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Abstract

We revisit the properties of qubits under Lorentz transformations and, by considering
Lorentz invariant quantum states in the Heisenberg formulation, clarify some mislead-
ing notation that has appeared in the literature on relativistic quantum information
theory. We then use this formulation to consider the transformation properties of qubits
and density matrices under space-time and gauge transformations. Finally we use our
results to understand the behaviour of entanglement between different partitions of
quantum systems. Our approach not only clarifies the notation, but provides a more
intuitive and simple way of gaining insight into the behaviour of relativistic qubits. In
particular, it allows us to greatly generalize the results in the current literature as well

as substantially simplifying the calculations that are needed.
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1 Introduction

Entanglement is one of the most fundamental phenomena in quantum physics and underpins
the rapidly growing research areas of quantum information and quantum technology [1,
2]. Motivated by its fundamental importance as well as promises of new applications, the
theory of entanglement has received a lot of attention over the past three decades. To
date, these studies have focused almost exclusively on the realm of nonrelativistic quantum
mechanics. However, more recently attention has turned to relativistic treatments, both as
a more complete description of the underlying physics and to understand any new features

or behaviours that this more general framework reveals.

A growing body of research on different quantum systems has uncovered a wealth of
results about how relativity affects entanglement [3—-19]. A clearer picture is emerging of
relativistic quantum information theory and how qubits are transformed and entanglement
is affected in different frames. However some misleading notation has propagated in the
literature that we want to address. Clarifying the notation helps us understand the physical
situation and gives much better intuition into the behaviour of these systems. In this paper,
we begin by reviewing the transformations of qubits under Lorentz and gauge transforma-
tions. We then extend this to density matrices and finally consider the transformation of
entanglement in different rest frames. Our approach reveals a more intuitive and simple way
of understanding the behaviour of different entanglement partitions under Lorentz boosts.
This new approach is checked against existing work [19] and shown to be consistent with
it. However, significantly, we show that it extends far beyond it. Whereas previous work
considered limited and somewhat artificial quantum states with a particular geometry, we
are able to consider very general systems with arbitrary boost geometries, general momenta,
multiple qubits and multi-level quantum systems (qudits). The added advantage of our ap-
proach is that, despite being more general, the calculations are very much simpler. This
formalism could also be extended to different measures of entanglement or other interesting

observables that could give further insight into relativistic quantum information theory.

2 Lorentz and gauge transformations

In the relativistic quantum information theory literature, a relativistic ket for a single particle
is typically defined by [6, 8]

W =Y [ dutv)alon) 1)



where o and p are respectively the spin and momentum, ¢, = (o, p|¥) is the wave function,

and |0, p) is a one-particle state. The Lorentz invariant measure is given by [20]

d3p

dp(p) = 5(p* —m*)0(p°) — ChET (2)

(27)°

where 0(p°) is the Heaviside function and the last step holds because, as we shall see shortly,
Ys|o, p) is a Lorentz invariant function f(p) of the four-momentum p,, of a particle of mass m
with positive energy p® > 0. Let us first observe that |¥) does not carry any space-time index:
on the right hand side of (1) one sums over the spin and integrates over the four-momentum.
It is thus a Lorentz scalar, as expected when using the Heisenberg picture. It is worth
emphasizing that the definition given by (1) only makes sense if one uses the Heisenberg
picture. The ket |U) is a Lorentz scalar, it does not carry any Lorentz or space-time index

and it is thus invariant under Lorentz transformations.

In the literature (see e.g. [6-8]) one often finds the misleading notation |¥)" = U(A)| V)
where U(A) is a Lorentz transformation. This ket cannot be transformed in this way because
it is a Lorentz scalar and thus invariant. On the other hand the wave-function ¢, and the

one-particle state |o, p) are Lorentz transforming quantities. For a spin 1/2 particle, one has
A)lo,p) = ZDM (A, ][, Ap) (3)

under a Lorentz transformation. The transformation of the wave function can be found from

the invariance of the ket | W) as follows

Yo (p) = ((o,p]) V) = ZD P)I(A, Ap|¥) (4)
_ ZD PN AP}
= ZD)\,U _ap)]</\7Ap|\Ij>

= > Da W (A, p)lun(Ap).
A
It is straightforward to generalize this to a two-particle system:

@Zjal,oQ p q Z D/\l,al vp)]D)\z,Uz [W(A_17 Q)]wh,)\z (Ap, AQ) (5)

A1,A2

We can see that the bras and the kets, besides being Lorentz invariant, are also gauge

invariant [24]. If we consider quantum electrodynamics, i.e. a local gauge transformation,

2



the wave-function of the spinor field transforms as ¢'(z) = exp(ia(x))y(x) and the gauge
potential as A/ (v) = A, (v)—1/ed,a(x) where e is the electric charge. The one-particle state
|o, p) transforms as |0, p)’ = exp(—ia(z))|o, p) and we thus see that the ket |¥) is invariant

under gauge transformations.

We now turn our attention to the density matrix. We begin by defining this object and
then consider its transformation properties. We follow the presentation in Feynman’s book
on statistical mechanics [21]. In particular, it is important to realize in which space it is
defined. Let the variable x describe the coordinates of the system and y the rest of the

universe. The most general wave function can then be written as V(x,y) =Y. Ci(y)¢i(x).

Using Dirac notation we introduce {|¢;)} which is a complete set of vectors in the vector
space describing the system (the complete set is Lorentz invariant in z-space) and {|6;)}
(which is Lorentz invariant in y-space) is a complete set for the rest of the universe: ¢;(x) =

(x|¢;) and 6;(y) = (y|f;). The most general wave-function is thus
W, y) = (ylalw) = Y Cijlelon (16;) (6)

2%
where C; ; are constant complex numbers. Under Lorentz transformations, ¢ (z, y) transforms
as Y(2',y") = U(Ay)U(Ay)¥(z,y). The density matrix is defined by

Piri = Z C’chi/,j (7)
J

pir; are in C and are thus scalars under Lorentz transformations — they do not transform.

The density matrix operator p is defined such that
pri = (] p|di) (8)

and since p only operates on the system described by x, is it also a Lorentz invariant quantity.

One can also introduce an z-representation for the density matrix

pla'a) = (&'lple) = [ w(a's)u" (e 9)dly) ©)
and in momentum space:
Po .o (P ) = (0 (), D' |plo(p), p) = / V(@' )V (p, )du(q). (10)

It is straightforward to check that under a Lorentz transformation one has p(2/,y') =
U(Ae)p(a, y)U (A and p(¢',p') = U(Ap)p(g, p)U(A,)".

For fermions, the density matrix considered in Eq. (8) can be expressed as

p= > / / dp(p)di(q) poy (p),02(0) (P ) [P, 01 (P)) (g, 02(q) ] (11)
a1(p),02(q)
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which is a Lorentz scalar. One can obtain a reduced density matrix by considering
[anelolr) = Y [ dutr)om o (0l @) 020) (12
o1(p),o2(q)

where r is a momentum. This reduced density matrix is, however, not Lorentz invariant as
|} does not have well-defined Lorentz transformation properties on its own. This observation
agrees with a body of literature that has considered single particles with spin and shown
that under Lorentz transformations a partial trace over momentum or spin (and hence the
entanglement between momentum and spin) is not invariant [4,6,22,23]. To get a Lorentz
invariant, one would have to trace over a complete spinor such as |o,r) which as explained
above transforms as U(A)|o,r) = >, Dao[W(A,7)]|A,Ar), i.e. as a spinor under Lorentz
transformations. Note that the transformation involves a sum over the spin index and it is
not possible to factorize the spin and momentum transformations since the rotation matrix
Dy ,[W(A,r)] depends both on the spin and the momentum. A Lorentz invariant reduced

density matrix can be obtained by calculating
> [ dutr)r Aol A = 3 [ dutrpaatrr) =1 (13
A A

which is however trivial.

3 Entanglement under Lorentz transformations

In relativity, fundamental quantities are observer independent, however there are many
things that may be of interest that are not Lorentz invariant. Entanglement is one such
example of particular note for quantum information theory. Entanglement is not a funda-
mental property of a system but depends on the choice of partition into subsystems and
studies have shown that entanglement can be Lorentz invariant for some partitions and not

others [19]. We now consider this in the context of the above discussion.

There are different ways of quantifying entanglement [25], but for our purposes we define

the entanglement between the i-th part of the system and the rest of the system to be
Ei(p) =1~ Tup}, (14)

where p; is obtained by tracing over all subsystems except the ¢-th. If the i-th subsystem is
a pure state and not entangled with the rest of the system then the trace over the rest of the
system will not affect it, i.e. it will remain in a pure state and hence E;(p) = 0 as expected.

E;(p) will increase as i is increasingly entangled with the rest of the system. We can also
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sum up the entropies found for different partitions as in [19]

E(p) = > (1—=Trp}). (15)

(2

This is not necessarily a Lorentz invariant quantity since, as discussed above, the reduced
density matrix p; is not necessarily a Lorentz scalar, but will depend on the choice of spins
or momenta that have been traced or summed over. The amount of entanglement between
the different states is thus frame dependent. A similar observation was made in, e.g. [19],
however as we shall see our formulation gives a simpler and more intuitive way of seeing this.

In particular, our approach does not require lengthy calculations.

We begin by extending our considerations to many particle states, which can be done

straightforwardly. For example for a two-particle state, the density matrix becomes

o = S | [ ] ] autw)antea)autos)antas

a1(p1),02(p2),03(p3),04(pa

Poi(p1),02(p2),03(p3),04(pa) (pth, D3, P4) ’Pl: 01 (pl) y D2, 02 (p2)> <p37 03 (pS) y P4, 04(175) ’ (16)

which is a Lorentz scalar. We are now free to perform different contractions of the two-
particle density matrix — these correspond to finding the entanglement entropies for different
partitions according to Eq. (15). It is now clear what partitions will lead to Lorentz invariant
entanglements: since the total density matrix p is invariant, overall Lorentz invariance will
be preserved so long as p is sandwiched with a Lorentz invariant term. For example, the
reduced density matrix

Pred = /dﬂ(m) Z (ps, 05(ps)|plps, 5 (ps)) (17)

o5(ps)
is Lorentz invariant independently of the choice made for the contraction of the momenta or

spin, since the trace is over Lorentz invariant spinors as discussed in Section 2 above.

On the other hand, if we decide to sandwich p with a vector momentum a (as in Eq. (12))

or spin o, we would obtain a reduced density matrix which is frame dependent, e.g.

prea = (alpla) (18)

is not Lorentz invariant. The same would apply if we integrated over a, but did not sum over
o. We thus have a very simple criterion to check whether a given reduced density matrix is
Lorentz invariant or not: the reduction of the density matrix must be done in a covariant

way.

We can compare this general result directly with the specific two-particle case considered

in [19]. In that work the authors considered the case of two spin-half particles each with one
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of two possible delta-function values of momentum {p,,p_} that are equal and opposite in

the z-direction. Their initial state was

[hiota1) = (cosalpy,p_) +sinalp_, py))(cos 5| 1)) 4+ sin 5] |1))), (19)

where o and 3 are real numbers and the kets respectively represent the momentum of
particles 1 and 2 and the spins of particles 1 and 2. This can be considered as a four qubit
state with two spin and two momentum qubits. We note that this is a very specific (and
somewhat artificial) state with spin-1/2 particles in a particular initial state and momentum
delta functions in the z-direction; we shall see shortly how our formulation can handle general
situations. They then subjected the overall state (19) to a specific Lorentz transformation in
the x direction and performed detailed calculations of the entanglement of this transformed
state using (15) for different partitions to determine, among other things, which partitions
correspond to Lorentz invariant entanglements. The partitions they considered were: 1)
any one of the qubits with the other three; 2) the two spin qubits and the two momentum
qubits; 3) the particle-particle partition, i.e. the momentum and spin of one particle and

the momentum and spin of the other.

We can easily analyse these cases without any need for a calculation. The density matrix

is
p = |wt0tal><wtotalla (20)

and can use this as the density matrix in our formulation above. For partition 1, we need
to trace over any one of the spin or momentum qubits. As argued in Eq. (18) and the text
below it, this leads to a reduced density matrix that is not Lorentz invariant and hence nor
is the entanglement. Similarly for partition 2, we need to trace over both spins or both

momenta. For the spins, the reduced density matrix is

pmom = > {o5(ps), 06(p6) plos (ps), 76 (ps)), (21)

o5(p5),06(p6)

which is not Lorentz invariant. The final partition considered in [19] is partition 3, which is
the particle-particle partition and the reduced density matrix for this is given by Eq. (17)
above, which we have shown to be Lorentz invariant. In fact, we can see that this is the only

Lorentz invariant partition.

All of these results are consistent with the findings in [19]. However there they considered
a specific state and a specific boost and carried out detailed calculations of the entanglement
for each different partition. Only by looking at the results of these calculations were they
able to comment on whether different partitions had Lorentz invariant entanglements. By

contrast, our formulation is much simpler and can be applied to general states and boosts



since it does not rely on the details of the state or geometry. It gives a clear intuition for
which partitions are invariant and why and this without performing any calculation. It can
also easily be extended to other partitions not considered in [19] such as a trace over the
momentum of one particle and the spin of the other. The reduced density matrix in this

case 1s

prea = [ dutoe) 3 (ool 5(ps), (22)
o5(ps)

which can be seen to be not Lorentz invariant, without any direct calculation. If we were to
follow [19], this conclusion would require a lengthy calculation and, even then, would only
be true for the particular initial state and particular boost geometry chosen. Similarly, we
could easily extend our method to consider more than two qubits, states with d spin levels
(qudits), and general momentum wave packets (i.e. not delta functions). Analyzing these
cases using previous methods would be very cumbersome, but we are able to immediately
see that it is again just the particle partition that is Lorentz invariant. This illustrates the

power and versatility of this formalism.

By considering quantum states in the Heisenberg formulation, we have not only been
able to clarify some misleading notation and inaccurate statements, but also provide a sim-
ple and useful method for understanding the behaviour of relativistic qubits. This treatment
is a good example of when the right notation can be more than simply a convenient way of
keeping track of a calculation, but can aid physical insight and understanding. Our formula-
tion enables a much simpler way of drawing general conclusions about the entanglement of
quantum systems and could be a useful tool in furthering our understanding of relativistic

quantum information theory.
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