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Whirl Mappings on Generalised Annuli and the
Incompressible Symmetric Equilibria of the
Dirichlet Energy

Charles Morris Ali Taheri

Abstract

In this paper we show a striking contrast in the symmetries of equilibria
and extremisers of the total elastic energy of a hyperelastic incompressible
annulus subject to pure displacement boundary conditions. Indeed upon
considering the equilibrium equations, here, the nonlinear second order
elliptic system formulated for the deformation u = (u1, ..., un):

Au = div (P (x)cof Vu) in X,
EL[y,X]=¢ detVu=1 in X,
u= @ on 0X,

where X is a finite, open, symmetric N-annulus (with N > 2), & = & (x)
is an unknown hydrostatic pressure field and ¢ is the identity mapping, we
prove that, despite the inherent rotational symmetry in the system, when
N = 3, the problem possesses no non-trivial symmetric equilibria whereas
in sharp contrast, when N = 2, the problem possesses an infinite family of
symmetric and topologically distinct equilibria. We extend and prove the
counterparts of these results in higher dimensions by way of showing that
a similar dichotomy persists between all odd vs. even dimensions N > 4
and discuss a number of closely related issues.

1 Introduction

A problem of major interest and significance in nonlinear elasticity is the under-
standing of qualitative features and symmetries of the energy minimisers and
equilibria under the so-called incompressibility constraint (see, e.g., [1]-[6], [19]
[20, 21]). Motivated by the above and the earlier works [I9, 20], [25]-[27], in
this paper we make an interesting contribution towards certain aspects of this
problem by considering the geometric setup where X € RY (N > 2) is a finite,
symmetric, open annulus and the total elastic energy is given by an integral

E[u; X] = /XW(Vu(a:)) da. (1.1)



The stored energy function W = W (F) : RV*¥ — R U {oo} is taken to be
isotropic, frame indifferent and polyconvex (see below) while the deformation u
is restricted to the class of admissible incompressible Sobolev mappings

A(X) = {u e Wh(X,RY):detVu =1 a.e. in X,u=¢ on 8X}, (1.2)

with the last condition in asserting that u agrees with the identity mapping
on X in the sense of traces. To prevent interpenetration of matter, W (F) = oo
for det F < 0 and so as far as the elastic deformations and their energetics are
concerned it is the open set RY*Y = {F € R¥N*N : det F > 0} that is of interest.
Now recall that the stored energy function W = W (F) is said to be polyconvex
(see [2,[15] and [61[7]) ff it can be expressed as a convex function of the minors (or
equivalently sub-determinants) of F, that is, iff W (F) = ¢(F, adj,F,--- ,adjyF)
for some convex function ¢ : R"™) — R U {oo}. Here adj,F (with 1 < s < N)
stands for the matrix of all s x s minors of F and 7(N) = >_(N1)?/[s!(N — s)!]2
(summation over s = 1,..., N). Additionally the stored energy function is said
to be frame indifferent and isotropic iff W(QF) = W(F) and W(FQ) = W(F)
for all Q € SO(N) respectively, that is, it is invariant under the left and right
actions of the rotation group SO(N). For more discussion on the implications
of these assumptions to the representation of W = W(F) in terms of the right-
and left- Cauchy-Green tensors or the singular values of F see [1L 2] or [6] [7]. A
central example of a frame indifferent, isotropic and polyconvex stored energy
function is given by

N N
W(F) = tr{F'F} + h(det F) = > v + h([ [ v)), (1.3)

j=1

where h is any convex function on the line, vy, ...,vx are the singular values of
F, that is, the eigenvalues of VF'F and the second equality assumes det F > 0
(see, [1]-[2] and [6] [7] for more).

Now subject to the differentiability of the stored energy function, by invoking
the Lagrange multipliers method (c¢f. [3, 6l 26]) it can be seen that the Euler-
Lagrange system associated with the elastic energy E[-;X] over the class of
admissible deformations A(X) takes the form

div Gz, Vu(z)] =0 in X,
EL[u,X]=¢ detVu=1 in X, (1.4)
u=@ on 0X,

where the divergence operator is understood to act row-wise while the tensor
field & = &[z, Vu| — the Piola-Kirchhoff stress tensor — is given by

_aw _ow
~ IF ~ IF

Here the function &2 is an a priori unknown Lagrange multiplier associated with
the incompressibility constraint often called the hydrostatic pressure.

Sz, F] (F) — Z(x)F ! (F) — Z(x)cof F. (1.5)



In this paper we shall introduce and study a class of mappings called whirl
mappings (or whirls for simplicity). These are certain continuous self-mappings
of the N-dimensional annulus X onto itself — for definiteness we hereafter write
X =X]a, b = {(x1, ..., zn) 1 a < |z| < b} with 0 < a < b < oo — that agree with
the identity mapping on the boundary 0X and admit the representation

u:x— Qp1,...,pn)w, reX. (1.6)

In this representation Q is a continuous SO(N)-valued matrix field depending
on the variable  through the 2-plane radial variables o = (p1, ..., pn) given by

pi= iy el 1<i<n-1, (1.7)
a2 2 i N=2
Pn = { Lon—1 + Lon 1 n, (18)

Ton—1 if N =2n-— 1,

and

where 0 = (p1,...,pn) €Un CR", Uy = {0 € R} :a < |g| < b} when N = 2n
and Uy = {0 € R xR :a < |g| < b} when N = 2n— 1. Next for the purpose
of symmetry considerations described below we demand Q to take values on a
fixed maximal torus T C SO(N) that here we set to be the subgroup of all 2 x 2
block diagonal rotation matrices. As a result

Q(Q) = Q(Pl, cee 7pn) = diag(R[gl]v s >R[gn])> N =2n, (1'9>

and

Q(@) = Q(Pl, s 7pn) = diag(R[gl]7 s 7R[g’n—1]7 1)’ N=2n-1, (110)

where each block R = RJ[g] € SO(2) is determined by an angle of rotation or
whirl function g = g;(p1,...,pn). Now any such whirl mapping u is invariant
under the action of the maximal torus T since firstly each p; with 1 < j < n
remains fixed under the action of T and secondly,

[PuoP'|(z) = Pu(P'z) = PQ(p1,....pn)Pw = Q(p1, ..., pn)z = u(2),

for all P € T and # € X. (Note that the second to last equality above follows
from the commutativity of T.) Thus in this sense the whirl mappings as defined
above are rotationally symmetric with respect to T C SO(N).

Specialising momentarily to N = 3 the SO(3)-valued matrix field Q in
has the form Q = diag(Rlg], 1) where g = g(p1,x3), p1 = /27 + 23 and p = z3
[cf. } Thus subject to g being differentiable, the deformation gradient (with
p=p, Q= 0,Q) is seen to be Vu = Q(p, z3) + Q(p, z3)x ® Vg where Vg
denotes the gradient in the x variables, i.e., Vg = (g, €1/p, gp 2/p, 9z, )- Setting
now for each z € X fixed, P; = PRQ?!, Py = R'P! where P, R € SO(3) are the
matrices of rotation about the axes e; = (1,0,0) and ez = (0,0, 1) respectively



Figure 1: The figure here shows how a whirl mapping v acts on X when N = 3.
In particular it shows how the whirl u wraps a radial line around the centre in
the (z1, z2)-plane.

such that RQ'Qz = (1/22 + 22,0,0) and PRVg = (0,0,|Vg|), upon noting
(QtQ:c, Vg) = 0, a straightforward calculation gives

10 vyl
PiVuPy= [0 1 0 | =:B[p|Vy]] (1.11)
0 0 1

Hence in view of the assumptions on W the elastic energy E when restricted to
these whirl mappings in three dimensions can be expressed as,

B X] = [ W(Vu)ds = | WEVsl)dr =27 [ f(61a)pdpdz;

Here U = Us as defined earlier is a half annulus (see also Section [2)) and f(t) =
W (B[t]) is the restriction of the stored energy function to the rank-one line
B[t] = I3 4 te; ® e3 with —oo < t < 0.

For the sake of this paper we shall confine to invariant stored energy functions
of the form that by virtue of the incompressibility constraint can be taken
without loss of generality to be W (F) = ¢tr{F'F}/2 with the resulting elastic
energy E in being the Dirichlet energy. The main goal then is to highlight
a curious difference in the existence and multiplicity of symmetric equilibria of
the elastic energy or equivalently solutions to the nonlinear system in
the form of whirl mappings between the cases N = 2 and N = 3. Indeed in the
latter case we show that there are no non-trivial equilibria in the class of whirl
mappings whereas in the former case they do exist and quite in abundance — in
fact, here, we show that there are infinitely (countably) many equilibria in the
form of whirl mappings, each of a distinct topological type. In the final sections
we establish the counterpart of these results in higher dimensions and prove a
similar dichotomy between all odd vs. even dimensions N > 4.



2 Existence and non-existence results in two and
three dimensions

The aim of this section is to showcase a curious and sharp contrast in the nature
and form of the symmetries of the equilibria and extremisers of the elastic energy
between the cases N = 2 and N = 3. Specifically here we show that when N = 3
the only whirl solution to the system below is the identity mapping whereas
when N = 2 there is an infinite (countably many) scale of such solutions to ,
each of a different topological type. To this end let us recall that the Euler-
Lagrange system associated with the Dirichlet energy (W (F) = tr (F'F)/2) over
A(X) (for any N > 2) is given by the nonlinear system [cf. (1.4)- (L.5))]

div Sz, Vu(z)] =0 in X,

EL[u,X]=¢ detVu=1 in X, (2.1)
u=@ on 0X,

where the stress field & in this case is given by &[z,F] = F — 2(z)F ‘. There-
fore, elaborating further, the divergence term on the left in the first line of the
above system can be written as

div Sz, Vu(z)] = Au — div(2(Vu) ") = Au— (Vu) 'V, (2.2)

where the last identity subject to sufficient regularity of u results from an ap-
plication of the so-called Piola identity (see, e.g., [2), 15 28]). Hence the first
equation in the system (2.1 reads as

div &z, Vu(z)] =0 <= VZ = (cof Vu) ' Au = (Vu) Au. (2.3)

By a classical solution we mean a pair (u, &) where u is admissible, that is,
u € A(X), (u, 2) is regular, i.e., u € C(X,R3)NC?(X,R3), Z € C(X)NCH(X)
and , or the equivalent formulation of the first equation, holds. Now
being prompted by considerations of symmetry we continue by seeking classical
solutions to the system from the class of whirl mappings. E|

The case N = 3. Let U = Ula,b] = {(p,2) € R? : p > 0,a < \/p? + 22 < b},
i.e., the half vertical open annulus whose closure upon a 27 rotation about the
z-axis gives X.

p

z

1We consider only classical solutions in this paper. Less regular solutions or other possible
pathological solutions are neither discussed not studied here.



Then by definition any whirl mapping « on X is represented as u(z) = Q(p, z)x
where z = (x1,%2,73), p = \/22 + 2 and for brevity z = x3 where for each
(p, z) € U the matrix field Q has the specific block diagonal form

Q= Qil(p.) = dine(Rigl1) = | 57 7). (24)

Here R = RJg] is a planar rotation matrix, that is, an element of the special
orthogonal group SO(2) [see (3.7)] with ¢ = g(p, z) representing the angle of
rotation or whirl function associated with Q (or u respectively). As a matter of
fact here g is assumed to lie in one of the spaces

“.(U) := {g e WH2(U): g =0 on U, and g = 27k on 8Ub}, keZ,

(2.5)
with OU, = {(p,z) € OU : \/p? + 22 = a}, OU, = {(p,z) € OU : \/p? + 22 = b}.
Note that the boundary conditions on g here ensure that upon passing to the
associated whirl mapping we have u = x on 0X. A set of straightforward and
direct calculations based on the representation of v and Q now give

Vu =[0u;/0x; 11 <1i,j <3

cosg — x1(r1sing 4+ xacosg)g,/p —sing — xa(z1sing + x2 cosg)g,/p
= | sing +zi(xycosg — xasing)g,/p +cosg+ xa(xicosg —xasing)g,/p
0 0

— (w1 sing + w2 cos g)g-
+(z1cosg —xosing)g, |,

1
—(z1sing + 3 cos g) w19,/ p
= { R[g]ép, z) (i } + xrrcosg —xasing | ® | z2g,/p | - (2.6)
0 g-

The last equation in particular gives det Vu = 1 in X. (Note that for any
invertible matrix A and vectors a, b: det(A+a®b) = det A xdet(I+A"ta®b) =
det A + (A~ta,b) det A as a consequence of the determinant being quasiaffine.)
Therefore the whirl mapping u satisfies the boundary condition u = ¢ on 90X
and the incompressibility constraint det Vu = 1 in X and so to have the inclusion
u € A(X) all that remains is to justify the L?-integrability of Vu. Towards this
end a straightforward calculation gives

[Vul* = te{[Vu] [Vul} = 3+ (g5 + 92). (2.7)

and so it is evident that [[(g,, g-)||2(wr2) < 00 = |[|Vu|[L2(x rsx3) < 00. As
a result by combining all the above ingredients we have

ge4(U) =] %) = u=Ql(p,2)z € AX). (2.8)

kEZ



Next upon integrating (2.7]) and changing variables it is seen that the elastic
energy of u can be expressed as an associated restricted energy of the angle of
rotation function g through

280:X) = [ [VuPde = [ 3+ 9% + g2))do
X X
=2 [ (3426} + lpdpds = 3X| 20l UL (29

Hence aiming to resolve the system and obtaining multiple solutions
in the form of whirl mappings we proceed on to extremising the energy E[u; X]
over the subclass of whirl mappings in A(X). In fact in view of the formulation
(2.9) above we initially set ourselves the task of extremising the restricted energy
H[g; U] over the grand class 4(U) of all admissible angle of rotation functions;
specifically:

Hg; U] = /Up?’(gi +92) dpdz,
g€9WU) =] %) (2.10)
k€EZ

Evidently the Euler-Lagrange equation associated with H[-; U] over each % (U)
is seen to take the divergence form

9,(p*gp) + 0-(p*9-) =0 inU,

_J g=0 on 0U,,
BLlg, Ul =4 420 oo (2.11)
00,9 =0 on U\ [0U, U OU).

Notice that the horizontal part of the boundary OU\[0U, U dU,| = {(p, z) €
OU : p = 0} is left free accounting for the natural boundary condition in the
last line. Any solution to defines a corresponding whirl mapping u (as
outlined earlier in the introduction) which is a possible candidate for a solution
to . The following proposition establishes the existence of a unique solution
to the restricted Euler-Lagrange equation for each fixed k € Z.

Proposition 2.1. For every k € Z the restricted Euler-Lagrange equation (2.11)
has a unique solution g = g(p, z; k) in %(U) given explicitly by

21ka®b® [ 1 1

D —ad a3 (p? + 22)3/2 |
Proof. First a straightforward calculation shows that ¢ satisfies the required
boundary conditions in (2.11): For the segment U\[0U, UdU,] this is a result of
p = 0 while for U, and OU,, this follows as a result p?> 422 = a? and p?>+22 = b?
respectively. Now from the explicit formulation of g we can compute the gradient
vector Vg = (0,9,0.9) as

_ 6mka’b’ p 90— 6mkab? z
T (2122 IT g8 (2 2yt

9(p, z: k) = (p,2) €U. (2.12)

(2.13)

0,9



In particular upon recalling (p,z) € U = a < /p?+ 22 < b it follows at
once that g € WH2(U). Next referring to the first equation in and upon
writing divy (X1, X2) = 0,X1 + 0. X, it follows using the above description of
Vg that

_ 6mkab?
dive (p*Vug) =0p(p°0pg) + 0:(p°0:9) = S——5 %

x [3p{p4(02 +2%) 7Y+ 0.{p2 (" + 22)‘5/2}} =0. (2.14)

(In other words the vector field p?(p? + 22)~%/%(p, 2) is divergence free in U.)
Thus g solves . The proof of uniqueness is now standard: Indeed assume
that ¢!, g2 are solutions to and set g = g' — g%. Then g solves with
g =0 on 90U, UQU, and so an application of the divergence theorem along with
the above gives

/ 2| Vugl? dpdz :/ divy (pSgVUg) dpdz :/ p2g0,gdo =0. (2.15)
U U au

However as p > 0 in U and |[Vyg|? > 0 we must have g = ¢ for some constant c
that as a result of the zero boundary conditions gives ¢ = 0, i.e., ¢' = ¢%. This
therefore completes the proof. O

We are now in a position to prove that when N = 3 the whirl mapping
u with the associated angle of rotation g is not a solution to the system ([2.1)
except for when k = 0.

Theorem 2.1. (N = 3) Let X = X|a,b] C R? be an open annulus and consider
the elastic energy with W (F) = tr(F'F)/2 over the space of incompressible
admissible mappings A(X). Then there are no non-trivial equilibria in the form
of a whirl mapping.

Proof. The idea is to examine the Euler-Lagrange system associated with the
Dirichlet energy against the whirl mapping v € A(X) corresponding to the whirl
function g € % (U) described in the previous proposition. Towards this end we
first note that

Vu(z) = Qlg] + Qlglz @ Vg, (2.16)
Au(z) = AgQlglz +2Q[g]Vg + [Vg|*Qu. (2.17)
Now referring to the PDE (2.3) an explicit calculation using the above gives
(Vu)!Au = 2Q'QVg + AgQ'Qz + |Vy|>’Q'Qz
+2(Qx, QVg) Vg + AglQu|*Vy
+[Vg[*(Qr, Qu)Vy. (2.18)
This upon noting the identities (Qx, Qx) =0, |Qac|2 = p? and <Qw, QVg> = pg,
is then seen to simplify to

(Vu)'Au = 2Q'QVg + AgQ'Qx + |Vg|*Q'Qu + (2pg, + p*Ag) Vg. (2.19)



Now referring to the reduced Euler-Lagrange system for the whirl function g
and using the identity Ag = p~'g, + gpp + 9= it follows that Ag +2g,/p = 0.
Hence plugging the latter into (2.19) results in the formulation

(Vu) Au =2Q'QVyg + AgQ'Qz + |Vg|* Q' Qu, (2.20)

or in components

[ —p ' 22(39p + pYpp + PG==) + 22197 + pr19(gpp + 922) — 197
(Vu)'Au= | +p~ 2139, + pgpp + £g=z) + 2329, + pr2g,y(Gpp + 9z2) — T2g?

£9=(39p + PGpp + PY==)

[ —pta2(2g, + pAg) — 21(g2 + g2)

= | +p 2129, + pAg) —x2(92 +92) |- (2.21)
0

A further application of Ag+2g,/p = 0 to the above components finally results
in the identity

—z1(92 + 92)

VP =(Vu)Au=| —z2(9 +42) |- (2.22)
0

Here is the formulation of the Euler-Lagrange system for the candidate
whirl mapping v in terms of its associated whirl function g. Before we use the
explicit form of the solution g to the restricted Euler-Lagrange equation
we note that a necessary condition for the solvability of the above system for
& is that the vector field on the right is curl-free. Thus,

curl(VZ) =V x [(Vu) Au] =0
—
S|+ a] =0 (229
xlai@ [(gﬁ + 93)} - :vza%l {(gﬁ - 93)] = 0.

Now using the explicit description of the whirl function ¢ in (2.12), for each
k € Z, a basic calculation gives g2 + g2 = (6wka®b*)?/(b* — a?)?(p* + 22) 7%
Thus, in particular, when k # 0, this results in

0, 4 5 6mka’h®\ 8z
&Z(g,,+gz)<b3_a3 e #0, (2.24)

that clearly contradicts (2.23]). It therefore follows as claimed that here there
are no non-trivial whirl mappings serving as equilibria of the elastic energy. [

The case N = 2. Let us next contrast the non-existence result for (non-trivial)
whirl mappings in three dimensions with an interesting multiplicity result in
two dimensions.



Theorem 2.2. (N = 2) Consider the whirl mapping uy, = u(z; k) = Q[g(r; k)]x
with k € Z whose angle of rotation function is given by

2ma’b’k (1 1
Then (ug, : k € Z) are equilibria of the energy (1.1) with W (F) = tr(F'F)/2 over
A(X); specifically, for a suitable hydrostatic pressure Py, the pair (up, Py) is
a smooth solution to the system (2.1)).

Proof. Fix k and for notational convenience put u = ug and g = g(r; k). Then
upon noting that for N = 2 we have p = \/x? + 23 = r we can write

vu(z) = Qo)) + Qg e r, (2.26)
Bute) = (2 Qi) + 2l ) (2:27)

Hence referring to (2.3) and using the calculations above we can write

VP = (Vu)'Au = {Qt[g](r) +r® g(r)Q[g](r)x} X (2.28)

r

< (H2) Quio)e + 2 Qlals

. I3 .3 . e
={<r§ +39) [9: + Q'Q) + 2Q"Q + - (Qa, Qw>}w,

that by virtue of the orthogonality relation (Q:C, QCE> = 0 results in the equation

(2.29)

VP = (Vu)'Au= {—rQQ cos + (3g +7§)(rg cos 6 — sin 9)]

—rg?sinf + (3¢ +rg)(rgsind + cos0)

Now referring to the explicit form of the angle of rotation function g as given by
we have ¢(r) = 4wa?b%k/(b* —a?)r—2 and §(r) = —127a?b?k/(b* —a?)r—*
and so by a straightforward calculation 3G+ rg = 0. As a consequence the PDE
simplifies further and gives

(V= { v+ 30) [g12 + Q'] + Qo

_ [-rg*cos+ (3G + ri)(rgcosf — sin )
T | —rg®sin@ + (3G + rg)(rgsinf + cos )
B [7’92 cos 0] Atk 1

—rg®sinf| — v

(b2 — a2)2 W = V@ (230)

Therefore the whirl mapping u is a solution to the system (2.1)) for a suitable
choice of the hydrostatic pressure &. It is interesting to note that here the whirl
mapping u is totally rotationally symmetric in that for every R € SO(2) we have

10



[RuoR'|(z) = Ru(R'z) = RQ[g|(r)R'z = RR'Qg](r)z = Q[g](r)z = u(z) in
view of the rotation group SO(2) being commutative. Additionally the energy
of the whirl mapping u = uy here is seen to be

|Vaul? — 2 1673ab*k? /” dr  8m3a2b2k?
E[u; X] - |X| = dx = 3= o (231
[’LL, ] ‘ | L 2 xz (b2 _ a2)2 " 7"3 b2 _ CL2 ’ ( 3 )

showing that the elastic energy of uy, diverges to infinity like k2 as |k| / co. O

Remark 2.1. The space of those continuous self-mappings of an N-annulus X
(N > 2) onto itself that agree with the identity mapping on the boundary 90X
has a rich and interesting topology. To discuss this further and the link it bears
to the extremising whirls consider

€(X) = {u ceCX,RY):u(X)c X, u=xon ax}, (2.32)

equipped with the compact open topology. Then as a result of the isomorphisms
(cf. [25, 27))

mo(%/(X)) 22 mi[€(SV 1,8V

Z inN=2,
=~ 1, [SO(N)] = { Z, onN >3 (2.33)

it is seen that the space %'(X) has an infinite number of connected components
when N = 2 and only two when N > 3. Here €, (SV~1,SV~1) is the component
of the space of continuous self-mappings of the sphere onto itself containing the
identity or equivalently the component containing mappings with Brouwer-Hopf
degree +1, m stands for the first homotopy group (or the fundamental group)
functor and (% (X)) is the set of connected components of € (X).

Now when N = 2 any admissible u € A(X) has a continuous representative
(also denoted u) satisfying u € €' (X). To see this observe firstly that det Vu = 1
a.e. combined with a Lebesgue-type monotonicity argument as, e.g., in [30] (see
also [IT} [15, 23]) implies that u has a continuous representative u € C(X;R?).
Next the identity boundary condition on w and a degree theoretical argument
gives that u~!(p) is non-empty for every p € X and so X C u(X). | Finally to
justify u(X) C X one argues by contradiction: Suppose that there exists z € X
such that u(x) € X; then the continuity of v and Lemma 2.4 in [10] contradicts
d(u,X,p) = 0 for p ¢ X. Note that by the same degree theory discussion, for
any u € € (X) we have u(X) = X. Now returning to the connected components,
for N =2 we can enumerate these and accordingly partition ¢’ (X) as,

¢X)=JaX), GX) = {u € ¢(X) : Ind(u) = k;} (2.34)

keZ

2Due to u = 2 on X we have d(u,X,p) = 1 for p € X and d(u,X,p) =0 for p € R2\X
where d here stands for the Brouwer degree of u € C(X;R?).

11



where the integer Ind(u) is the index or Brouwer-Hopf degree of the mapping
ulu|~t € (S, S!) through the identification S! 22 [a,b]/{a,b}. Using this we
can now define o7,(X) as the class of all those admissible mappings u whose
continuous representative lies in €% (X), that is, with a slight abuse of notation,

and upon using (2.34]),

AX) = (X), a(X):= {u € AX) : Ind(u) = k} (2.35)

keZ

where Ind(u) is now the index of the continuous representative of u € A(X).
By going back to Theorem it is seen that the equilibrium whirl mapping
ur = Q[gx](r)z with the whirl function g = g5 as in (2.25) lies in % (X) as a
result of:

1 2 Up X (uk) r 1 2m
Ind = — — " dr = — gk (r) dr = k. 2.
nd (ug) 5 /0 PAE r=g- /0 gr(r)dr (2.36)

In particular the mappings uy are all of different topological types. Furthermore
it is easily seen that uy is the unique minimiser of E amongst all whirl mappings
in 7, (X). A much stronger statement and plausible conjecture is that uy is the
unique minimiser of the elastic energy E over the full component <7, (X) Vk € Z.
(See [26], 27] for more and [16] 7] for related results. See also [13] 14, 18, 24].)

3 Structure of whirl mappings in higher dimen-
sions

In the remainder of this paper we show how the concepts of whirl mappings and
their symmetries can be extended to higher dimensions and investigate whether
this class of mappings provides equilibria for the Dirichlet energy over the space
A(X). Towards this end let us start by defining a generalised whirl mapping u
of an annulus X = X[a,b] C RV as a continuous self-mapping of X onto itself
agreeing with the identity mapping on the boundary 0X and having the specific
representation

(3.1)

u:x—u(r) =

Q(plv"'vpnflvpn)xv lfN:21’L,
Qlp1,-- ypn-1,2n)x, I N=2n-1

Here z = (z1,...,zy) € Xand for 1 <j<nwhen N =2nand1<j<n-1
when N = 2n — 1 we set p; = (23;_, + ac%j)l/Q while Q is a suitable mapping
(see below) taking values in the special orthogonal group SO(XN). For the sake
of brevity we agree to set, when N = 2n — 1, p, = x, so that as a result we
can write u in , regardless of N being even or odd, as

u:z—u(z) =Qp1,.-.,pn)x, rcX. (3.2)

With this notation in place we now require Q to lie in C(Uy, T) where T is
the fixed maximal torus in SO(N) of all block diagonal 2 x 2 rotation matrices

12



(with an additional unit block at the end for N odd — see below) and Uy C R"
is the semi-annular region defined according to whether the spatial dimension
N is even or odd by

UN:{Q:(pl,...,pn)eRi:a<|g|<b}, if N =2n, (3.3)
and

UN—{Q—(pl,...,pn)eRi_lxR:a<g<b}, ifN=2n-1, (34)

respectively. Note that here and in what follows we write |o| = \/p? + ... + p2.
As a result of Q taking values on the maximal torus T C SO(N) we can write
Q(o) = diag(R[g1](0), ..., R[gn](0),1) when N = 2n — 1, or more specifically,

Rlgp] 0 - 0
Qo) = Qlp1,-++ 1 pn) = 0 Rlg] 0| (3.5)
0 0 1
and Q(p) = diag(RJ[g1](0), - - -, R[gn](0)) when N = 2n, that is,
Rlg] 0 0
Q(o) = Q(p1, - pn) = (:) R[g;_l] . (3.6)
0 0 -~ Rign]

In either case the angle of rotation or whirl function g; = g; (o) lies in C(Un, R)
for 1 < j < n while each 2 x 2 rotation block in (3.5)), (3.6) is the usual SO(2)

matrix of the from

cos —sin 0 -1
R[g]exp{g.l}[smj COSZ}, J[l 0]. (3.7)

Let us now, by assuming sufficient differentiability of the whirl functions g;,
proceed with the calculation of some quantities that will be needed later on.
Firstly by a straightforward differentiation it is seen that

Vu = Q+ZQ7jx®ij. (3-8)
j=1
Hence upon calculating the square of the Hilbert-Schmidt matrix norm we have

Vuf? = tr{(Q 13 Qurev@Q+Y Qe vmt}
j=1 j=1

= tr{IN +)°[Q,2®QVp; +QVp; @ Q z] + > Qiz® Qﬂ}-
j=1

j=1

(3.9)
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Here Q ; denotes the partial derivative of Q with respect to the p; variable.
Next we show, upon utilising (3.8)), that whirl mappings satisfy the incompress-
ibility constraint. Indeed by the above calculation we have

n

det Vu = det(Q + Y Q;z® Vp;) = det(Iy + Y Q'Q z® Vp;). (3.10)

j=1 j=1
Now, upon going further into the structure of Q, we note that,

diag(ajglJ,...,3jgn_1.],0) it N =2n— 17

. _ (3.11)
diag(9;g1J,...,0ign-1J,0;9,J) if N =2n,

Q'Q,; = {

where in the above for short we have set 9;9; = 9,,9; while J is as in (3.7)). Next
let y; = (z2j-1,%2;) for 1 < j <nif N =2n and y, = 22,1 when N =2n —1.
Then it is easily seen that

(8jg1-]y1,...,8jgn_1Jyn_1,O)t ifN:Qn— 1,

3.12
(8jgl‘]y17'"7ajgn—1*]yn—1>ajgn‘]yn)t if N =2n. ( )

Q'Q z = {

Furthermore from the definition of p; it is clear that Vp; = (0,...,y;/p;,...,0)
and therefore in view of J being skew-symmetric it is plain that

dg; Yi
QtQ,lx,va Jy;, =) =0, 3.13
(Q'Q Vo) = (5" 3y, ) (313)
for all 1 < i,j < n. With this observation in mind we now state a lemma which
will later assist us in proving that whirl mappings are incompressible mappings.

Lemma 3.1. Suppose that a1,...,a; and by, ..., by are two sequences of vectors
in RY satisfying the orthogonality relations (ai,bj) =0 for each 1 < i,j < k.
Then

k
det(Id+Zaj ®bj) =1. (3.14)

j=1
Here as usual a ® b stands for the rank-one matriz [a;b; : 1 < i,j < d].

Proof. This is by induction on k. Firstly when k& = 1 for the rank-one pertur-
bation of I; we have det(Iy + a1 ® b1) = 1+ {(a1,b1) = 1. Before proceeding
to the case of an arbitrary k& > 2 it is instructive to see how the case k = 2
works. Towards this end let A; = I+ a1 ® b; and note that Afl =I;—a; ®b;.
Then det(Ig+a1 @by + a2 ®@ba) = (1 + (ba, Af1a2>) det A;. However as we have
det A; =1 and Aflag = ag — ai{as, by) = ag it follows easily upon substitution
that det(Ig + a1 ® by + a2 ® ba) = (1 4 (ba,as)) = 1. Thus we have shown that
holds in the case that k = 2.
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Let us now assume that (3.14]) holds for a fixed k. Put Ay =I5+ ) a; @b,
which then gives A;' = I; — > a; ® b; (both summations over 1 < j < k).
Therefore

k+1
det(Ig+ Y a; ®b;) = (1+ (bet1, Ay "ans1)) det Ay, (3.15)

j=1

Next by the inductive hypothesis we have det Ay = 1 and by invoking the
assumption on the vectors a; and b; we have A;lakﬂ = ag41. Therefore this
results in (14 (b11, Ay, "arr1)) det Ay = (14 (bgy1,ar11)) = 1 which then gives
the required conclusion for k£ 4+ 1. The proof is thus complete. O

Now taking a; = Q'Q_ jz and b; = Vp; combined with the orthogonality
relations ([3.13)), it follows from Lemma that,

detVuzdet(IN—s—ZQtQJx@ij) =1 (3.16)

j=1

Therefore whirl mappings are incompressible. Now for a whirl mapping u
to be admissible, i.e., u € A(X), we need Qo) = Iy for o € (OUN), U (OUN)p.
Recall that (OUpn)q, = {0 € OUn : |o| = a} and (OUn)p = {0 € OUn : |o| = b}.
From this point onwards we shall impose this boundary condition on Q and by
virtue of the direct dependence of Q on the angle of rotation functions g; do so
by requiring each g; = 0 on (0Uy), and g; = 2wk; on (OUn)p for k; € Z [see
(3-24)]. Now recalling we obtain

[Vul? = tr [(Vu)(Vu)']

=tr(Iy + Y _[Q,;2©QVp; + QVp; ® Q2] + Y _ Q2 ® Q)

j=1 j=1

=N+ Z|Q,jl‘|2 + ZtT (Q;z®QVp;+QVp; ® Q ;x). (3.17)
j=1 J=1

However since as a result of the orthogonality relations described earlier we
have the identities

tr (QJI (%9 vaj) =1tr (vaj & Q,j:c)
= <ij7 QtQ’j(E> =0 (318)

it follows that the third term in (3.17)) vanishes and therefore the square of
the Hilbert-Schmidt norm of the deformation gradient can be simplified and
expressed as

Vul> =N +>71Q,z/*. (3.19)

j=1
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Consequently the total elastic energy E of a whirl mapping u results from
integrating (3.19) and can be written as

1 N L[
Elu; X] = 5 /x |Vul? = 5|X\ +3 /XZ|Q7jx|2dx. (3.20)
j=1

Now referring to the explicit representation of Q in terms of g as expressed at
the beginning of the section it is easily seen that

Mzl =Y ()0t =D IVail*ei. (3.21)
j=1 j=11=1 =1

where we have set s = n if N =2nor s =n—1if N = 2n — 1. Therefore
returning to (3.20), a change of variables gives,

N 1 -
BluiX) - 5 X| = 5 [ S0Pt ds
X =1
1 S s S
=5 [ 2.0 Nal’ef []ride
Un 1=1 j=1
J
(27.[.)5

= = g U] (3.22)

A close inspection of the integral above shows that the energy functional H
is a sum of independent energies H; (with 1 <! < s), defined for g = (g1, ..., gs),
respectively by,

Hig; Un] = Y Hi[g;Un],  Hilg; U] :/U Vgl [ pide. (323)
=1 N

j=1

Now as H is a sum of H;’s and each H; depends only on the angle of rotation
function g = g; it follows that the resulting Euler-Lagrange equations decouple
and so this means that we can analyse each energy H; and its associated Euler-
Lagrange equation separately and independently of the rest. Towards this end
we introduce the admissible class of mappings for each H; as the grand class
4 (Un) defined through

G(Un) = | %(Un) (3.24)

kEZ

where the components in the union on the right for each fixed k& € Z are in turn
given by

“.(Un) = {g e Wh2(Uy): g=0on (0Uy), and g = 27k on (8UN)b}.
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Now for fixed 1 <1 < s and k € Z the Euler-Lagrange equation associated with
the energy H; in (3.23]) over the space % (Uy) is easily seen to take the form

div (p?Vg | pj) =0 o€Un,

EL[g,Uy] = {9 =0 0 € (OUN)a, (3.25)
g:27rk QE(@UN)b,
piOug Il p; =0 0 € OUN\[(OUN)a U (OUN )s)-

A quick comment on notation: here and in the remainder of the section all
differential operators are understood in reference to the (p1, ..., p,) variables. To
avoid any confusion with those in reference to the (x1,...,zy) variables, when
necessary, a subscript U = Uy is used. Thus in particular here div(X7, ..., X,,) =
diUUN (Xl, 7Xn) = 8p1X1 + ...+ 8ann and Vf = VUNf = (aplf, ""8Pnf)'
The next result states that for each k € Z the boundary value problem
has a unique solution that can be described in explicit terms.

Proposition 3.1. For every k € Z the Euler-Lagrange system (3.25)) associated
with the energy H; over 9, (Un) has a unique solution g = g(0) = g(p1, .-y Pn)
given explicitly by,

2waN oV k 1 1 —
g(pla"'apn;k):ﬁ N i B peUn. (3.26)

e ¢ (v Dict p?)N

Proof. First we attend to the uniqueness part. To this end suppose that g1, g

are two solutions to (3.25)) and put g = g1 — g2. Then g is a solution to ([3.25))
but now with all boundary conditions being zero. By an application of the

divergence theorem it then follows that

/ IVal*07 [ psdp = / 90,907 [ [ ps do =0, (3.27)
Un ot} N

=1

as g(o) = 0 for o € (OUn), and ¢ € (OUn),. Now in view of p; > 0 in Uy for
1 < j < s it follows that |[Vg|? = 0 and therefore g = 0 in Uy as a result of the
zero boundary conditions on g. Hence g1 = g2 in Uy.

Hence it remains to show that for each k € Z the given whirl function g(-; k)
is a solution to . To this end we first note that g satisfies all the required
boundary conditions as a consequence of |p| = a on (OUp)q, |p| = b on (OUN)s
and p1 X ... X ps = 0 on OUN\[(OUnN)a U (OUN)p]. Next by a straightforward
differentiation it is seen that

2raVN bk Np;
aﬁl,g(g;k) = bN—ClN ( Zn 5
i=1Pi

For the sake of convenience and clarity let us now proceed by considering
the even and odd cases of N separately. In the former case N = 2n upon using

. (3.28)
)N+
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(3.28)) we obtain that

- 2t NaN bk &
; 2
div Pi Vngj :W ({97 Hp7 )n-i-l
7j=1 r= 3#7 z 1pz

27rNaNka Z ( p? )
- E pl | | P 7rn +
Pope \ (S )™

=1 j=1 1=1Fq
r;ﬁl J#T
| 2 (p?>
J n n+1

j=1 Ipu (22:1 P%)

L
_2rNaNbNk z": PP TL =1y P (2 (2n+2)p§:) N
~— N _ N n +1 T no 2

b a ot (Zz 1 ?)n (Zizl pi)

+w<4 3 W)} (3.29)

n n Pr— n
iz P?) o iz Py

and consequently

2 2rNaVoVEk | & Pl2 [1/—1 p; (2n + 2)p?
div [ piVg |l e | =—7—5— TR <2 7 T>+
].1;[1 ’ bN —al ; (o, p2) iz P?)
Pz HJ 105 }
n n+1
(Zi:lpi)

_27rNaNka:{ P ILi=1 P
- N _ 4N n n+1
b a (i1 P7)

+ 2%} =0. (3.30)

+ 2

(2n — (2n+2)) +

Thus we have that the angle of rotation function g given by solves
and therefore in the even dimensional case N = 2n is the unique solution.
Now for when N = 2n — 1 the calculations proceed in a similar fashion but with
a careful change accounting for p,, = x . Indeed proceeding with the divergence
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and the first equation in (3.25) here we have

n—1

. QWNaNka
div VngJ =N — oV Za Hpj s | T
Pr Jyél z lpz)
n—1
0 Pn
+ i Pj NS V5]
e, <<Z, L P?) />
2rNaV oV k

Now proceeding directly and referring to (3.31]) we can write

I=——73 P Pit—n  awm | T
(Z? 1P 1, 1/2 Z 5'/) 11_[1 z 1p1>n

J#T

n—1

0 1
. AT ot | = L4 (3.32)
Zapf((Z" p)1/2> lH T 1/)1)

i=1Fq

where we have

n—1 n—1 n—1
n n+1/2 n 2 n n+1/2
2 (i) / Eimrd)) (o e

pl H] 1Pj M — 2 Z?:l p12 - p’l%
n gynri/z \ ST TS T
(Ei:l Pi) i=1Pi

n—1

Plzpi Hj:l Py

i=1Pi
and
n—1 n—1
/)l H =1 Pj 2
ZPIHPJ n+32:_ n n+32< pi |-
>im 7,) / (> iz Pi) / i=1
Likewise a straightforward calculation gives
P v 2n + 1)p2
PLLLj=1 Py (2n +1)p;,
II = - 1z 1-— | - (3.34)
iz p) 21 P

Hence by putting the various fragments of the above calculations and derivations
together it is seen at once that the full divergence term in the above set of
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equations can be written as

. QWNaNka

_2Naok Il e
- N _ oN n n+1/2
O DY

i=1Pi
2n +1)p2 — 2np2 + 30| p?
~ (1_ ( n+ )pn nnpn2+ Zr 1 pT =0. (335)
D1 P

Therefore we have shown that (3.26]) is also the unique solution to (3.25)) in the
odd dimensional case N = 2n — 1. O

Remark 3.1. In view of Proposition [3.1| the whirl function g = g(pl, ey Pk

is solely a function of |g| = \/p? + ... + p2 = /xi + .. +:1cN =r [cf. -
Moreover as a solution to the boundary value problem (3.25| , the dependence of
g(0; k) on k € Z is linear, that is, we have g(g; k) = kg(o; 1). These observations
put together prompt us to write the solution g to , with a slight abuse of
notation, as

g(rik) = d(k) — c(k)r=>, a<r<b, kez, (3.36)
with the choice of coefficients

2raN N k 2bN ke

c(k) = FA A

(3.37)
Thus any solution g = (g1, ..., gs) to the Euler-Lagrange equation associated
with the restricted energy H|g; Uy], in turn, depends solely on the radial variable
r and as a matter of fact, in vector notation g(r) = d — ¢/r" with ¢ = c(k) =
(c1,...,¢s) and d = d(k) = (d1,...,ds). In particular the corresponding whirl
mapping u is of the form u(z) = Q(r)z for a suitable Q € C*([a,b], SO(N)).

4 Whirl mappings as solutions to the nonlinear
system (2.1)) in higher dimensions N >4

In this final section of the paper we show that in higher dimensions N > 4, the
non-trivial whirl mappings obtained as extremisers (equivalently critical points)
of the restricted energy in the previous section can only go on to satisfy the full
Euler-Lagrange system associated with the Dirichlet energy E, i.e., with
W(F) = tr(F'F)/2, when N = 2n. In contrast, when N = 2n—1 the only whirl
solution to will be shown to be the identity mapping. The conclusion is
therefore similar in spirit to the cases N = 2 vs. N = 3 discussed earlier in the
paper but with further and natural complications.
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Towards this end recall that the Euler-Lagrange equation associated with
the Dirichlet energy over A(X) takes the form [¢f. (L.4), (2.1))]
div S[z, Vu(z)] = Au — div(P(zx) cof Vu)
= Au — (cof Vu)VZ(x)
=0. (4.1)

Subsequently by invoking the incompressibility constraint det Vu = 1 and basic
identities, upon rearranging terms, it must be that

(cof Vu) ' Au = (Vu)'Au = V2. (4.2)

Again, by a classical solution we mean a pair (u, &) where u is admissible,
that is, u € A(X), (u, 2) is regular, i.e., u € C(X,RY) N C*(X,RY), Z ¢
C(X)NCL(X) and or the equivalent formulation of the first equation
holds. Now straightforward calculations using the notation introduced in the
previous section lead to the identities (here dots denote derivatives of Q with
respect to 7 = \/p? + -+ p2 = /27 + -+ + 2% in light of Remark,

Vu=Q+r 'Qr®uz, (4.3)
Auy=r""1 {(N +1)Q+ ’/‘Q} x. (4.4)

Next referring to the previous section and by using the explicit form of Q and
g as given by (3.36) we can easily verify that

Q= Nr-(tQc,
Q=-NN +1)r- NF2QC + N~ N+ qc2, (4.6)

Here C is the N x N skew-symmetric block diagonal matrix given by,

(4.7)

diag(c1J,...,¢n—1J,0) if N=2n-1,
diag(c1J, ..., cn—1J,¢c,J)  if N =2n,

and as seen before J is the 2 x 2 skew-symmetric square root of —Iy [see (3.7)].
Furthermore the boundary conditions Q(a) = Iy and Q(b) = Iy force the block

entries of C to take on the values [¢f. (3.37))]
_ 2ma™N bN

Therefore returning to the PDE (4.2)) it is not difficult to verify that firstly, the
Laplacian of u can be computed and simplified to,

Au =r~1 [(N +1)Q+ TQ} x
=r~1 {(N +1)Nr=VHIQC + 1 [ — N(N + 1)r-V2QC+

- N?
+ N?r <2N+2>QCQH = w3 QCT, (4.9)
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and secondly, and as a consequence, that (4.2]) results in the gradient of the
pressure field & being

VP = (cof Vu) tAu = (Vu)'Au

N2 (., N ) N2
= Sn7e (Q +TN+233®QC$) QC x:TNHC x. (4.10)
Note that here C? is the N x N symmetric block-diagonal matrix [cf. (4.7)]
c?_ d?ag(—cilz, cees —0571127 0) i %f N=2n-1, (4.11)
diag(—ciIa, ..., —ci_1Is,—ci1p) if N =2n.

Now as the vector field on the RHS in (4.10) must necessarily be curl-free in X
(as a result of being a gradient field) we proceed by computing for 1 <i,5 < N,

N N
0 0
t _ _ _ Y A —
{curl [(Vu) Au} }ij =0 < 8—% [; g Ay 21 Z:ZIW,JAW =0
= [(Vu)'AVY] i [(Vu)tAVu]ji =0
2 2
e 9 ST 9 quna®i
axj r2N+2 Ox; r2N+2 -
2 2 Lilj
= (2N +2) (C[ml)/z] - C[<j+1>/2]) v = 0,
(4.12)
for all z € X. Therefore the whirl mapping u is a solution to the Euler-Lagrange
system (2.1) iff we have |c1|? = -+ = |c,|? = . However in odd dimensions
due to the presence of a zero entry in the last block of C [ef. (4.7)] this gives
c=0and so |c1| = -+ = |c,| = 0. Therefore Q'Q = 0 and this in turn gives
QQ=0 = Q=0 < Q=1y, (4.13)

as Q(a) = Q(b) =Iy. As aresult for N odd the only whirl mapping satisfying
the Euler-Lagrange system is the identity mapping v = x. In contrast for N
even we have |¢;| = -+ = |¢,| and so admits an infinite family of solutions
in the form uy = Q(p1,. .., pn; k)z (with k € Z) where Q € C>(Un;SO(N))
is block diagonal as in and the whirl functions g; = g(p1, ..., pn; k;) (with
1 < j < n) are given explicitly by subject to |k1| = ... |k,| = |k|, that is,
Jg1,---,9n € {£g} where g = g(p; k) is as in . We have therefore proved
the following result.

Theorem 4.1. Let X = X|a,b] C RN (N > 2) and consider the elastic energy
Elu; X] with W(F) = tr(F'F)/2 over the space of incompressible admissible
mappings A(X) along with the system of Euler-Lagrange equations . Then
the following hold:

e (N even) The nonlinear system (2.1) admits an infinite family of solutions
in the form of whirl mappings, specifically, ur = Q(p1,...pn;k)x with
keZ,Q asin 3.6), g1,...,9n/2 € {£g} and g = g(p; k) as in (3.26]).
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e (N odd) The only solution to (2.1) in the form of a whirl mapping is the
trivial one, that is, the identity mapping u = x.

Remark 4.1. In the case N even we can explicitly calculate the elastic energy
of the whirl solutions given by Theorem Indeed it is seen that the Dirichlet
energy of u = uy (with k € Z) can be expressed as

N b (waN oMk
?|X‘+2N2(UN/ (M) ’I"_N_ldT

NbN

E[u; X]

N2wym3a

2
k. (4.14)

N 2
=—IX
S 1X| +
Hence similar to what was seen earlier in the planar case the energy of the whirl
solutions diverge to infinity quadratically in k. Likewise the gradient of the
hydrostatic pressure in (4.10) is given by V&2 = Nc2V|z| 72V /2 where —c? as
indicated earlier is the common value of the diagonal entries of the symmetric

matrix C? in (4.11)).

Remark 4.2. For N > 4 even the extremising whirls uj in Theorem have
the following topological parity. Indeed referring to Remark the space €' (X)
here has only two connected components. Although for N > 3 the admissible
mappings u € A(X) do not in general have continuous representatives it is clear
however that the whirls uy do lie in (X). It turns out that when N/2 is even
the whirls uy, are all in one component (the same component as the identity). In
contrast when N/2 is odd the whirls uy with k& € Z even all lie in one component
and the whirls uy with & € Z odd all lie in the other component. This follows
by a direct calculation of their associated spin degree (c¢f. [27]).
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