singular configurations and reconfiguring
the robot manipulator such that they are avoided is pre-
sented in [15].

The rest of this paper is structured as follows. In sec-
tion 2, the general architecture of the proposed kinemat-
ically redundant parallel robot manipulator is described
and the mobility of the mechanism is calculated, along
with a discussion of its fundamental characteristic. Sec-
tion 3 presents the set of equations for solving the inverse
kinematics of the robot manipulator using the bilatera-
tion method. This technique is then used in section 4
for solving the corresponding forward kinematics prob-
lem in closed form. The singularity analysis of the robot
manipulator is performed in section 5 using a geomet-
ric technique based on the properties of instantaneous
centres of rotation. In section 6 a test trajectory which
demonstrates the robot manipulator’s rotational capa-
bility is tested using an example mechanism, the results
of this experiment are then presented and discussed—a
link to an online video recording of a full rotation, avoid-
ance of singularities, and a potential application is also
provided. Finally, we conclude in section 7.

2 Robot Architecture

The robot architecture, as exemplified in the instance
shown in Fig. 1, consists of a moving platform (P10P11)
that is connected to the base (P1P2P3), and one ternary
link (P3P4P5), via four RRR legs; where R denotes a
passive revolute joint and R denotes an actuated rev-
olute joint. The moving platform is connected to the
base, or ground link, directly via two of the legs, and to
the ternary link via the other two legs. The ternary link
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is connected to the base via a passive revolute joint and
the legs are attached to the ternary link and the base via
actuated revolute joints. Two of the legs are attached to
a common passive revolute joint on the moving platform
and the other two are connected to another common pas-
sive joint on it. The actuators are not serially connected
and although two of them are attached to the ternary
link, what increases the inertial properties of this part,
the mechanism does not suffer from the accumulation of
actuator errors along the limbs.

The proposed robot mechanism is, in general, rigid
when the four actuators are locked; meaning that the
links are unable to move with respect to the base or
each other. This can be shown, for instance, by cal-
culating its structural mobility, M , via the extended
Chebychev-Kutzbach-Grübler formula [16]. According
to this criterion, the structural mobility of a mechanism
is

M = F −
λ
∑

i=1

ti (1)

where λ = J−L+1 is the number of independent closed-
loops in the kinematic chain and ti is the motion type
of the ith independent closed-loop (ti = 3 in the planar
case), with J , the total number of joints, L, the number
of links, and F , the total number of degrees of freedom
of the joints. Since the proposed architecture consists of
13 joints (counting twice the ternary joints of the plat-
form), 11 links (including the base) and 13 degrees of
freedom (as each revolute joint has one degree of free-
dom), its resulting structural mobility is 4. This result
implies that in order for the mechanism to be rigid (i.e.,
to have a mobility of zero), four of the joints need to
be actuated. It is known that the structural mobility,
which is a function only of structural parameters, is a
lower bound of the total mobility of a mechanism; how-
ever, it has been proven that if M is computed using
the extended Chebychev-Kutzbach-Grübler formula, it
is unlikely that the structural mobility is different to
the total mobility when a kinematic chain is selected at
random [17].

The proposed architecture is fundamental, which im-
plies that the robot manipulator, once the actuators are
locked, does not exhibit rigid sub-structures beyond sub-
components in a single leg. Thus, the rigidity of a funda-
mental parallel robot manipulator is not inherited from
a more general architecture or resulting from the com-
bination of other fundamental structures. For the case
of the proposed robot mechanism, this can be proven
by systematically analysing the kinematic chains formed
by subsets of the set of joints, taking into account that
rigid elements of an RRR leg do not contribute to gen-
eral rigidity since these limbs are equivalent to an RPR
leg when the actuators are activated, that is, they can
be modelled as a line segment connecting the centres
of the two end revolute joints. Since the introduced
robot mechanism has three independent loops, λ = 3,
there are only two fundamental structures that could be
present, namely, a triad (i.e. a one-loop structure com-

posed of three links connected by revolute joints, λ = 1)
or a pentad (i.e. a two-loop structure composed of two
ternary links connected between them by binary links,
all of them jointed by revolute kinematic pairs, λ = 2).
Neither triads nor pentads that contribute to general
rigidity are detected in the proposed robot mechanism.
In the instance of the introduced kinematically re-

dundant planar parallel manipulator that is shown in
Fig. 1, the robot manipulator is designed such that the
end-effector is able to complete full rotations without en-
countering mechanical interferences. Moreover, the link
which is the upper component of the left leg connected
to the ternary link, the shortest link, is made to be able
to complete a full rotation with respect to the platform;
this characteristic is vital for the process of avoiding sin-
gularities as it is further discussed in section 5.

3 Inverse Kinematics

The inverse kinematics problem refers to the determi-
nation of the required values of the actuated joints in
order to produce a given pose of the moving platform.
Fig. 1 shows a schematic of the proposed architecture
where the robot manipulator is depicted in terms of the
centres of rotation of its kinematic pairs (joints) and the
line segments connecting them (links); each centre has
been labelled, from P1 to P11, and the sought values of
the actuated joints are θ1 to θ4. Since this mechanism is
kinematically redundant with one extra degree of free-
dom, there are an infinite number of solutions to the in-
verse kinematics. However, if an additional condition is
set, such as the orientation of the link defined by P8 and
P10, to name one, then the number of solutions reduces
to a finite number. The orientation of this link is given
by α – this angle has been chosen to control the redun-
dancy as opposed to, say, the orientation of the ternary
link because it makes the method of singularity avoid-
ance more straightforward. With this condition set, the
positions of the joints can be found using, for instance,
analytic geometry and trigonometric relations; here the
bilateration method is used instead.
The bilateration method consists of finding the possi-

ble positions of an unknown point, Pk, if the distances
between this point and two points whose positions are
known, Pi and Pj , are known. pi,k, which is the vector
going from Pi to Pk, is found by taking the matrix-
vector product between the bilateration matrix, Zi,j,k,
and pi,j , the vector going from Pi to Pj [14]. That is,

pi,k = Zi,j,kpi,j (2)

where

Zi,j,k =
1

2si,j

[

si,j + si,k − sj,k −4Ai,j,k

4Ai,j,k si,j + si,k − sj,k

]

and

Ai,j,k = ±1

4

√

(si,j + si,k + sj,k)2 − 2(s2i,j + s2i,k + s2j,k),
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with si,j = d2i,j denoting the squared distance between
the points Pi and Pj and Ai,j,k, the orientated area of
the triangle defined by points Pi, Pj and Pk. The ±
sign implies that pi,k can point in one of two different
directions; when positive, pi,k points to the left of pi,j

and, when negative, it points to the right.
According to the notation of Fig. 1, the desired posi-

tion and orientation of the platform can be represented
by P10 and φ. Then, the vector p10,11 can be computed
as

p10,11 = d10,11

[

cos(φ)
sin(φ)

]

, (3)

where φ is the angle between the platform and the x-
axis. By setting the value of α, the position of P8 is
found using basic trigonometry. The positions of the re-
maining points are found by applying the bilateration
method, using equation (2). The position of P4 is deter-
mined using the bilateration matrix Z3,8,4 and selecting
an orientation of p3,4 by choosing the sign of A3,8,4.
P5 is obtained from Z3,4,5 and since the orientation of
A3,4,5 is known, P5 has a definite position. P6, P7 and
P9 are determined with Z10,1,6, Z11,2,7 and Z5,11,9, and
by selecting the orientations of their respective areas.
The above procedure computes the location of all joint

centres. The values of the actuated joints, that is, the
angles θ1, θ2, θ3 and θ4, can then be computed us-

ing the arccosines of
p1,6·[1,0]

T

d1,6
,

p2,7·[1,0]
T

d2,7
,

p4,8·p4,5

d4,8d4,5
, and

−p5,9·p5,4

d5,9d4,5
, respectively.

4 Forward Kinematics

The forward kinematics problem consists of finding
the feasible Cartesian poses of the moving platform once
the actuators are fixed at particular values. A com-
mon method for solving this problem is to formulate the
characteristic polynomial of the mechanism, which in-
volves manipulating the kinematic equations of the sys-
tem so that a single equation in terms of one variable is
formed—this is usually called a closed-form solution [18].
Solving this polynomial gives, or leads to obtain, the fea-
sible poses of the platform given the known geometric
parameters, such as link lengths, and the actuator val-
ues. Additionally, the degree of the polynomial shows
the maximum number of solutions to the forward kine-
matics. For example, when the actuators of the 3-RPR
robot manipulator are locked a sextic polynomial is ob-
tained, thus implying that up to 6 different configura-
tions can be calculated; a proof of this feasible number of
solutions is given in [19]. In this paper the bilateration
method is used for formulating the characteristic poly-
nomial of the proposed kinematically redundant planar
parallel robot manipulator. To this end, the equivalent
kinematic model shown in Fig. 2 is used. This model
results from the fact that once the actuators are fixed
at a given value, each of the RRR legs of the parallel
robot manipulator can be represented by a line segment
of known distance that connects the centres of the two
end revolute joints. Looking back to the model pre-

P3

P6 P7

P8

P9

P10

P11

Figure 2: Equivalent kinematic model used for solving
the forward kinematics; it corresponds to the mechanism
obtained when the robot actuators are fixed at particular
values. This model also applies for a robot manipulator
with type RPR legs.

sented in Fig. 1, once the values of θ1, θ2, θ3 and θ4 are
fixed, the distances d3,6, d3,7 and d6,7 can be calculated,
as can d3,8, d3,9 and d8,9; resultantly, P3, P6 and P7,
and P3, P8 and P9 form two triads. As these two triads
are rigid structures, the robot manipulator can be mod-
elled, when the actuator values are fixed, by the diagram
shown in Fig. 2, where the triads represent the base and
the ternary link, respectively, and the lower links of the
legs to which they are attached. The moving platform
is joined to these triads via four single links with passive
joints at each end; which represent the upper links of the
legs. Note that this equivalent model is also applicable
to a mechanism with type RPR legs. Now, instead of
directly calculating the Cartesian pose of the platform,
the bilateration method is used firstly to determine the
set of values of an unknown squared distance of the sys-
tem, such as s6,8, according to the notation of Fig. 2,
that are compatible with the known geometric param-
eters of the mechanism. Following this approach, the
characteristic polynomial is obtained as follows.

Firstly, using a sequence of bilaterations, an equation
is formed which computes a single vector between two
points whose distance is known, in this case p10,11, in
terms of one of the two vectors that result from the un-
known squared distance used as variable, in this case
p6,8. This vector equation has to take into account all
distance constraints in the mechanism. Thus, the fol-
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lowing system of equations is obtained.

p6,10 = Z6,8,10p6,8, (4)

p6,7 = Z6,3,7Z6,8,3p6,8, (5)

p6,9 = (−Z8,3,9Z8,6,3 + I)p6,8, (6)

p7,9 = p6,9 − p6,7, (7)

p7,11 = Z7,9,11p7,9, (8)

p6,11 = p6,7 + p7,11, (9)

p10,11 = p6,11 − p6,10, (10)

with si,j = ‖pi,j‖2 and I denoting the 2-by-2 identity
matrix, and taking into account that the orientation of
the triangles defined by the revolute centres P6, P7, and
P3; and P3, P8, and P9 is known. Rewriting the above
system of equations in terms of p6,8 we obtain

p10,11 = Qp6,8, (11)

where

Q = (−Z6,8,10 + Z6,3,7Z6,8,3

+ Z7,9,11(−Z6,3,7Z6,8,3 − Z8,3,9Z8,6,3 + I)).

Then, by the scaling property of bilateration matrices,
we get that

det(Q) =
s10,11
s6,8

. (12)

By eliminating the square roots involved in equation
(12), a 14th-degree characteristic polynomial in terms
of s6,8 is finally obtained. The real roots of this polyno-
mial correspond to the compatible values of s6,8 for the
geometric parameters and actuator values of the robot
manipulator.
Finally, the feasible assembly modes of the parallel

manipulator can be computed, for instance, by substi-
tuting the real values of s6,8 into (12) along with each
possible combination of orientations for the orientated
areas A6,8,10, A6,8,3, and A7,9,11; if the equation holds,
then the corresponding assembly mode is feasible. Then
for each of the detected assembly modes, a reference
frame is introduced and the positions of the base joints,
P6, P7 and P3 are designated. The resulting configura-
tion from the positions of the remaining joints are then
found by computing the following sequence of bilatera-
tions

p6,8 = Z6,3,8p6,3, (13)

p3,9 = Z3,8,9p3,8, (14)

p6,10 = Z6,8,10p6,8, (15)

p7,11 = Z7,9,11p7,9. (16)

The sign of A6,3,8 is the opposite of the sign of A6,8,3.
As an example of the method described above; con-

sider the mechanism with link lengths d6,7 = 2, d3,6 =√
2, d6,10 =

√
17, d3,7 =

√
2, d7,11 =

√
17, d7,8 =

√
2,

d7,9 =
√
5, d8,9 =

√
5, d8,10 =

√
5, d9,11 =

√
2 and

d10,11 = 4, the following base joint positions: P6 =
(2, 0)T , P7 = (4, 0)T and P3 = (3, 1)T , and with the

s6,8 = 4 s6,8 = 5.04

Figure 3: Resulting configurations of the example used
in the forward kinematic analysis.

oriented area A3,8,9 being negative. The following char-
acteristic polynomial is then obtained.

14
∑

i=0

kis
i
6,8, (17)

where k0 = 6.11× 1017, k1 = −2.39× 1017, k2 =
−3.41× 1016, k3 = 3.86× 1016, k4 = −1.00× 1016,
k5 = 5.54× 1014, k6 = 4.42× 1014, k7 = −1.66× 1014,
k8 = 3.08× 1013, k9 = −3.51× 1012, k10 = 2.72× 1011,
k11 = −1.59× 1010, k12 = 7.24× 108, k13 =
−2.22× 107 and k14 = 3.20× 105. The real roots of
this polynomial are 4 and 5.04. The values of these
roots, and the coefficients in the polynomial, are given
to 2 decimal places. The resulting configurations of this
example are depicted in Fig. 3.

5 Singularity Analysis

It is well known that the singularities of a standard
3-RPR mechanism can be determined geometrically by
finding the configurations in which the lines that pass
through the three legs of the robot manipulator intersect
at a common point. In this section, a similar set of geo-
metrical conditions are developed in order to determine
if the proposed mechanism is in a singular configuration.
Singular configurations are those in which a mecha-

nism of mobility zero (M = 0), which is generally rigid,
loses its rigidity; this implies multiple problems for par-
allel robot manipulators such as loss of controllability
and large actuation forces. The most commonly used
method of identifying if a parallel robot manipulator is
in a singular configuration is by formulating the rela-
tionship between the Cartesian velocities and the joint
velocities of the robot manipulator in terms of Jacobian
matrices; the robot manipulator is considered to be in
a singular configuration when these matrices are not of
full rank [12].
In this paper, the method used to determine if the

robot manipulator is in a singular configuration is based
on the properties of instantaneous centres of rotation
(ICRs). The benefit of carrying out the singularity anal-
ysis by using this approach is that it gives a geometri-
cal interpretation of the conditions which lead to the
the production of a singularity, as opposed to a purely

N. Baron Paper Number: JMR-18-1151 5
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Figure 4: Kinematic diagram of 3-RPR mechanism with
the links numbered and with the ICRs of theM = 1 sub-
mechanisms shown (links 1, 2, 3, and 5; links 1, 2, 4, and
5; and links 1, 3, 4, and 5).

mathematical description as that obtained from Jaco-
bian matrices. The ICR between two rigid bodies that
are moving relatively to one another is the point at which
the absolute velocities of both bodies are equal [20]. Us-
ing ICRs, it can be seen that there are certain configura-
tions where an M = 0 mechanism loses its rigidity when
the M = 1 sub-mechanisms whose union composes the
system are considered.
For instance, according to the notation of Fig. 4, in

a 3-RPR parallel manipulator, which is rigid when the
actuators are fixed at particular values, there exist three
M = 1 sub-mechanisms whose collection generates the
original kinematic chain, namely, the sub-mechanisms
obtained when links 2, 3, and 4 are removed, respec-
tively.
For each of these sub-mechanisms, the platform (link

5) is able to move relative to the base (link 1); implying
that the ICR between the platform and the base can be
found, that is, ICR(1,5). Herein, the notation ICR(i,j)
will be used to denote the ICR between links i and j.

An effective way of determining the position of
ICR(1,5) for each of the sub-mechanisms is through the
use of a bookkeeping system forM = 1 mechanisms, first
presented in [21]. The system involves constructing what
is called a circle diagram (also known as the auxiliary
polygon derived from the Aronhold-Kennedy theorem
on ICRs), shown in Fig. 5 for the 3-RPR robot manipu-
lator depicted in Fig. 4, which details all the links in the
mechanism by number and a known ICR between two
links is denoted by a solid line drawn between them. An
unknown ICR between two links, denoted by a dotted-
line, can be found if this dotted-line is the common side
of two triangles otherwise made up of solid lines. The
geometrical location of this unknown ICR is found by
drawing two lines, each of which pass through the two
known ICRs of each triangle. The point at which these
two lines intersect is the position of the ICR; note that
if the lines are parallel, the ICR is positioned at infinity.
Following the above procedure, the positions of

ICR(1,5) for each sub-mechanism of the 3-RPR robot

11

22 3 4

55

Figure 5: Circle diagram for M = 1 sub-mechanism
with link 4 removed (left) and link 3 removed (right) for
the case of the 3-RPR robot manipulator. See text for
details.

manipulator can be obtained as shown geometrically in
Fig. 4. As long as these points are separate the robot
mechanism is rigid; however, if they coincide, the plat-
form is able to, instantaneously, rotate relative to the
base about this point and hence the mechanism loses
its rigidity. This corresponds to a singular configura-
tion. It is important to highlight that the information
provided by the M = 1 sub-mechanism created by re-
moving link 2 (links 1, 3, 4, and 5) is redundant. The
geometric conditions which cause the ICR(1,5) of this
sub-mechanism to coincide with that of the others are,
generally, the same as the conditions which cause the
positions of ICR(1,5) for the other two sub-mechanisms
to coincide with each other. The only exception to this,
an instance where two of the ICR(1,5)s are coincident
but the thrid is not, is when one of the sub-mechanisms
is itself in a singular configuration, however under these
conditions it can still be verfified that the entire system
is in a singularity because the total degrees of freedom
of one of the sub-mechanisms has increased, therefore
the mobility of the robot manipulator also increases.

The same analysis is now carried out on the pro-
posed kinematically redundant architecture using the
equivalent mechanism when the actuators are locked;
in this case, according to the notation of Fig. 6, four
M = 1 sub-mechanisms can be detected, namely, the
sub-mechanisms obtained when we remove (i) link 3,
(ii) link 4, (iii) link 5, and (iv) link 6. Fig. 7 shows
the circle diagrams used to determine the construction
lines needed to find the ICR between the platform and
the base for the M = 1 sub-mechanisms (ii) and (iii);
similar to the case of the 3-RPR robot manipulator, the
conditions resulting from the other sub-mechanisms are
redundant.

The position of ICR(1,7) of sub-mechanism (iii),
shown in the left hand diagram of Fig. 7, is given by
the point of intersection between the lines which pass
through links 3 and 4. The case of sub-mechanism (ii),
shown in the right hand diagram of Fig. 7, is slightly
different. In this case, before the ICR between the plat-
form and the base can be found, an additional unknown
ICR must be determined since the dotted line which con-
nects links 1 and 7 is not the common side of any two
otherwise known triangles. Then, ICR(2,7) needs to be
found first, which is given by the point at which the
lines that pass through links 5 and 6 intersect. ICR(1,7)
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Figure 6: Kinematic diagram of proposed mechanism
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Figure 7: Circle diagram for M = 1 sub-mechanism
with link 5 removed (left) and link 4 removed (right)
for the case of the introduced kinematically redundant
architecture.

is then obtained by finding where the line which passes
through ICR(1,2) and ICR(2,7) intersects with the line
which passes through link 3. A singular configuration
in the kinematically redundant robot manipulator oc-
curs either when the ICR(1,7) of these sub-mechanisms
coincide, or when the position of one or more of these
ICRs cannot be calculated. Following this, the distance,
d, between the ICR(1,7) of two sub-mechanisms can be
used to determine whether or not the robot manipula-
tor is in a singularity; the robot manipulator is therefore
in a singular configuration when the value of d is zero
or cannot be calculated – coresponding to the instances
where the ICR(1,7)s are coincident and where one (or
more) of the sub-mechanisms is itself in a singularity,
respectively. A similar approach is used in [22], where
the proximity to a singularity is measured by comparing
the incircle radius of the triangle created by the three
construction lines of the mechanism with the maximum
possible incircle radius.

A verification of this method is shown in Fig. 8,
where the distance, d, between the ICR(1,7)s of sub-
mechanisms (ii) and (iii) is plotted for a full rotation of
the moving platform, along with the inverse of the (2-
norm) condition number of the Jacobian matrix, 1/k(J).
The Jacobian matrices J and K are used to relate the
Cartesian velocities of the moving platform, denoted by
the vector ċ, to the actuated joint velocities, denoted by

the vector q̇, such that

Jċ = Kq̇. (18)

For the proposed robot architecture it can be shown that

J =





(p10 − p6)
T (p10 − p6)

TEv10

(p11 − p7)
T (p11 − p7)

TEv11

(p9 − p3)
TNG



 ,

where pi denotes the vector from the origin to the point
Pi, v10 and v11 denote the vectors from the centre of the
moving platform to points P10 and P11, respectively,

E =

[

0 −1
1 0

]

,

N =

[

d3,8

d3,9
(p10 − p8)

TM

(p11 − p9)
T

]

−1

,

G =

[

(p10 − p8)
T (p10 − p8)

TEv10

(p11 − p9)
T (p11 − p9)

TEv11

]

, and

M =

[

cos(δ) −sin(δ)
sin(δ) cos(δ)

]

,

with δ being the angle taken anticlockwise from the vec-
tor (p9 − p3) to the vector (p8 − p3). The above com-
putation of the the 3×3 Jacobian Matrix, J, can be ob-
tained adapting, for instance, the method used in [13].
It is well known that the robot manipulator is consid-
ered to be in a singular configuration when 1/k(J) is
equal to zero; Fig. 8 shows that d and 1/k(J) vanish for
the same robot manipulator configurations. However,
it should be noted that there are some inconsistencies
with this Jacobian in some configurations where N is
singular, in which the value of 1/k(J) equals zero but
the robot is not physically in a singular configuration.
In such circumstances d is calculated to be non-zero. In-
deed, it can be verified that the robot is certainly not
in a singularity by computing the rigidity matrix of the
corresponding graph of the mechanism and calculating
its rank [23].
The architecture of the robot manipulator for the re-

sults of Fig. 8 is that of the robot manipulator shown
in Fig. 1, with: base joint positions P1 = (0, 0)T , P2 =
(10, 0)T and P3 = (3, 2)T , and link lengths d1,6 = 5,
d2,7 = 5, d3,4 = 6, d3,5 = 7, d4,5 = 11, d4,8 = 5, d5,9 = 5,
d6,10 = 5, d7,11 = 5, d8,10 = 5, d9,11 = 5 and d10,11 = 1;
all values are given in mm. The test trajectory is a full
rotation of the moving platform about point (5, 6)T . The
configurations at which d and 1/k(J) equal zero are the
points at which the robot manipulator is in a singularity.

6 Experimental Results

In this section, an example trajectory is tested on an
example mechanism both theoretically through the use
of a simulation and experimentally by implementing a
physical prototype. In both cases, the trajectory of the
end-effector is predefined and the configuration of the
robot manipulator at each stage along this trajectory
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Figure 8: A comparison between d and the inverse of
the condition number of the Jacobian, 1/k(J), of the
proposed mechanism with RPR legs.

is calculated subsequently. A basic procedure to avoid
singularities was implemented.

According to the notation of Fig. 1, the value of α is
selected such that the robot manipulator always stays
away from a singular configuration for the given pose
of the end-effector. An appropriate value of α is identi-
fied by varying it between 0 and 2π and calculating the
positions of all joints via inverse kinematics. The di-
mensions of the mechanism were selected carefully such
that the link between P8 and P10 is able to rotate fully
around P10 at any point along the end-effector’s tra-
jectory. For each configuration, the positions of the
ICR(1,7) of each sub-mechanism are determined and the
distance between them, d, is calculated. If d = 0 the cor-
responding configuration is singular.

The test trajectory is a full rotation of the mov-
ing platform about the position (100, 200)T ; by follow-
ing this trajectory, the robot manipulator demonstrates
its rotational capabilities. For the reported numerical
and experimental results, the following numerical values
were used for the geometric parameters of the robot ma-
nipulator (all values are given in mm): the coordinates of
the base joints are P1 = (−50, 50)T , P2 = (−100, 325)T

and P3 = (350, 175)T ; the length of the links are d1,6 =
175, d2,7 = 175, d3,4 = 150, d3,5 = 150, d4,5 = 150,
d4,8 = 225, d5,9 = 200, d6,10 = 175, d7,11 = 175,
d8,10 = 75, d9,11 = 200, and d10,11 = 100.

For the physical prototype, shown in Fig. 9, four
Herkulex drs-0601 servo motors were used for the actu-
ated joints with centres P1, P2, P4 and P5. Each of the
links (including the ternary link) were 3D-printed from
ABS (Acrylonitrile Butadiene Styrene) plastic. Ball
bearings were used for all the passive revolute joints in
the robot manipulator; each passive joint consists of a
bolt passing through the ball bearing joint attached to
each link. Wheels were attached to the bottom of the
ternary link for support. The passive joint of the ternary
link, at centre P3, consists of a bolt fixed to the base

Figure 9: Prototype of the novel kinematically re-
dundant planar parallel robot manipulator. An on-
line video of this prototype completing a 2π rota-
tion about a single point, avoiding singularities, and
performing a pick-and-place trajectory of full rota-
tion can be seen at https://www.youtube.com/watch?
v=J_F8eW-K8KI&feature=youtu.be.

which passes through a ball bearing fixed to the ternary
link. An Arduino Mega 2560 was used to control the
system.

Fig. 10 displays the d value as the robot manipula-
tor completes the full rotation, both for the numerical
simulation and the physical prototype, in which the fi-
nal configuration of the mechanism is the same as the
initial configuration. The experimental d values were
obtained by measuring the positions of the joints us-
ing motion tracking cameras and then calculating the
positions of the required ICRs using the method pre-
sented in section 5. The graph shows that, since d
never goes to zero, the robot manipulator is able com-
plete the full rotation without encountering a singu-
larity. This is confirmed numerically, and the exper-
imental validation is provided as well, showing that
the full rotation is achievable without encountering me-
chanical interferences. An online video of the proto-
type of the robot manipulator completing the rotation
can be seen at https://www.youtube.com/watch?v=J_
F8eW-K8KI&feature=youtu.be. In the video, the rigid-
ity of the robot manipulator is physically demonstrated
during the rotation to show that it never moves into
a singularity. The video also consists of an example
of singularity avoidance and a pick-and-place trajectory
of full rotation to demonstrate the robot manipulator’s
workspace.

7 Conclusion

This paper presents a novel kinematically redundant
planar parallel robot manipulator whose architecture is
a fundamental truss and is able to complete 2π rota-
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Figure 10: Graph displaying d, the distance between
the two ICR(1,7)s, against φ, the angular displacement
of the end-effector along the rotation trajectory.

tions of the end-effector without producing singulari-
ties. Achieving such a combination of characteristics had
remained elusive in the literature. Fundamental archi-
tectures of parallel manipulators are important because
they constitute the general instance of a family of robot
manipulators. For the proposed parallel manipulator,
the bilateration method was used to solve the inverse
kinematics and forward kinematics problems. The sin-
gularity analysis was carried out by describing the ge-
ometric conditions that lead to the loss of the rigidity
of the robot manipulator by using a method based on
the computations of instantaneous centres of rotations
of the sub-mechanisms of mobility 1. An example tra-
jectory with a full rotation of the moving platform was
tested both numerically and experimentally, these re-
sults are reported and a link to an online video record-
ing of the prototype performing the trajectory is also
provided; the actuator values used to complete the pre-
defined trajectory were calculated by solving the inverse
kinematics. This video also consists of an example of
singularity avoidance thanks to redundancy and a po-
tential application of the full rotation capabilities. Di-
rections of future work may include the development of
algorithms for singularity avoidance in arbitrary trajec-
tories, the optimisation of the workspace of the manip-
ulator, the design of high-performance instances of the
kinematically redundant robot manipulator – including
the analysis of the out-of-plane stiffness, or the study of
particular members of the family of robot manipulators
defined by the proposed architecture.
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