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1

Introduction

Since the discovery of a scalar particle of mass 125 GeV at the Large Hadron Collider [1, 2],
the question of how electroweak symmetry breaking did happen in the early universe has
gained even more urgency. Also the problem remains how to embed the Higgs into a natural
framework.
Supersymmetric extensions to the Standard Model (SM) are strong candidates for
a fundamental theory that describe observations in particle physics and cosmology [3].
These include (a) elegantly unifying all forces at a grand unification scale, (b) providing
a dynamical mechanism for electroweak symmetry breaking, and (c) containing a rich
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1 Introduction

2
2.1

The scalar potentials
The models

Throughout this work we will be making reference to the SM, three single field modifications
to the SM, and two general singlet extensions of the SM (one of which is supersymmetric).
In counting the number of free parameters in each model, we do not include those appearing
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dark matter particle sector. Another popular research area in supersymmetric models are
the theoretical developments [4–12] into obtaining a strong first order electroweak phase
transition. Such phase transitions are necessary for electroweak baryogenesis (for a recent
review see e.g. [17, 18]), i.e. an explanation for the observed matter-antimatter asymmetry
of the universe through a mechanism present during the electroweak phase transition.
There is a similar demand for an understanding of how to obtain a strong phase
transition in non-supersymmetric models [19–26]. However, there does not currently exist a
universal link between a strong phase transition and the zero temperature phenomenology
of any given model. One notable work categorises multiple models into three classes,
distinguished by whether a strong phase transition is driven by tree level, loop level, or
thermal physics [27]. A strong phase transition in [27] carries the notion of having a
large barrier separating the broken and symmetric vacua. They also remark on the zero
temperature phenomenology of parameter regions that exhibit a strong phase transition.
Our paper adopts a similar approach to studying the electroweak phase transition.
We investigate a new perspective on how to understand the phase transition using a
quantity defined at one loop zero temperature: the vacuum energy difference. This very
quantity was already mentioned in [11]. We investigate in detail the role this quantity plays
for some basic properties of the phase transition for six models. These models are described
in section 2 alongside a review of the one loop effective potential at zero temperature and
with thermal corrections included.
Generally, we find a strong correlation between the vacuum energy difference and the
strength of the phase transition. This correlation only breaks down if, before the critical
temperature, the broken minimum turns into a saddle point upon thermal corrections. This
special case can only occur in multi-field models, where it fortunately is further disfavoured
once experimental constraints have been applied. So typically a strong first order phase
transition is dependent on a mild tuning of the vacuum energy. A tuning at the level of
about 30% is mostly sufficient. This allows one to zoom into the regime of strong first order
phase transitions in a simple and efficient way, including for complicated models such as
the GNMSSM.
In section 3 we define the vacuum energy difference. We then derive analytic expressions of this quantity for all but the supersymmetric model. We discuss the scanning
procedure and present the numerical results in section 4. The results with and without
phenomenological constraints applied are contrasted against each other. Numerical bounds
that guarantee a strong phase transition are suggested for phenomenologically viable parameter regions for each model. Three interesting benchmarks scenarios for the GNMSSM
data are provided and compared. Finally, we draw up conclusions in section 5.

through one loop corrections from the top and electroweak (EW) gauge bosons,1 each of
whose couplings are well determined. We will proceed by briefly describing the models that
we use.
SM.

For the SM Higgs potential, we use the notation
[SM]

Vtree (H) = −µ20 |H|2 + λ0 |H|4 ,

(2.1)

SM with a dimension-six operator.
[SM+φ6 ]

Vtree

We use the potential [28]

(H) = −µ20 |H|2 + λ0 |H|4 +

1
|H|6 .
M2

(2.2)

We identify the free parameter of this model as the mass scale, M , that appears in the
suppression factor of the dimension-six term. The form of this potential can be realised
as the low energy description of some strongly coupled models or from integrating out a
scalar with a high characteristic mass scale.
SM from Gauge Mediation of Exact Scale Breaking (GMESB). This model is
introduced in ref. [29] as





1 2
4λ0 v 2
|H|2
[SM+log]
2
V1 loop (0T) (H) = − mh |H| 1 +
− 1 log
+ λ0 |H|4 .
(2.3)
2
v2
m2h
This potential is the quantum effective potential at zero temperature. It arises when the
scale symmetry is broken in a hidden sector through quantum corrections and mediated
to the observable sector via gauge interactions only. We identify the free parameter of this
theory to be the quartic self-coupling of the Higgs, λ0 . The phase transition of this model
has previously been studied in [30].
SM with an additional Coleman-Weinberg scalar. We use the same potential as
that of the SM but include a new scalar that contributes a Coleman-Weinberg term at zero
temperature
  2


mX (H)
1
3
[SM+scalar]
[SM]
4
m
(H)
log
−
,
(2.4)
V1 loop (0T) (H) = V1 loop (0T) (H) +
(8π)2 X
Q2
2
[SM]

where m2X (H) = y 2 |H|2 . The V1 loop (0T) (H) term is the SM one loop Higgs potential.
The free parameter of this theory is the coupling, y, of the new scalar to the Higgs. We
make the additional, somewhat artificial assumption that the new scalar does not produce
thermal corrections to the potential. We use this model as a probe to distinguish between
the impact of zero and finite temperature corrections to the effective potential.
1

These SM quantum corrections are governed by the top Yukawa coupling, yt , and EW gauge couplings,
g2 and g1 .
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where H = (H + , H 0 ) is the complex SM Higgs doublet and the SM Higgs boson arises
from φ = Re(H0 ). In setting the Higgs mass to be mh = 125 GeV and choosing the VEV
of φ, we have no free parameters in this model.

SM plus a real singlet (xSM).
ref. [21]
[xSM]

Vtree (H, S) = −µ20 |H|2 + λ0 |H|4 +

We write the potential with a similar notation to
a1
a2
b2
b3
b4
|H|2 S + |H|2 S 2 + S 2 + S 3 + S 4 . (2.5)
2
2
2
3
4

We can recognise sin α as the singlet component of the h-state. In rewriting the parameters
µ0 , a2 , b2 , and b4 in terms of v, vS , mh , and ms (of which v and mh are fixed) we are left
with a total of five free parameters (two of them being tree level cubic terms). We will
define the new parameter choice more precisely in section 3.2.
GNMSSM. Supersymmetric extensions of the SM are promising settings to realise a
strong phase transition. However, in the Minimal Supersymmetric extension to the Standard Model (MSSM) with superpotential [3]
¯ d QHd − ēye LHd + µHu · Hd ,
WMSSM = ūyu QHu − dy

(2.7)

LHC constraints on Higgs properties make a strong phase transition driven by light stops
¯ ē, Q and L are the usual lepton and quark supermultiplets,
very unlikely [31]. Here ū, d,
yu , yd , and ye are 3 × 3 Yukawa matrices, Hu = (Hu+ , Hu0 ) and Hd = (Hd0 , Hd− ) are the
“up-type” and “down-type” complex Higgs doublets, and µ is the supersymmetric analogue
of the Higgs mass, commonly referred to as the “µ-parameter”.
Singlet extensions of the MSSM have attractive features for Higgs phenomenology.
For instance, there are mechanisms to increase the natural upper bound of the lightest
CP-even Higgs bosons mass (see e.g. [32, 33]). Also these models often generate a strong
phase transition [4–7, 11, 12, 34]. Singlet extensions of the MSSM are often distinguished
by discrete symmetries. Here we study the most general singlet extension, the Generalised
Next-to-Minimal Supersymmetric extension to the Standard Model (GNMSSM) with the
superpotential
1
1
(2.8)
W = WMSSM + λSHu · Hd + k1 S + k2 S 2 + k3 S 3 ,
2
3
where S is a chiral singlet superfield and λ, k1 , k2 , and k3 encode couplings and masses.
This model can be derived in a top-down approach based on a discrete R symmetry as
shown in [35]. Not having a discrete symmetry automatically evades a possible domain wall
problem that plagues more constrained setups [36]. Adding the usual soft supersymmetry
breaking terms, the tree level scalar potential is given by


[GNMSSM]
Vtree
= |µ + λS|2 + m2Hu |Hu |2 + |µ + λS|2 + m2Hd |Hd |2 + m2S |S|2
2 1
1
+ |λHu · Hd +k1 +k2 S +k3 S 2 |2 + (g22 +g12 ) |Hu |2 −|Hd |2 + g22 |Hd† Hu |2
8
2
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Here S is a real singlet scalar field. This potential contains three types of terms: purely
H, purely S, and mixed terms. Note that we have cubic terms entering as both an S 3 and
S|H|2 term. Essential to phenomenological constraints is the Higgs-singlet mixing angle,
sin α, defined via
!
!
!
h
cos α sin α
φ
=
.
(2.6)
s
− sin α cos α
S


+



1
2 1
3
(bµ+Aλ λS)Hu · Hd +Ak1 k1 S + Ak2 k2 S + Ak3 k3 S +h.c .
2
3

(2.10)

(2.11)

where the R’s are the relevant rotation matrices. We only need to understand the contents
of R0+ (the CP-even mass mixing matrix) for this study. In order to more easily compare
the phenomenology of the GNMSSM to that of the xSM, we decouple the heavy CP-even
Higgs boson, H 0 . In practice this means that we reduce the three-dimensional field space
of eq. (2.10) into a two-dimensional field space by looking in the tan β direction
  
 

!
Hu0
φ sin β
sin β 0
  
 
 φ
H 0  = φ cos β  = cos β 0
.
(2.12)
 d 
 

S
S
S
0 1
We will be scanning for parameter points where tan β varies from low to medium values
so we will keep the β-dependence explicit throughout this work. Just as in the xSM, we
recognise sin α as the singlet component of the CP-even Higgs state, h0 . We allow for either
the lightest or next-to-lightest state [32] to be h0 , recognised as the 125 GeV Higgs boson.
It is well known that Higgs sectors of supersymmetric extensions to the SM suffer
from a tree level bound on the lightest CP even state (see ref. [3] for a review). Radiative
corrections from the stop sector are crucial. The stop squared-masses are given by

q
1 2
m2t̃1 =
mt̃L + m2t̃R + (m2t̃ − m2t̃ )2 + 4m4Xt
L
R
2
(2.13)


q
1
m2t̃2 =
m2t̃L + m2t̃R − (m2t̃ − m2t̃ )2 + 4m4Xt ,
L
R
2
where the squared-mass matrix in the gauge-eigenstate basis (t̃L , t̃R ) is given by


2
2
2
0
2
2
∗
0
∗
0
mt̃ = mQ3 + yt |Hu | + ∆ũL
mXt = At yt (Hu ) −(µ+λS)yt Hd
L
 , (2.14)
m2t̃ = 
2
∗
0
∗
0
∗
(mXt ) = At yt Hu −(µ+λS) yt (Hd )
m2t̃ = m2ū3 + yt2 |Hu0 |2 + ∆ũR
R




1
1
1
and ∆ũL =
g22 − g12 |Hu0 |2 − |Hd0 |2 , ∆ũR = g12 |Hu0 |2 − |Hd0 |2 ,
(2.15)
4
3
3
and mQ3 and mū3 are the stop soft masses, At is a third generation soft parameter, and yt
is the top Yukawa coupling.
Assuming there are no CP violating phases and all terms in the potential are real, we
have a total of 16 parameters in this theory. However, not all of these are free parameters. Applying the minimum conditions and assuming that only the real parts of the fields
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We decompose the Higgs gauge-eigenstates into the mass-eigenstates via
 


 
 
Hu0
v sin β
h0
G0
 


 
 
1
i
H 0  = v cos β  + √ R0+ H 0  + √ R0− A0  ,
 
 
 d


2
2
0
S
vS
s
η0
!
!
Hu+
G+
=
R
,
±
Hd−∗
H+

(2.9)

2.2

At one loop zero temperature

The general form of the one loop zero temperature effective potential in the models we
study is
V1 loop (0T) (φ, S) = Vtree (φ, S) + VCT (φ, S) + VCW (φ, S),
(2.16)
where φ = Re(H0 ) is the SM-like Higgs field and S is a singlet field under each of the SM
gauge groups. The individual terms are given by
[non-SM]

Vtree (φ, S) = −µ20 φ2 + λ0 φ4 + Vtree
(φ, S),
1
1
1
VCT (φ, S) = δm2φ φ2 + δm2S S 2 + δλ0 φ4 ,
2
2
4
  2


1 X
mi (φ, S)
3
2si 4
VCW (φ, S) =
gi (−1) mi (φ, S) log
−
,
(8π)2
Q2
2

(2.17)

i

where the δ’s are the one loop counter terms and the index i runs over all bosons and
fermions, with gi degrees of freedom and spin si , considered at one loop. Note that we use
the Coleman-Weinberg (CW) effective potential in the modified DR scheme [38], and Q
is the renormalisation scale, chosen to be the mass of the top quark, mt , throughout this
investigation. Unless otherwise stated, we will adopt the convention that the VEVs of φ
and S at zero temperature are given by hφi = v = 174.2 GeV and hSi = vS , respectively,
and denote the pole mass of the ith particle by mi = mi (φ = v, S = vS ).
We choose the renormalisation conditions
∂Vtree
∂φ
∂Vtree
∂S
∂ 2 Vtree
∂φ2

∂V1 loop (0T)
∂φ
∂V1 loop (0T)
=
∂S
=

broken

broken

=
broken

∂ 2 V1 loop (0T)
∂φ2

,

(2.18)

,

(2.19)

broken

broken

.

(2.20)

broken

The condition in eq. (2.20) means that the Higgs mass is unchanged upon radiative corrections. This condition cannot be applied for the GNMSSM due to the tree level bound on
the lightest CP-even Higgs state. Therefore δλ0 = 0 for the GNMSSM so the Higgs mass
is left to run. The other two conditions keep the VEVs in the broken minimum the same
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are non-zero in the minimum, we reparameterise the Higgs mass-squared soft parameters
(m2Hu , m2Hd , and m2S ) by the VEVs in the broken phase (v, tan β, and vS ). We also choose
to remove the singlet linear term in the potential by taking Ak1 = −k2 , meaning that a
local extremum will exist at the zero point in field space. Finally, we choose a special
setup for the stop soft parameters. Namely that we fix At = (µ + λvS ) cot β so that the
off-diagonal elements of eq. (2.14) vanish at the broken minimum. Furthermore, we impose
that the stop soft mass parameters are nearly degenerate, mQ3 − mu3 = 100 GeV. The
value of mQ3 is fixed such that we have a suitable Higgs with mass 125 GeV. We then
count a total of 11 free parameters in this theory. A brief summary of the scan procedure
can be found in appendix B.

at one loop as their tree level values. Note that we have chosen renormalisation conditions
only in the broken phase, which is sufficient for our purpose. For a more general analysis,
including renormalisation conditions related to the symmetric phase, see ref. [37].

2.3

At one loop finite temperature

V1 loop (φ, S; T ) = V1 loop (0T) (φ, S) + VT (φ, S; T ),

(2.21)

where [39]
"
!#
r
Z
∞
2 (φ, S)
X
(−1)2si gi T 4 ∞
m
VT (φ, S; T ) =
dxx2 log 1 + (−1)2si +1 exp − x2 + i 2
,
2π 2
T
0
i=f,b

(2.22)
and T is the temperature of the surrounding plasma. The sum is over all relevant fermions
and bosons in the plasma. Rather than numerically evaluating the integral in eq. (2.22),
we will use the potential in the form of a piecewise function built up of three parts as
described below. Each part is determined by the value of mi (φ, S)/T for each particle.
Note that we are going to mostly focus on the limit of very strong phase transitions, where
thermal resummations [40] of the potential do not play a crucial role. So we ignore these.
The potential in eq. (2.22) can be rewritten into an analytic form within two approximations: a low temperature limit, where mi (φ, S)/T is large, and a high temperature limit,
where mi (φ, S)/T is small [39, 41]. We use interpolation functions for intermediate temperatures, during which the low and high temperature approximations differ from the exact
value by no more than 4%. The analytic form of these finite temperature contributions
depends on whether the ith particle is a boson or a fermion. Notably, only bosonic thermal
contributions contain temperature-dependent cubic terms which may alter the strength of
the phase transition. All field-dependence appears through the field-dependent mass of the
contributing particle, mi (φ, S).
For early universe considerations, such as electroweak baryogenesis, we are interested
in the strength of the phase transition. In this work, the critical temperature is defined at
when the electroweak symmetry broken and symmetric vacua are degenerate. Given the
√
chosen VEV convention, a strong phase transition is defined2 by 2vc /Tc > 1. Here vc is
the value of the φ field in the broken vacuum at critical temperature Tc . Henceforth we shall
√
denote the strength of the phase transition by the shorthand, ξ = 2vc /Tc , for convenience.
√
The factor of 2 accounts for the chosen normalisation of the Higgs field. This condition satisfies the
baryon preservation criteria [42, 43].
2
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In order to study cosmological phase transitions in a quantum field theory framework, the
one loop effective potential ought to take into account a temperature-dependent piece. We
include thermal corrections at one loop, such that the thermal effective potential reads

3

The vacuum energy difference

We define the one loop vacuum energy difference at zero temperature between the broken
and symmetric vacuum to be
∆V1 loop (0T) = V1 loop (0T)

broken

− V1 loop (0T)

symmetric

= V1 loop (0T) (v, vS ) − V1 loop (0T) (0, ṽS )

(3.1)

= ∆Vtree + ∆Vrad ,

∆Vtree = Vtree (v, vS ) − Vtree (0, ṽS ) ,
∆Vrad = [VCT + ∆VCW ] (v, vS ) − [VCT + ∆VCW ] (0, ṽS ) ,

(3.2)

and ṽS is the value of the singlet field S in the symmetric vacuum. Note that the vacuum
energy difference takes on negative values if the broken minimum is the global minimum
of the potential.
The potential difference between the symmetric and broken minima is temperaturedependent. The critical temperature is defined as the temperature at which this potential
difference is zero. The suggestion we want to investigate in the following work is therefore:
The smaller the value of |∆V1 loop (0T) |, the stronger the phase transition.
A decrease in |∆V1 loop (0T) | is expected to decrease the critical temperature and therefore increases the strength of the phase transition ξ. The concept of the vacuum energy
difference is a more precise prescription of the notion of “flat potentials” in ref. [25].
As we will see below, the one loop vacuum energy difference is often simply related
to the free parameters of the models we investigate. In each model, we consider one loop
(zero temperature and thermal) contributions from the top quark, t, and the EW gauge
bosons, W ± and Z 0 . In the GNMSSM, we also consider the one loop (zero temperature
and thermal) contributions from the stops, t̃1 and t̃2 , the supersymmetric partners of the
SM top quark.
In this work we approximate the effective potential at one loop. The impact of higher
loop orders on the effective potential is model dependent. We expect higher loop order
corrections to be more relevant for Coleman-Weinberg type models, where radiative corrections play a large role in determining the shape of the potential. This is not the case
for most of the models we explore since the depth of the broken vacuum is effectively set
by the observed Higgs mass and well approximated by the tree level potential. A possible
exception is the GNMSSM, where the Higgs mass receives crucial one loop contributions.
Note that we should remain cautious regarding the gauge-dependence of our results [13–
15]. Interesting enough, reference [16] suggests that for certain models the potential evaluated at its true minimum is gauge-invariant at one-loop. Such works ought to be taken
further to quantify whether this is true for each model we explore.
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where we have defined the quantities

3.1

The vacuum energy difference in single field models

We apply the minimum condition and use the Higgs mass to rewrite the quartic coupling.
In the SM, this means µ20 = 2λ0 v 2 and m2h = 4λ0 v 2 . We then read off the tree level vacuum
energy difference as
1
[SM]
∆Vtree = −λ0 v 4 = − m2h v 2 .
(3.3)
4
Including the top quark, W ± , and Z 0 -boson one loop corrections, we find the one loop zero
temperature vacuum energy difference to be

(3.4)

= −1.267 × 108 GeV4 .
We see that quantum corrections do not drastically affect the vacuum energy difference
in the SM. The top quark dominates the radiative correction and decreases the vacuum
energy difference by 7.2%. Including the EW gauge bosons, it decreases by 6.9%. In other
words, the vacuum energy difference in the SM is effectively set by the Higgs mass (the
tree level contribution).
Let us repeat this procedure for other extensions of the SM. For the SM with a
dimension-six term

1
v6
2
[SM+φ6 ]
4
4
4
∆V1 loop (0T) = − m2h v 2 + 2 −
g
m
−
g
m
−
g
m
,
t
W
Z
t
W
Z
4
M
(16π)2

(3.5)

for the SM from GMESB
1
[SM+log]
∆V1 loop (0T) = − m2h v 2 + λ0 v 4 ,
2

(3.6)

and for the SM with an additional CW scalar

1
2
[SM+scalar]
∆V1 loop (0T) = − m2h v 2 −
gt m4t − gW m4W − gZ m4Z − y 4 v 4 .
2
4
(16π)

(3.7)

In all these models, the vacuum energy difference can be chosen independently of the Higgs
mass.
3.2

The vacuum energy difference (xSM)

Applying the minimum conditions,
[xSM]

∂Vtree
∂φ

[xSM]

=0

and

φ→v,S→vS

∂Vtree
∂S

= 0,
φ→v,S→vS

we find
2

2

µ = 2λ0 v −



a1
a2
+
2vS
2



vS2


and b2 = −

–9–




a1
b3
2
+ a2 v −
+ b4 vS2 .
2vS
vS

JHEP06(2016)005


1
2
[SM]
∆V1 loop (0T) = − m2h v 2 −
gt m4t − gW m4W − gZ m4Z
2
4
(16π)

2
= −1.185 × 108 GeV4 −
gt m4t − gW m4W − gZ m4Z
2
(16π)

This gives us a tree level vacuum energy difference of


 2


vS − ṽS2
a1
b4 2
[xSM]
∆Vtree = −λ0 v 4 −
+ a2 v 2 +
vS − ṽS2
2vS
2
2
b3
− (vS − ṽS )2 (vS + 2ṽS ) ,
6
where the singlet VEV in the symmetric vacuum is given by
s

b3
b 3 2 b2
ṽS = −
±
− .
2b4
2b4
b4

(3.8)

(3.9)

Given that the quartic coupling, a2 , must be a real-valued quantity, we find
m2φ1 ≤ 4λ0 v 2 ≤ m2φ2 .

(3.13)

Altogether, we find the one loop zero temperature vacuum energy difference to be

q
v
[xSM]
4
∆V1 loop (0T) = −λ0 v − ±
(m2h − 4λ0 v 2 )(4λ0 v 2 − m2s )
vS


  2

ṽS2
vS − ṽS2
1
a 1 v 2 b3
2
2
2
(3.14)
+
mh + ms − 4λ0 v +
− vS
1− 2
2
2vS
3
2
vS

b3
2
4
4
4
− (vS − ṽS )2 (2ṽS + vS ) −
g
m
−
g
m
−
g
m
.
t
W
Z
t
W
Z
6
(16π)2
Identifying the free parameters, the above expression contains the two cubic terms (a1 and
b3 ), two physical Higgs masses (mh and ms ), three VEVs (v, vS and ṽS ), and the quartic
Higgs self-coupling (λ0 ). We can again see that we are free to choose the vacuum energy
difference, via the free parameters of the model, despite the Higgs mass being fixed.
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The sign in eq. (3.9) is determined by whichever minimum has the lowest value of the
potential. All one loop contributions considered here are the same as those in the SM. The
one loop zero temperature vacuum energy difference is therefore given by

2
[xSM]
∆V1 loop (0T) = −λ0 v 4 −
gt m4t − gW m4W − gZ m4Z
2
(16π)


 2


vS − ṽS2
a1
b4 2
2
2
(3.10)
−
+ a2 v +
v − ṽS
2vS
2 S
2
b3
− (vS − ṽS )2 (vS + 2ṽS ) .
6
The first line of eq. (3.10) is algebraically identical to the SM vacuum energy difference at
one loop prior to fixing λ0 in favour of the SM Higgs mass, mh . Note that in the case of
ṽS = vS , we recover the SM result.
We rewrite the quartic terms, a2 and b4 , in favour of the CP even mass eigenstates,
mφ1 and mφ2 , where mφ1 < mφ2 . Both mφ1 and mφ2 are recognised with the SM-like Higgs
mass and singlet mass (mh and ms , respectively) depending on the ordering of their mass
values. Therefore
r


a1
1
(a2 )± = −
±
m2φ1 − 4λ0 v 2 4λ0 v 2 − m2φ2 and
(3.11)
2vS
vS v


1
a1 v 2
b3
b4 = 2 m2φ1 + m2φ2 − 4λ0 v 2 +
− vS .
(3.12)
2 vS
3
vS

4λ0 v 2 = m2h + (1 − )m2s .

(3.16)

The inequality of eq. (3.13) translates into 0 ≤  ≤ 1. This allows us to rewrite the vacuum
energy difference in the Z2 xSM model as



m2h m2s
1
2
[Z2 xSM]
∆V1 loop (0T) = −
v2 −
gt m4t − gW m4W − gZ m4Z . (3.17)
2
2
2
4 (1 − )mh + ms
(16π)
[Z xSM]

2
The lowest value for |∆V1 loop
(0T) | is bounded by the one loop contribution. This happens when the tree level contribution vanishes, which is only possible if ms goes to zero.
Furthermore, we can rewrite the tree level potential such that the importance of  is clearer,
 2

 2


1
φ
S
[Z xSM]
2
2
Vtree2
= m2h
−
1
φ

+
−
1
S
(1
−
)
2
2v 2
2vS2
 2

 2


1 2
S
φ
2
2
(3.18)
+ ms
−1 S +
− 1 φ (1 − )
2
2v 2
2vS2


p
1 2
vS 2
v 2
1 2 2
2
± (mh − ms ) (1 − )
φ + S −
φ S .
2
v
vS
vS v

In the limit that  goes to unity (zero), the tree level potential collapses to that of the SM
in the φ (singlet) direction. The other piece of the potential corresponds to an invisible
sector that is phenomenologically inaccessible since the φ and S fields no longer mix. Thus
we expect the Z2 xSM to behave in a similar manner to the SM close to these limits. Taking
the tree level piece of eq. (3.17) and solving for the singlets mass, we find
"
#!−1/2
[SM]
1
∆Vtree
ms = mh 1 +
−1
.
(3.19)
1 −  ∆V [Z2 xSM]
tree

[Z xSM]

If we take ∆Vtree2
→ 0, then eq. (3.19) suggests that the singlets mass vanishes irrespective of the value of . For the case of  = 0, the singlet mass is determined by the vacuum
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Z2 symmetric case (with broken Z2 at zero temperature). By imposing a Z2
discrete symmetry on the singlet, the cubic terms vanish, giving a model referred to as the
Z2 xSM. Setting the cubic terms to zero in eq. (3.14), we find a simple expression for the
one loop vacuum energy difference at zero temperature,

−1

m2h − 4λ0 v 2
1 2 2
2
[Z2 xSM]
∆V1 loop (0T) = − mh v 1 +
−
gt m4t − gW m4W − gZ m4Z .
2
2
4
ms
(16π)
(3.15)
Note that this expression assumes that vS is non-zero, so the Z2 symmetry is spontaneously
broken. This expression is almost identical to the SM expression in eq. (3.4) with the
exception of a multiplicative factor on the tree level term. For this factor to be less than
one we must have 4λ0 v 2 ≤ m2h , hence ms < mh is the only way in which a vacuum energy
difference higher than the SM can be obtained. A strange feature is that eq. (3.15) is
independent of the potential’s structure in the singlet direction: only ms and λ0 appear as
free parameters in the vacuum energy difference.
Let us replace λ0 by a new parameter, , defined by

[Z xSM]

energy difference, since Vtree2
= −m2s v 2 /4. For the case of  = 1, it naively appears
that the singlet mass must be zero and we recover the SM. However, there is one special
parameter choice that allows the SM Higgs and singlet fields to coexist. This happens if
vS = 0, whereby the two fields decouple yet the mixing term does not disappear. The limit
 → 1 in eq. (3.19) is no longer so trivial.


1 2 2 1 2
2
[Z2 xSM]
4
4
4
∆V1 loop
(0T) = − 4 mh v − 4 b2 ṽS − (16π)2 gt mt − gW mW − gZ mZ .

(3.20)

Compared to the SM vacuum energy difference there is an extra tree level piece in eq. (3.20),
which has the opposite sign to the SM piece if b2 < 0. In other words, the tree level
contribution to the vacuum energy difference will be reduced compared to the SM if ṽS 6= 0.
Since the overall size of this extra term determines the vacuum energy difference, we should
investigate this term more closely. Rewriting b2 in terms of the singlet mass and coupling a2 ,
b2 = 2m2s − a2 v 2 ,

(3.21)

we find an upper bound for the singlet mass of m2s < a2 v 2 /2. This bound is necessary
[Z2 xSM]
to decrease |∆V1 loop
(0T) | compared to the SM value. This implies that in order to have
ṽS 6= 0 and the singlet heavier that the SM Higgs, ms > mh , we require a relatively large
coupling a2 & 1. From unitarity arguments the maximum value of a2 is about 8π, which
translates to an upper bound for the singlet mass of ms ∼ 600 GeV. The singlet mass in
the unbroken Z2 case is given by
s

1
2 
[SM]
[Z xSM]
a2 v 2 + 2 ∆Vtree − ∆Vtree2
.
(3.22)
ms =
2
ṽS
[Z xSM]

In contrast to eq. (3.19), the singlet mass does not vanish as we take ∆Vtree2
→ 0. In
2
order for the singlet mass to be positive within this limit, it is required that a2 ṽS > m2h .
Given the maximum value of a2 ∼ 8π, we find that |ṽS | & 25 GeV. The a2 v 2 /2 term in
[Z xSM]
eq. (3.22) protects the mass of the singlet from vanishing as ∆Vtree2
→ 0. Consequently,
the behaviour in taking the vacuum energy difference to zero in the unbroken Z2 case differs
drastically compared to the behaviour in the Z2 broken case.
3.3

The vacuum energy difference (GNMSSM)

To the tree level potential, we apply the usual minimal conditions to eliminate the m2Hu ,
m2Hd , and m2S soft mass parameters in favour of tan β and the VEVs, v and vS . The rest of
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Z2 symmetric case (with unbroken Z2 at zero temperature). In the special case
of a Z2 symmetry with vS = 0, the minimum conditions are different to before. This
change in minimum conditions modifies many of the expressions previously found. Firstly,
the pure φ couplings would be the same as those in the SM, m2h = 2µ20 and λ0 = m2h /(4v 2 ),
since the singlet VEV is zero in the broken phase. This is equivalent to setting  = 1 in
eq. (3.16). Secondly, we can express b4 in terms of the VEV of the singlet field in the
symmetric vacuum, b4 = −b2 /ṽS2 . The vacuum energy difference is given by

the analytic work that we concern ourselves with regards the potential in the real singlet
direction, s = Re(S), defined as the potential at Hu = Hd = 0. The resulting potential
takes the form
2
[GNMSSM]
Vtree (singlet) = k12 + [m2S + k2 (Ak2 + k2 ) + k1 k3 ]s2 + k3 (Ak3 + 3k2 )s3 + k32 s4 ,
3

(3.23)

• Minimum at s = 0: this is the only extremum.
• Minimum at s = 0: there exist two additional extrema, one maximum and one
minimum. The additional minimum having the greater magnitude of s.
• Maximum at s = 0: there exist two additional extrema, both minima, whose s-values
have opposite sign.
In the GNMSSM, we find that the additional extrema are located at
s


Ak + 3k2
Ak3 + 3k2 2
1 
hsi± = − 3
±
− 2 m2S + k2 (Ak2 + k2 ) + 2k1 k3 .
4k3
4k3
2k3

(3.24)

For three extrema in the singlet direction, this requires the condition that


(Ak3 + 3k2 )2 − 8 m2S + k2 (Ak2 + k2 ) + 2k1 k3 ≥ 0.

(3.25)

In meeting this condition, assuming small values of k3 , and Ak3 ∼ k2 ∼ mSUSY , there is a
strong tendency for an additional minimum to exist at very large singlet field values. This
is of course without a tuning of Ak3 and k2 . It is interesting to note that a tuning to make
the ratio (Ak3 + 3k2 )/(k3 ) smaller is analogous to forcing the effective b3 trilinear singlet
term (as appears in the xSM model) to be zero. To clarify, we can express the ratio in
terms of an effective b3 parameter in place of Ak3 and k2
Ak3 + 3k2
b3
∼
.
4k3
8k32

(3.26)

The essential point here is that by capping the additional minimum to less than 10 TeV,
small values of k3 < 10−3 set |b3 | . 0.1 GeV. In contrast, large values of k3 ∼ 1 allow
for a far larger cubic term, |b3 | ∼ 80 TeV, but at the risk of other complications to the
model. Namely that both λ and k3 are large, in tension with theoretical constraints due
to the presence of a Landau pole [44]. In the numerical analysis, we consider points for
the GNMSSM with a cap of 10 TeV on the field value of all singlet extrema and are thus
biased toward a large λ and large k3 parameter space.
3

We can recover an arbitrary value of the chosen parameter by a shift in field s.
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where we have chosen Ak1 = −k2 in order to remove the linear term in this potential
without loss of generality.3 Solving for the extremum in the singlet direction, we find a
trivial extremum at s = 0 whose extremum nature depends on the sign of the quadratic
term in eq. (3.23). Note that for a potential bounded from below, we can only have three
shapes for the potential in the singlet direction:

4

Numerical scan

By means of a numerical scan over a selected parameter space, we look at various distributions related to the variables vc , Tc , ξ, and ∆V1 loop (0T) . The scans are conducted with
the aim of covering the range of possibilities. Hence the density of parameter points in the
plots is not necessarily representative of a statistical likelihood of landing in any particular
region. In our numerical analysis, we vary most of the dimensionful parameters between
0 GeV and 1000 GeV to the appropriate power. For details see appendices A and B.
Phenomenological constraints

For the Z2 xSM and xSM models, we apply the constraints from [45]. This constrains the
value of the mixing angle, | sin α|, against the mass of the singlet, ms . For singlet masses
below 80 GeV there is a bound of | cos α| ≥ 0.985 (| sin α| ≤ 0.173). This bound comes from
collider exclusion limits, including LHC Higgs signal rates. For singlet masses between 80 −
180 GeV the mixing angle is constrained by LEP and LHC exclusion bounds. For singlet
masses greater than 180 GeV, we apply the constraint of quantum corrections to the W ±
boson mass [46]. We expect the validity of the high singlet mass constraint to breakdown in
supersymmetric models due to additional particle content contributing to loop corrections.
For the GNMSSM, we instead apply a bound of | sin α| ≤ 0.55 for parameter points with
a singlet mass greater than 180 GeV [47]. We cut out stop masses below mt̃2 ≤ 95.7 GeV,
in accordance with [48], but our analysis is not sensitive to this choice.
4.2

Scan procedure

We produce random parameter configurations by using flat distributions of the parameters,
unless stated otherwise (see appendices A and B). We then test if these points pass theoretical and/or phenomenological constraints. These tests are based upon desired features of
the one loop zero temperature potential and mass spectrum. All parameter points are subject to theoretically motivated cuts, such as (i) the broken vacuum is the absolute minimum
of the one loop zero temperature effective potential, (ii) positivity and non-degeneracy of
all physical squared masses, (iii) positivity of the quartic couplings, 4 and (iv) the imaginary
singlet direction does not require a VEV.
Procedure in the single field model scans. Starting from the one loop zero temperature potential, we scan over regular intervals of the vacuum energy difference, ∆V1 loop (0T) ,
whilst recording the corresponding free parameter of the model. Initially taking the minimum and maximum temperature to be 0 GeV to 200 GeV respectively, we use a simple
algorithm to iteratively change the minimum/maximum temperature. The temperatures
are updated according to whether the broken vacuum is higher or lower than the symmetric
vacuum at the temperature midway between the minimum/maximum temperatures in the
current iteration. The final VEV of φ and temperature are recorded as the critical values
for each parameter point.
4

In the xSM, this means λ0 , > 0 and b4 > 0, but a2 can have either sign.
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4.1

Procedure in the GNMSSM. This model is investigated through an almost entirely
numerical manner. The parameter scan sequentially performs checks at tree, one loop zero
temperature, and one loop finite temperature level.
1. Tree level parameter point scan:
(a) Randomly assign a numerical value to the tree level parameters, in accordance
with table 6 in appendix B.
(b) Find Ak1 and Aλ such that (i) no linear singlet term exists in the potential (we
find Ak1 = −k2 is always the case at tree level) and (ii) that the broken vacuum
is lower than the minimum value in the singlet direction.
(c) Check the mass spectrum of the Higgs sector. Pass any points that find (i) the
h0 state with mass between 0.5 × 125 GeV and 125 GeV, (ii) the H 0 , A0 , and H ±
states have masses exceeding 200 GeV, and (iii) both singlet-dominant states are
positive in mass.
2. One loop zero temperature parameter point scan:
(a) To reduce the number of parameters, we choose the off-diagonal terms of the stop
squared-mass matrix to be zero at the minimum. This means At = (µ+λvS ) cot β.
Furthermore, for the diagonal terms we take mQ3 = mū3 + ∆m3 , where ∆m3 =
100 GeV. The phase transition is not effected by these choices since it is not
induced by light stops.
(b) Given the range ∆m3 < mQ3 ≤ mSUSY , we perform a simple scan over mQ3 .
until the stop contribution to the one loop potential results in a numerical value
of mh0 = 125 GeV. All points find mh0 accurate to within ±0.02 GeV.
3. One loop finite temperature parameter point scan:
(a) Numerically scan over the temperature between 0 GeV and 200 GeV, finding the
broken and symmetric vacua at each temperature.
(b) Reiterate the above step multiple times, closing in on the temperature at which
the vacuum energy difference is zero. Record the critical temperature, Tc , and
critical field values, vc , (tan β)c , (vS )c , and (ṽS )c .
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Procedure in the xSM. Since the algebraic form of the one loop zero temperature vacuum energy difference is generally quite complicated, we adopt a semi-analytic approach
to study this model. Rather than scanning over regular intervals of the one loop vacuum
energy difference, we perform a random scan over the free parameters and rely on a numerical analysis to ensure the potential is theoretically well-behaved, i.e. bounded from below
with the broken vacuum as the absolute minimum. Our numerical work confirms that the
expressions for the vacuum energy difference in section 3.2 are correct.
For the Z2 case, we also randomly assign values to the free parameters in accordance
with the ranges in table 5 found in appendix A. For the unbroken Z2 case, λ0 is fixed by
mh , and rather than reparameterising, we scan over the remaining quartics, a2 and b4 , as
well as the singlet mass, ms .

4.3

Numerical results

Let us discuss the main qualitative features of the numerical results. These features are
best captured by figures 1, 2, 4, and 5. All of these figures show that an increase in the
vacuum energy difference at one loop zero temperature increases the strength of the phase
transition. However, the precise relation between the strength of the phase transition and
the vacuum energy difference requires a detailed investigation.
4.3.1

Single field models

vc → v and Tc → 0 ⇒ ξ → ∞.

(4.1)

Clearly one would expect metastability of the symmetric phase in the limit of large ξ, but
this is not the focus of the current discussion. One interesting observation from figure 1 is
that there exists a universal behaviour at low values of |∆V1 loop (0T) |. To understand the
reason for such behaviour we need an expression for the strength at low critical temperature
values.
In order to determine an analytic form for the strength of the phase transition we
must take care to use the correct analytic limit for the thermal potential. In the cases we
investigate, the high temperature expansion is always valid in the symmetric vacuum. In
terms of the dynamics of increasing temperature, the value of the potential in the symmetric
vacuum is shifted proportional to T 4 . However, in a neighbourhood of the broken vacuum,
we are in a low temperature regime. In the low temperature limit, the thermal contribution
to the potential is given by [39]
Vlow T (φ, T ) =

∞
X
i=f,b

gi T

4



mi (φ)
2πT

3/2



mi (φ)
exp −
T



15 T
1+
.
8 mi (φ)

(4.2)

In the cases we consider in figure 1, the top quark contribution dominates the expression
in eq. (4.2) and so we will neglect the contribution from the EW gauge bosons. Since the
vacuum energy difference is zero at the critical temperature, one may equate the required
thermal contribution to the vacuum energy difference with the zero temperature value.
Assuming vc ≈ v for parameter regions with a low critical temperature, we can derive an
equation for ξ as follows
"
√ !#

3/2


2
|∆V1 loop (0T) |
7π
y
ξ
y
15
2
t
t
≈ gt ξ −4
− √
exp − √ ξ
1+
.
(4.3)
4
4v
720
8 yt ξ
2 2π
2
Taking the limit that the strength ξ is very large, the exponential term suppresses all ξdependent terms inside the square bracket in eq. (4.3). Then the strength of the phase
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For the single field models investigated, we can understand that the strength of the phase
transition ξ increases as a result of two effects. The first is that the broken vacuum at
critical temperature remains close to its zero temperature field VEV. The second is that
the critical temperature decreases with the magnitude of the vacuum energy difference. So
in the limit |∆V1 loop (0T) | → 0,

transition is estimated to be
ξ≈

√


2v

7π 2
gt
720 |∆V1 loop (0T) |

1/4
.

(4.4)

These approximations are shown as dotted lines in figure 1 and reproduce the full result
reasonably well for large values of ξ. As ξ becomes larger than about 5, also the gauge
bosons will reach a low temperature regime in the broken phase and should be included.
Adding them in eq. (4.3) leads to a very accurate estimate labelled as “eq. (4.3)+gauge
bosons” in figure 1. So the observed universal behaviour is fixed by the number of relevant
degrees of freedom in the plasma. These are the particles which become massless in the
symmetric phase and Boltzmann suppressed in the broken phase. Finally, we can use
eq. (4.4) to derive a simple estimate for the critical temperature,

Tc ≈

720
|∆V1 loop (0T) |
7π 2 gt

1/4
.

(4.5)

In order to guarantee a strong phase transition for each of the single field modifications
to the SM, we find bounds on each of the free parameters (see table 1). For the SM with a
dimension-six operator, the mass suppression favouring a low scale cutoff has been studied
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Figure 1. Strength of the phase transition, ξ, against the magnitude of the vacuum energy
difference, |∆V1 loop (0T) |, for the single field models. The magenta curves display the prediction
for the strength ξ when the broken minimum is considered in a low temperature expansion. Also
shown is the ξ=1 line.

Model:

SM+φ6

SM+log

SM+CW scalar

Free parameter:

M

λ0

y

Bound:

< 854 GeV

> 0.142

> 2.47

Table 1. Bounds on the free parameters in the single field models that guarantee a strong phase
transition.

(b) With phenomenological constraints.

Figure 2. Strength of the phase transition, ξ, against the magnitude of the vacuum energy
difference, |∆V1 loop (0T) |, for the Z2 xSM (vS = 0) and Z2 xSM (vS 6= 0) singlet extensions. Also
shown is the ξ=1 line.

in ref. [19, 20]. These translate as upper bounds on the vacuum energy difference of

4
7
6


 8.83 × 10 GeV for the SM + φ ,
|∆V1 loop (0T) | < 1.06 × 108 GeV4 for the SM + log,
(4.6)


 9.95 × 107 GeV4 for the SM + CW scalar.
Each hints at the necessity for below TeV scale physics and additional scalar
states/extended Higgs sectors. It is interesting to note that a very mild modification
of the vacuum energy by about 25% is sufficient to induce a strong first order transition.
4.3.2

Non-supersymmetric singlet extension

Next we will remark on figure 2, which shows parameter points for the Z2 xSM, where
the Z2 symmetry is either spontaneously broken or unbroken at zero temperature. The
universal behaviour seen in figure 1 is also observed for a number of parameter points
in the unbroken case. However, there are some parameter points that do not follow this
universal curve and instead fall somewhere between this curve and another branch. This
other branch happens to be traced out by all points in the spontaneously broken case.
Unfortunately, this second branch fails to meet the hypothesis that the phase transition
becomes strong (let alone arbitrarily strong) as |∆V1 loop (0T) | is decreased.
This second branch exists because the second derivative of the broken vacuum changes
sign in one direction as the potential is thermally evolved to the critical temperature. This
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(a) Without phenomenological constraints.

(a) Fixed coupling, a2 = 1.0.

(b) Fixed singlet mass, ms = 80 GeV.

is to say that we lose control over the broken vacuum and it no longer remains close to its
zero temperature location in field space. Instead the broken vacuum slides quickly across
field space upon small changes in temperature. In such scenarios, we observe that the
broken vacuum always slides toward the symmetric phase as the temperature is increased.
This sliding of the broken vacuum is analogous to saying that the barrier between the
symmetric and broken vacua virtually disappears. The only barrier remaining is that
generated through the cubic terms of the EW gauge bosons. The phase transition is
therefore SM-like with the physical Higgs mass replaced by its value at φ = 0 and S = ṽS .
To avoid such scenarios, one must ensure that the Higgs squared mass matrix is always
positive in a neighbourhood of the broken vacuum. The size of this neighbourhood has to be
larger if the critical temperature is higher, because then the broken minimum moves more
in field space under thermal effects. Therefore, we revise our original statement in section 3:
The smaller the value of |∆V1 loop (0T) |, the lower the critical temperature. Further, the
strength of the phase transition ξ will become arbitrarily strong so long as the Higgs
squared mass matrix remains positive in the neighbourhood of the broken vacuum.
Let us stress again that in the current work we choose to use the one loop approximation
to the effective potential. In some models the tree level approximation will be sufficient to
indicate a first order phase transition, while in other models higher loop orders will have
non-negligible impact and need to be included.
Let us consider the case where the Z2 symmetry is unbroken at zero temperature.
Parameter points that undergo spontaneous Z2 breaking between zero temperature and
the critical temperature are those observed either between the two branches in figure 2 or
lie on the same branch as the parameter points in the Z2 broken at zero temperature case.
The points on the “universal” branch remain unbroken up to the critical temperature.
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Figure 3. Plot of the field-dependent singlet mass at S = 0 against the φ direction for various values
of ms and a2 in the Z2 xSM (unbroken). The Z2 symmetry spontaneously breaks at the value of φ
where the singlet mass squared changes sign. The value of ms controls the offset of the singlet mass
away from ms (φ) = 0. For a given value of a2 , a lighter singlet mass brings the Z2 breaking critical
field value closer to the zero temperature VEV, v. For a given value of ms , the higher the value of the
quartic coupling a2 , the closer the Z2 breaking critical field value is to the zero temperature VEV, v.
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For the case where the Z2 symmetry is unbroken at zero temperature, the fielddependent singlet mass at S = 0 is given by
a2
m2s (φ) = m2s + (φ2 − v 2 ),
(4.7)
2
where ms is the mass of the singlet at φ = v. Figure 3 shows how the critical Higgs field
value (where the Z2 symmetry breaks) depends on the zero temperature quantities ms and
a2 . To avoid the Z2 symmetry breaking due to thermal effects, we must ensure that the
mass-squared value of the singlet remains positive in the broken minimum up to the critical
temperature. One may thus always guarantee a strong phase transition using our hypothesis by choosing ms and a2 such that eq. (4.7) is positive. A sliding singlet occurs for a light
singlet mass and large a2 coupling. In these cases, the small singlet mass results from a
more or less severe tuning between bare and electroweak symmetry breaking induced terms.
It should be noted that phenomenological constraints only apply at zero temperature.
Therefore all parameter points in the Z2 unbroken case are viable candidates for a theory
beyond the SM, since there is no Higgs-singlet mixing at zero temperature. However,
a spontaneous breaking of the Z2 symmetry before the start of the electroweak phase
transition disfavours a strong phase transition. A more striking observation is that if the
Z2 is spontaneously broken at zero temperature, then no points achieve a strong phase
transition. This may be slightly modified by thermal effects, e.g. an enhancement of the
thermally-induced barrier when the Higgses are included. Let us also note that in the case
of spontaneous Z2 breaking, phenomenological constraints remove most of our parameter
sets. So spontaneous Z2 breaking before the critical temperature is phenomenologically
disfavoured and, if realised, does not lead to a strong phase transition. This observation is
consistent with the findings in ref. [21, 23, 24].
Let us now turn to the xSM with the Z2 explicitly broken at zero temperature. The
parameter points for this model can be found in figure 4. In comparison with the Z2 xSM
cases in figure 2, we observe identical behaviour including the universal behaviour at low
|∆V1 loop (0T) |. As for the physics, the main qualitative difference between the xSM and
Z2 xSM is that the Z2 is explicitly broken rather than possibly spontaneously broken. An
interesting contrast between the xSM and Z2 xSM (broken) case is that a lot of parameter
points in the xSM do follow our hypothesis. This suggests that for a strong phase transition
and a non-zero Higgs-singlet mixing at zero temperature, the potential must contain nonthermal cubic terms for our hypothesis to succeed. In support of this statement, we find that
all parameter points on the undesirable branch (traced by Z2 xSM (vS 6= 0) in figure 2) vanish if we demand a large cubic term, a1 > 250 GeV. We also observe that phenomenological
constraints remove the majority of parameter points. Those surviving strictly follow our hypothesis that a tuning of the vacuum energy difference leads to a strong phase transition.
After imposing phenomenological constraints, a strong phase transition is guaranteed if
|∆V1 loop (0T) | < 1.03×108 GeV4 , i.e. again a 25% tuning in the vacuum energy is sufficient.
These results are consistent with the findings of ref. [23]. The only exception is that we
have not found any parameter points with a strong phase transition in the one loop Z2 xSM
(vS 6= 0) model. This very feature was noted in [23] as being contradictory to other literature, such as [49]. We have identified that the Z2 xSM with and without the Z2 symmetry

(b) With phenomenological constraints.

Figure 4. Distribution of the strength of the phase transition, ξ, against the magnitude of the
vacuum energy difference, |∆V1 loop (0T) |, for the xSM with the Z2 explicitly broken at zero temperature. Also shown is the ξ=1 line.

(a) Without phenomenological constraints.

(b) With phenomenological constraints.

Figure 5. Distribution of the strength of the phase transition, ξ, against the magnitude of the vacuum energy difference, |∆V1 loop (0T) |, for the GNMSSM. The three benchmark models, chosen from
the GNMSSM data set and discussed in section 4.4, are marked above. Also shown is the ξ=1 line.

broken are completely different physical scenarios. This is because the unbroken case does
not mix the SM-like Higgs and singlet, whereas the broken case allows for arbitrary mixing.
In the unbroken case, a strong phase transition is much more natural to realise.
4.3.3

GNMSSM

Let us now turn to the GNMSSM. Comparing figures 4 and 5 there is little difference
between the GNMSSM and the non-supersymmetric singlet extended cases. However, we
notice that the GNMSSM parameter points are more dispersed between the two branches.
We suspect that this is because our scanning procedure happens to capture some of the
more finely-tuned parameter regions of the supersymmetric theory. This is apparent when
we look at the tree level expression for the singlet mass at S = 0,
m2s (φ) = m2s + λ(λ − k3 sin 2β)(φ2 − v 2 ),

– 21 –

(4.8)

JHEP06(2016)005

(a) Without phenomenological constraints.

which is the GNMSSM analog of eq. (4.7). Unlike in the xSM where we perform a scan over
potentially large values of the a2 coupling through eq. (3.11), we are forced in the GNMSSM
to keep the λ value small to avoid running into a Landau pole [44]. These couplings are
crucial since they control the second derivative of the singlet field-dependent mass at S = 0,
and hence the chance of finding a parameter point where the potential is destabilised in
the singlet direction. An example of such a situation is given as benchmark II discussed
below, with related figure 9, in section 4.4. Like in the general xSM, many parameter
points are excluded by phenomenological constraints. In particular, because of too large of
a Higgs-singlet mixing. For the remaining points, there is a clear relationship between the
vacuum energy difference and the strength of the phase transition ξ. Our estimates for the
strength of the phase transition, eq. (4.4), and critical temperature, eq. (4.5), still apply.
Interestingly, we observe a tendency for points with small mixing, | sin α| < 0.2, to lead
to a strong ξ-|∆V1 loop (0T) | correlation, as can be seen from figure 6. Similar findings are
reported in ref. [11] which covers the NMSSM in the limit of no mixing, i.e. | sin α| → 0.
For the data set with phenomenological constraints applied we can see an upper bound
of |∆V1 loop (0T) | < 6.98×107 GeV4 ensures we have a strong phase transition. However, this
bound removes a significant portion of our parameter space with a strong phase transition.
In order to capture more parameter points with a strong phase transition, we instead
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Figure 6. Distribution of the strength of the phase transition, ξ, against the magnitude of the
vacuum energy difference, |∆V1 loop (0T) |, for the GNMSSM with the mixing shown. Note in the
key: (all) denotes all of the parameter points and (con) denotes the parameter points that satisfy
phenomenology constraints.

impose the simultaneous constraints

ms > (87.1 GeV) ×

|∆V1 loop (0T) |



−1
4.65 × 107 GeV4
and |∆V1 loop (0T) | < 1.14 × 108 GeV4 .

(4.9)

This bound is indicated in figure 7, where it is clear that a significant number of points
with a strong phase transition are captured. It should be stressed that the recipe in
eq. (4.9) is only applicable to the GNMSSM with phenomenological constraints applied.
Without phenomenological constraints applied a significant number of points with a weak
phase transition (many small singlet masses with large Higgs-singlet mixing) appear in the
parameter space covered by eq. (4.9). For the raw data set, we suggest a modified bound of

ms > (116 GeV) ×

|∆V1 loop (0T) |

1/2

1.14 × 108 GeV4
and |∆V1 loop (0T) | < 1.14 × 108 GeV4 .

(4.10)

A similar bound may be found for the non-supersymmetric models. Note how benchmark
III comfortably sits within this territory whereas both benchmarks I and II would be
excluded by eq. (4.9).
In summary, we find that after applying phenomenological constraints a strong first
order phase transition in the GNMSSM requires (modest) tuning of the vacuum energy
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Figure 7. Plot of the singlet mass, ms , against the vacuum energy difference, |∆V1 loop (0T) |, for
the GNMSSM data set with phenomenological constraints applied. Parameter points highlighted in
red have a strong phase transition (ξ > 1), all other points do not (ξ < 1). The blue line indicates
the bound suggested in eq. (4.9).

(b) Potential at critical temperature.

Figure 8. The above plots show the shape of the one loop effective potential in (φ, S) field space at
(a) zero temperature and (b) critical temperature for benchmark I. The broken (symmetric) vacuum
is marked by a red cross (plus). At zero temperature, the broken and symmetric vacua are located
at (174.2, −110.1) and (0,−234.6), respectively. At the critical temperature, Tc = 142.5 GeV, the
broken and symmetric vacua are located at (101.5, −115.4) and (0,−234.6), respectively. All fields
are in units of GeV. The potential displayed is defined in eq. (4.11).

Benchmark

λ

λAλ

k3

vS

ṽS

mt̃2

∆V1 loop (0T)

Tc

ξ

I

0.577

641.1

-0.151

-110.1

-234.6

613.1

-1.15 × 108

142.5

1.01

844.1

-6.99 × 10

7

116.0

0.49

-6.79 × 10

6

47.1

5.20

II
III

0.569
0.626

130.4
265.2

0.280
-0.251

-161.5
-146.7

0.0
-348.3

907.7

Table 2. Some of the more important quantities for each benchmark scenarios. The full set of
parameter values are provided in appendix C. All masses are in units of GeV.

difference by around roughly 30%, i.e. from −1.3 × 108 GeV4 to −0.9 × 108 GeV4 . This
is not a significant amount of tuning. So a strong first order phase transition is easily
realisable in the context of this model.
4.4

GNMSSM benchmark models

Here we will look at three benchmarks in our GNMSSM data set that satisfy phenomenological constraints. We have chosen the benchmarks based on the strength of the phase
transition ξ and the value of the vacuum energy difference. All three are indicated in figures 5 and 7. More specifically, we choose benchmark I (benchmark III) to have a strong
phase transition but large (small) value of |∆V1 loop (0T) | and benchmark II to have a weak
phase transition but relatively tuned vacuum energy difference. For each benchmark we
give the main parameter values (see table 2) and the Higgs mass spectrum (see table 3).
The full set of defining parameters is given in appendix C.
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(a) Potential at zero temperature.

Benchmark

| sin α|

mh

mH

ms

mA

mAs

mH ±

I

0.119

125.0

853.7

107.2

779.1

945.0

839.1

II

0.013

125.0

888.0

33.0

887.1

833.3

883.5

III

0.172

125.0

2586.8

89.3

2586.5

1212.0

2585.0

Benchmark

δ(φ)

δ(S)

Behaviour

I

0.42

0.030

Minimally strong phase transition, minimal tuning of |∆V1 loop (0T) |

II

0.77

III

6.0 × 10

0.90
−5

1.1 × 10

Weak phase transition, irrespective of the tuning of |∆V1 loop (0T) |

−3

Very strong phase transition, significant tuning of |∆V1 loop (0T) |

Table 4. Fractional change of the φ and S fields using eq. (4.12) and the behaviour of each
benchmark.

For each benchmark, contour plots of the potential at zero temperature and critical
temperature are given in figures 8–10. The potential displayed in the contour plots is offset
and normalised according to
Ṽ (φ, S; T ) =

V1 loop (φ, S; T ) − V1 loop (0T) (v, vS )
.
V1 loop (0T) (0, 0) − V1 loop (0T) (v, vS )

(4.11)

Thus the potential in the broken vacuum at zero temperature corresponds to zero in the
displayed potential, Ṽ (v, vS ; 0) = 0, and the zero-field value of the one loop zero temperature potential corresponds to unity, Ṽ (0, 0; 0) = 1. The broken (symmetric) vacuum is
marked on each potential as a red cross (plus).
The key observation is to see how much the broken vacuum has moved away from its
zero temperature value at the critical temperature. Specifically, the singlet value in the
broken vacuum does not change by much in benchmarks with a strong phase transition,
whereas the singlet value of the broken vacuum changes significantly in benchmark II. To
quantify the change of any field value in the broken vacuum, we define the fractional change
to be
|Φbroken (T = 0) − Φbroken (T = Tc )|
δ(Φ) =
,
(4.12)
v
where Φ is to be recognised with one of our fields. A lower fraction corresponds to the field
at critical temperature remaining close to its zero temperature value, whereas a high fraction corresponds to the field at critical temperature being far from its zero temperature
value. In table 4 we display the values for each benchmark. This allows us to qualitatively link our hypothesis to each of the benchmarks. Namely, that the broken minimum
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Table 3. One loop zero temperature Higgs mass spectrum in the benchmark scenarios. All masses
are in units of GeV.

(b) Potential at critical temperature.

Figure 9. The above plots show the shape of the one loop effective potential in (φ, S) field space
at (a) zero temperature and (b) critical temperature for benchmark II. The broken (symmetric)
vacuum is marked by a red cross (plus). At zero temperature, the broken and symmetric vacua are
located at (174.2, −161.5) and (0,0), respectively. At the critical temperature, Tc = 116.0 GeV, the
broken and symmetric vacua are located at (40.0, −5.19) and (0,0), respectively. All fields are in
units of GeV. The potential displayed is defined in eq. (4.11).

should remain in a neighbourhood of its zero temperature value if we want a strong phase
transition.
All of our benchmarks have small Higgs-singlet mixing in accordance with experimental
constraints. The singlet state is always lighter than the SM-like Higgs and for benchmark
II it is significantly lighter. For all benchmarks the Higgs-singlet coupling λ is close to the
upper bound that prevents running into a Landau pole [44]. All other Higgs states are
heavy and decouple from the phase transition.
Benchmark I has a very moderate tuning of |∆V1 loop (0T) | and does not suffer from
a sliding singlet instability, so we arrive at a phase transition with ξ = 1.01. This is just
strong enough to avoid baryon number washout. In figure 8, we see that the symmetric and
broken minima are well separated by a barrier which does not disappear as we approach the
critical temperature, Tc = 142.5 GeV. Since the critical temperature is relatively high, the
critical Higgs field vc is noticeably different from its zero temperature value v. However,
we notice that the singlet hardly moves during the phase transition.
In benchmark III we significantly tune the vacuum energy difference to a small value,
whilst keeping the singlet relatively heavy. This results in a very strong first order phase
transition with ξ = 5.20 and a much reduced critical temperature of Tc = 47.1 GeV. In
figure 10 we see a greatly enhanced barrier compared to figure 8. Both fields hardly move
in this case. We expect the symmetric vacuum to be metastable in this case so the phase
transition may not actually take place. This could be checked by computing the energy
of the critical bubble which, however, goes beyond the scope of this paper. Starting from
this benchmark and reducing the tuning of the vacuum energy difference, we would expect
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(a) Potential at zero temperature.

(b) Potential at critical temperature.

Figure 10. The above plots show the shape of the one loop effective potential in (φ, S) field space
at (a) zero temperature and (b) critical temperature for benchmark III. The broken (symmetric)
vacuum is marked by a red cross (plus). At zero temperature, the broken and symmetric vacua are
located at (174.2, −146.7) and (0,−348.3), respectively. At the critical temperature, Tc = 47.1 GeV,
the broken and symmetric vacua are located at (173.2, −146.9) and (0,−348.3), respectively. All
fields are in units of GeV. The potential displayed is defined in eq. (4.11).

to retain a strong phase transition but enter a regime where the phase transition actually
takes place.
Benchmark II is very much different to the already discussed benchmarks, as is apparent in figure 9, which contains a valley connecting the symmetric and broken minima.
In this case the singlet is rather light. As discussed in the non-supersymmetric case, as
the temperature is increased the Higgs mass squared matrix develops a negative eigenvalue
and the field slides toward the symmetric minimum. This is indicated by a big change in
the singlet field (see table 4). As a result the critical temperature, Tc = 116.0 GeV, is not
as low as the vacuum energy difference suggests.
Overall, these benchmarks indicate that a strong first order phase transition can be
enforced by having a not too light singlet state with small mixing to the Higgs and a
moderately tuned vacuum energy difference.

5

Conclusion

In this work, we have investigated in detail the one loop vacuum energy difference at zero
temperature, ∆V1 loop (0T) , and its implications on the strength of the electroweak phase
√
transition, ξ = 2vc /Tc . The study was conducted using three single field modifications
to the SM, one non-supersymmetric singlet extension to the SM, and a supersymmetric
singlet extension (the GNMSSM).
For the single field models investigated, we find that a decrease in |∆V1 loop (0T) | also decreases the critical temperature. In turn the critical field value remains close to its zero temperature value. This leads to a strong ξ-∆V1 loop (0T) correlation with universal behaviour
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(a) Potential at zero temperature.

observed at very low |∆V1 loop (0T) |, as can be seen in figure 1. This universal behaviour is
found in section 4.3.1 to be fixed by the number of relevant degrees of freedom in the plasma.
Parameter points with a strong phase transition are guaranteed with only a moderate tuning of the vacuum energy difference, see eq. (4.6), relative to the SM value in eq. (3.4).

For singlet extended models, we find a similar ξ-∆V1 loop (0T) correlation so long as the
fields in the broken vacuum do not slide under thermal effects. This sliding behaviour is
most obvious in section 4.3.2 when we look at the non-supersymmetric model with a Z2
symmetry imposed on the singlet, called the Z2 xSM. We find that a spontaneous breaking
of the Z2 before the critical temperature disfavours a strong phase transition. Such parameter points fall onto an undesirable region in ξ-∆V1 loop (0T) space. With the exception of the
Z2 xSM unbroken at zero temperature, parameter points on this undesirable region almost
disappear completely after imposing phenomenological constraints. This can be seen in figures 1, 2, 4, and 5. The reason so many points are removed is because the phenomenological
constraints disallow light singlet states with large Higgs-singlet mixing, see figure 6. In other
words, phenomenological constraints work in favour of a strong ξ-∆V1 loop (0T) correlation.
For the non-supersymmetric singlet extended model with the Z2 explicitly broken at
zero temperature, phenomenological constraints remove the majority of parameter points in
our data set. Nonetheless, the surviving points follow the usual ξ-∆V1 loop (0T) correlation
and a strong phase transition is guaranteed if |∆V1 loop (0T) | < 1.03 × 108 GeV4 .
For the GNMSSM, similar observations to those in the non-supersymmetric singlet
extension are made. Three benchmark scenarios are analysed in detail in section 4.4.
Once phenomenological constraints are applied, a strong phase transition is guaranteed if
|∆V1 loop (0T) | < 6.98 × 107 GeV4 . However, this is at the cost of excluding a significant
portion of the parameter space with a strong phase transition. Instead a far more useful
bound is provided in eq. (4.9). From figure 7 we can see that this bound captures far more
of the parameter space with a strong phase transition.
We stress that this work does not address the surface tension, tunnelling rate, or the
latent heat of the phase transition as measures of the strength of the phase transition.
These quantities will indeed depend on the actual height of the barrier, so that we do not
expect a universal behaviour correlated to the vacuum energy.
We hope that our results make phenomenological studies with parameters exhibiting
a strong phase transition far easier to address. This can be useful for model builders that
want a strong phase transition, without the need for any finite temperature calculations.
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To comment on the reliability of the perturbative techniques used for our analysis,
we note that a recent lattice study on the dimension-six extended SM model is found to
be consist with the results from the perturbative approach [50]. They also remark on the
observation that it is the Higgs potential itself that determines the nature of the phase
transition and not so much the gauge or fermionic degrees of freedom entering through
radiative corrections. This supports the idea that higher order loop effects are not crucial
in deciding the nature of the phase transition - at least for parameter points that have a
strong correlation between ξ and ∆V1 loop (0T) .
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A

Parameter space scan (xSM)

Parameter:

Mass dimension, n:

Minimum:

Maximum:

Determined:

λ0

0

m2φ1 /4v 2

m2φ2 /4v 2

Random assignment

vS

0

−M

0

Random assignment

|a1 |

1

0

M

Random assignment

|b3 |

1

0

M

Random assignment

ms

1

0

M

Random assignment

|a2 |

0

0

10

Reparameterisation

b4

0

0

10

Reparameterisation

µ

1

−

−

Minimum condition

b2

2

−

−

Minimum condition

mh

1

125

125

Fixed

Table 5. Table of real values randomly assigned to each (Z2 )xSM parameter throughout the
numerical scan. The dimension column is given in units of mass dimension, i.e. [M ]n . The final
column labels how the numerical value is determined.

B

Parameter space scan (GNMSSM)

Throughout the numerical scan, the GNMSSM parameters are assigned with a natural
description for the GNMSSM at low energy scale. This implies that the GNMSSM may be
easily described through a top-down approach with a low enough supersymmetry breaking
scale, usually . O(1 TeV), so as to not demand a huge fine-tuning of the parameters. All
parameters are randomly chosen through linear distributions, except for |λ| and |k3 | which
are determined through log distributions.
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Throughout the numerical scan, the (Z2 )xSM parameters are assigned random values following the below table. These parameters are chosen through linear distributions.

Mass dimension, n:

Minimum:

Maximum:

Determined:

tan β

0

1

10

Random assignment

|λ|

0

1.0 × 10−3

0.7

Random assignment

vS

1

−250

0

Random assignment

|µ|

1

0

mSUSY

Random assignment

|k1 |

2

0

m2SUSY

Random assignment

|k2 |

1

0

mSUSY

Random assignment

|k3 |

0

1.0 × 10−3

0.7

Random assignment

|bµ|

1

0

m2SUSY

Random assignment

|k2 Ak2 |

1

0

m2SUSY

Random assignment

|k3 Ak3 |

1

0

mSUSY

Random assignment

|λAλ |

1

0

mSUSY

mQ3

1

∆m3

mSUSY

Fixed for mh

mū3

1

−

−

Fixed

∆m3

1

100

100

Fixed

At

1

−

−

Fixed

mh0

1

125

125

Fixed

mHu

1

−

−

Minimum condition

mH d

1

−

−

Minimum condition

mS

1

−

−

Minimum condition

|Ak1 |

1

0

mSUSY

No linear term in S

Random assignment

∗

Table 6. Table of real values randomly assigned to each GNMSSM parameter throughout the
numerical scan. The dimension column is given in units of mass dimension, i.e. [M ]n . The final
column labels how the numerical value is determined.
∗
Note that the Aλ parameter is randomly assigned subject to the broken vacuum being the absolute
minimum of the potential.

C

GNMSSM benchmarks: parameter points

The assigned parameter values for each of the benchmark scenarios is provided in the table
below.
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Parameter:

Benchmark I:

Benchmark II:

Benchmark III:

tan β

1.350

2.355

5.133

λ

0.5770

0.5690

0.6266

vS [GeV]

−110.1

−161.5

−146.7

µ [GeV]

463.7

275.5

278.6

k1 [GeV]2

−6.820 × 105

−7.547 × 105

8.624 × 105

k2 [GeV]

−303.7

367.8

529.2

k3

−0.1513

0.2804

−0.2508

bµ [GeV]2

7.843 × 105

7.621 × 105

8.057 × 105

k2 Ak2 [GeV]2

−6.072 × 105

3.440 × 104

−2.065 × 105

k3 Ak3 [GeV]

−124.5

−233.8

456.6

λAλ [GeV]

641.1

130.4

265.2

mQ3 [GeV]

688.8

926.7

991.7

Table 7. Table of values assigned to each of the considered GNMSSM benchmark scenarios.
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[20] D. Bödeker, L. Fromme, S.J. Huber and M. Seniuch, The baryon asymmetry in the standard
model with a low cut-off, JHEP 02 (2005) 026 [hep-ph/0412366] [INSPIRE].
[21] S. Profumo, M.J. Ramsey-Musolf and G. Shaughnessy, Singlet Higgs phenomenology and the
electroweak phase transition, JHEP 08 (2007) 010 [arXiv:0705.2425] [INSPIRE].
[22] J.R. Espinosa and M. Quirós, Novel effects in electroweak breaking from a hidden sector,
Phys. Rev. D 76 (2007) 076004 [hep-ph/0701145] [INSPIRE].
[23] J.R. Espinosa, T. Konstandin and F. Riva, Strong electroweak phase transitions in the
standard model with a singlet, Nucl. Phys. B 854 (2012) 592 [arXiv:1107.5441] [INSPIRE].
[24] V. Barger, D.J.H. Chung, A.J. Long and L.-T. Wang, Strongly first order phase transitions
near an enhanced discrete symmetry point, Phys. Lett. B 710 (2012) 1 [arXiv:1112.5460]
[INSPIRE].

– 32 –

JHEP06(2016)005

[11] W. Huang, Z. Kang, J. Shu, P. Wu and J.M. Yang, New insights in the electroweak phase
transition in the NMSSM, Phys. Rev. D 91 (2015) 025006 [arXiv:1405.1152] [INSPIRE].

[25] F. Sannino and J. Virkajärvi, First order electroweak phase transition from (non)conformal
extensions of the standard model, Phys. Rev. D 92 (2015) 045015 [arXiv:1505.05872]
[INSPIRE].
[26] P.H. Damgaard, A. Haarr, D. O’Connell and A. Tranberg, Effective field theory and
electroweak baryogenesis in the singlet-extended standard model, JHEP 02 (2016) 107
[arXiv:1512.01963] [INSPIRE].
[27] D.J.H. Chung, A.J. Long and L.-T. Wang, 125 GeV Higgs boson and electroweak phase
transition model classes, Phys. Rev. D 87 (2013) 023509 [arXiv:1209.1819] [INSPIRE].

[29] S. Abel and A. Mariotti, Novel Higgs potentials from gauge mediation of exact scale breaking,
Phys. Rev. D 89 (2014) 125018 [arXiv:1312.5335] [INSPIRE].
[30] G.C. Dorsch, S.J. Huber and J.M. No, Cosmological signatures of a UV-conformal standard
model, Phys. Rev. Lett. 113 (2014) 121801 [arXiv:1403.5583] [INSPIRE].
[31] M. Carena, G. Nardini, M. Quirós and C.E.M. Wagner, MSSM electroweak baryogenesis and
LHC data, JHEP 02 (2013) 001 [arXiv:1207.6330] [INSPIRE].
[32] U. Ellwanger, C. Hugonie and A.M. Teixeira, The next-to-minimal supersymmetric standard
model, Phys. Rept. 496 (2010) 1 [arXiv:0910.1785] [INSPIRE].
[33] G.G. Ross, K. Schmidt-Hoberg and F. Staub, The generalised NMSSM at one loop: fine
tuning and phenomenology, JHEP 08 (2012) 074 [arXiv:1205.1509] [INSPIRE].
[34] S.J. Huber, T. Konstandin, T. Prokopec and M.G. Schmidt, Baryogenesis in the MSSM,
NMSSM and NMSSM, Nucl. Phys. A 785 (2007) 206 [hep-ph/0608017] [INSPIRE].
[35] H.M. Lee et al., Discrete R symmetries for the MSSM and its singlet extensions, Nucl. Phys.
B 850 (2011) 1 [arXiv:1102.3595] [INSPIRE].
[36] S.A. Abel, S. Sarkar and P.L. White, On the cosmological domain wall problem for the
minimally extended supersymmetric standard model, Nucl. Phys. B 454 (1995) 663
[hep-ph/9506359] [INSPIRE].
[37] S.J. Huber, T. Konstandin, G. Nardini and I. Rues, Detectable gravitational waves from very
strong phase transitions in the general NMSSM, JCAP 03 (2016) 036 [arXiv:1512.06357]
[INSPIRE].
[38] I. Jack, D.R.T. Jones, S.P. Martin, M.T. Vaughn and Y. Yamada, Decoupling of the epsilon
scalar mass in softly broken supersymmetry, Phys. Rev. D 50 (1994) 5481 [hep-ph/9407291]
[INSPIRE].
[39] L. Dolan and R. Jackiw, Symmetry behavior at finite temperature, Phys. Rev. D 9 (1974)
3320 [INSPIRE].
[40] P.B. Arnold and O. Espinosa, The effective potential and first order phase transitions:
beyond leading-order, Phys. Rev. D 47 (1993) 3546 [Erratum ibid. D 50 (1994) 6662]
[hep-ph/9212235] [INSPIRE].
[41] G.W. Anderson and L.J. Hall, The electroweak phase transition and baryogenesis, Phys. Rev.
D 45 (1992) 2685 [INSPIRE].
[42] V.A. Kuzmin, V.A. Rubakov and M.E. Shaposhnikov, On the anomalous electroweak baryon
number nonconservation in the early universe, Phys. Lett. B 155 (1985) 36 [INSPIRE].

– 33 –

JHEP06(2016)005

[28] X.-m. Zhang, Operators analysis for Higgs potential and cosmological bound on Higgs mass,
Phys. Rev. D 47 (1993) 3065 [hep-ph/9301277] [INSPIRE].

[43] G.D. Moore, Measuring the broken phase sphaleron rate nonperturbatively, Phys. Rev. D 59
(1999) 014503 [hep-ph/9805264] [INSPIRE].
[44] U. Ellwanger, M. Rausch de Traubenberg and C.A. Savoy, Phenomenology of supersymmetric
models with a singlet, Nucl. Phys. B 492 (1997) 21 [hep-ph/9611251] [INSPIRE].
[45] T. Robens and T. Stefaniak, Status of the Higgs singlet extension of the standard model after
LHC run 1, Eur. Phys. J. C 75 (2015) 104 [arXiv:1501.02234] [INSPIRE].
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