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Abstract
Precise control over qubits encoded as internal states of ultracold atoms in arrays of potential wells is a
key element for atomtronics applications in quantum information, quantum simulation and atomic
microscopy.Herewe theoretically study atoms trapped in an array of radio-frequency dressed
potential wells and propose a scheme for engineering fast and high-fidelity single-qubit gates with low
error due to cross-talk. In this proposal, atom trapping and qubitmanipulation relies exclusively on
long-wave radiationmaking it suitable for atom-chip technology.We demonstrate that selective qubit
addressingwith resonantmicrowaves can be programmed by controlling static and radio-frequency
currents inmicrofabricated conductors. These results should enable studies of neutral-atomquantum
computing architectures, powered by low-frequency electromagnetic fields with the benefit of simple
schemes for controlling individual qubits in large ensembles.

1. Introduction

Coherent control of themotion and internal degrees of freedomof ensembles of cold atoms is a requirement
shared bymany diverse applications of atomtronics. Such capabilities are developing in recent years along the
lines of two complimentary approaches. Firstly, optical potentials have been employed for atomic confinement
and transport, defining potential landscapes with features of a scale set by the radiationwavelength [1]. Secondly,
near-field radiation frommicroscopic structures also creates detailed potential landscapes evenwhen the
wavelength (radio-frequency (RF) andmicrowaves (MW)) exceeds the dimensions of the structure [2]. In all
cases, it is generically desirable to develop the capacity to control subsets of the atomic ensemble without
disturbing nearby regions. This problemhas been studiedwith atoms in optical lattices (OLs) [3], where the
quality of addressing can be quantified in terms of gate errors [4]. In contrast, in this workwe theoretically
investigate an addressing scheme for atoms trapped in a RF lattice produced by currents inmicrofabricated
conductors [5] and quantify the quality of the schemewith criteria previously used in the context ofOLs.

A building block towards the experimental demonstration of a quantumprocessor is the realisation of high
fidelity single-qubit state preparation, gates and read out. Currently, several platforms are in the race to
demonstrate this capability with error levels sufficiently low to support error correction schemes for universal
quantum computing.With this aim inmind,MWmanipulation of single isolated atomic qubits has been
demonstrated as a reliablemethod for qubitmanipulation, thanks in part, to the high degree of control overMW
sources and other technical advantages. A step further in developing scalable quantumprocessors is the control
of individual qubits in extended arrays. Following the theoretical proposal byDas Sarma [6], cold atomic
ensembles loaded inOLs have seen a rapid development towards this goal. In short, individual control of qubits
in anOL follows from focusing light beams onto selected sites. TheACStark shift induced by an appropriately
tuned focused beam is used to tune the qubit frequency to an appliedMWfield [4, 6–10]. So far, such a scheme
has demonstrated gatefidelity of 0.9983 14( )~ and cross-talk errors at the level of 0.002 9( ) [4]. However, this
method suffers from three intrinsic drawbacks: high sensitivity tomisalignment of the addressing beamand the
lattice site, cross-talk errors arising frombeamoverlap to nearest neighbour sites, and loss offidelity due to
spontaneous emission: all of these producing errors at the level of 10−4 [6]. In addition, the scaling up of this
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procedure to simultaneous independent control of a large number of sites presents a difficult engineering
challenge.

Atom-chips are another favourable platform for controlling large ensembles of ultracold alkali atoms [2]. 1D
and 2Dperiodic arrays ofmagneticmicrotraps have been demonstrated experimentally, using thin layers of
permanentmagneticmaterials tomodulate themagnetic field in the vicinity of the chip andwith atom–surface
distances 10 m m [11, 12]. Although in [12] single-site addressability has been achievedwith a focused laser
pulse, this routewill share the difficultiesmentioned for the case ofOLs.

Adiabatic RF dressed potentials are an alternative platform for creating complex potential landscapes for
ultracold alkali atoms and provide amechanism for the accuratemanipulation of atomic internal states [13].
Atom-chip configurations create fine tailored atomic potential landscapes by using staticmagnetic fields and
low-frequency electromagnetic radiation, produced by permanentmagnets and/or current carrying
microfabricated conductors in close proximity to the atoms [14]. The excellent capabilities of these systems for
coherentmanipulation of quantum states stems from low sensitivity to noise and fabrication imperfections [15]
aswell as the achievable high degree of control over RF andDC current generators [16].

In this paperwe theoretically study addressed control of atomic qubits in RF dressed lattices as proposed in
[5]. After describing howMWradiation couples RF dressed states, we focus on qubits encoded by two dressed
hyperfine states that experience similar dressed potentials. The qubit frequency, defined as the energy difference
between the qubit states, can be locally controlled by currents in neighbouring conductors. In this way, rotations
of the qubit at desired locations can be induced by resonantMWpulses.Here we also quantify the quality of this
addressing scheme by randomised benchmarking [4, 17], and evaluate average gatefidelity and cross-talk errors
due to implementation imperfections and near-surfacemagnetic noise.

2. 87Rb interactingwith static, RF andmicrowavemagneticfields

As a concrete examplewe present the case of ground state 87Rb interacting with static, RF andMWmagnetic
fields. The corresponding ground state structure is shown infigure 1. 87Rb has a nuclear angularmomentum
I 3 2= , which defines hyperfinemanifolds with total angularmomentum F I 1 2 2= + = and
F I 1 2 1= - = , separated by a hyperfine splitting of E 2 6.8 GHzhfs  pD = ´ . To describe the interaction
withmagnetic fields, it is convenient to group the atomic states in pairs of equal projection of total angular
momentum, m m 1 2;F I= + that is states I J m I J m, , , 1 2 , , , 1, 1 2I I{∣ ∣ }ñ + - ñ , where I m, I∣ ñdenotes the
nuclear angularmomentum and J , 1 2∣  ñare states of electronic angularmomentum.

The interactionwithmagnetic fields is parametrised by gyromagnetic factors. For the two hyperfine
manifolds of 87Rb, these factors correspond to linear Zeeman shifts of g 2 702.37B m p= ´ kHzG−1 and

g 2 699.58B m p= - ´ kHzG−1 [18]. Under conditions of aweak staticmagnetic field, the resonant

coupling of states belonging to the same hyperfinemanifold, i.e. F 0D = , occurs at frequencies in the range of
RF frequencies. In contrast, frequencies as high asMWare required for resonantly coupling Zeeman states of
different total angularmomentum, i.e. with F 1D =  .

Figure 1.Ground state energy level structure of 87Rb in different frames of reference. (a)Atomic frame of reference in absence of any
field (free atom). (b)Atomic frame of referencewith static andmicrowavemagnetic field. The grey arrow indicates how aπ polarised
MW field couples two states with equalmF but different total angularmomentum, F 0D ¹ . (c)Atomic states in the dressed frame of
reference (see text). Here, the originalπ polarisedmicrowave field generates couplings among all dressed states (multiple grey arrows),
as well as couplings at frequencies mMW RFw w+ (red and blue arrows)with integerm.
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Having set the energy scales of interest, we consider the interaction of 87Rbwith a the time-dependent
magnetic field of the form:

B z B Bt B t tcos cos , 2.1DC RF RF RF MW MW MW( ) ˆ ( ) ( ) ( )w f w f= + + + +

where the direction of the z axis is defined by the staticfield, and the subscripts indicate the frequency of the
different contributions: static (DC), RF andMW.The level population dynamics is determined by the
Hamiltonian:

I J B I JH A t g g , 2.2B I J· ( ) · ( ) ( )m= + +

where I (gI) and J (gJ) are the nuclear and electronic angularmomentumoperators (gyromagnetic factors),
respectively. Taking the limit of weak staticmagnetic fields, the hyperfine gyromagnetic factors g ,  are expressed
in terms of gI and gJ [19]. Thefirst term in (2.2) corresponds to the dipolar interaction between nuclear and
electronicmagneticmoments, and it is responsible for the hyperfine splitting EhfsD A2 =  =
2 6.8 GHzp ´ in 87Rb.

Initially we consider the interactionwith static andRF fields and define the transformation from the basis
I J m m, , ,I J{∣ }ñ to the basis of RF dressed states, E m

,
F{∣ ¯ }ñ  . For this we proceed as follows. First, we determine the

eigenstates of the atom interacting with the staticmagnetic field. For ground state alkali atoms this problem can
be solved exactly, with eigenenergies given by the Breit–Rabi formula [19]:
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The direct product ofmatrices (2.4) defines the transformationUZeeman between the basis of nuclear and
electronic spins and the basis of Zeeman states, according to E U I J m m, , ,m

I JZeeman
F{∣ } {∣ }ñ = ñ .

Note that for weak staticfields such that the energy difference between states of the same hyperfinemanifold
is small in comparisonwith the hyperfine splitting, i.e.:

E E A m m i2 , , and , , 2.6i
m

i
m

F F
F F { } ( )- " ¢ Î + -

¢


the Zeeman states, E mF∣ ñ , form twomanifolds energetically well separated and in one-to-one correspondence to
the hyperfinemanifolds of the free atom F I 1 2= + and F I 1 2= - . Therefore, under condition (2.6), the
symbols ,+ - in (2.3) can be identifiedwith the projection of the electronic spin, andwe use the symbols ,  for
the rest of the paper.

In the basis of Zeeman states defined by 2.4, theHamiltonian, including only the interactionwith the RF
field, acquires the form:

H E E E t V t Vexp i exp i , 2.7
i m

i
m

i
m

i
m

,
RF RF RF RF

F

F F F∣ ∣ ( ) ˆ ( ) ˆ ( )†åå w w= ñá + + -
Î 

where B I JV U g g Ue I JRF Zeeman
i

RF ZeemanRFˆ · ( )†= +f .
To simplify the problem,we describe the atom–field interaction from the point of view of a frame of

reference rotating around the z axis with frequency RFw . This is done by applying the unitary transformation:

U t g g F g g Fexp i 2.8z z
R RF( (( ∣ ∣ ∣ ∣ )) ( )w= - +     

with F z
,  projection operators onto the two hyperfinemanifolds:

F m E E , 2.9z

m I

I

F
m m

1 2

1 2

F

F F∣ ∣ ( )
( )
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=- +

+

 

F m E E . 2.10z
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-

 

The transformation of the interacting operators, V Vexp i exp iRF RF RF RF( ) ˆ ( ) ˆ †
w w+ - , is described in

appendix A, (A.3). In short, in the rotating frame the interaction becomes the sumof one time-independent
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component plus terms that oscillate at integermultiples of the frequency RFw [20]. To obtain thefinal
transformation to the basis of dressed states, we perform the rotatingwave approximation (RWA), which
neglects time-dependent terms in the rotating frame [20]. Thus, theHamiltonian becomes:

H E
g

g
m E E V V , 2.11

i m
i
m i

i

F i
m

i
m

RWA
,

RF RWA RWA

F

F F F

∣ ∣
∣ ∣ ˆ ˆ ( )†⎛

⎝⎜
⎞
⎠⎟åå w= - ñá + +

Î 

whereVRWA
ˆ is the static component of the operator t Vexp i RF( ) ˆw observed from the rotating frame. The dressed

basis is defined as the eigenstates ofHamiltonian (2.11). Again, for off-resonant andweak inter-manifold
coupling (that is for B Bg g A, 2B J BRF , DC∣ ∣ ∣ ∣m m    ), the dressed states form twomanifolds well separated in
energy, which correspond to the two possible projections of electronic spin. The basis transformation,URWA,
betweenZeeman states, E m

,
F{∣ }ñ  , and dressed states, E m

,
F{∣ ¯ }ñ  , is obtained as a solution of:

H E E E . 2.12i
m

i
m

i
m

RWA
F F F∣ ¯ ¯ ∣ ¯ ( )ñ = ñ

For the present application, the dressed potential landscape corresponds to the energies Ei
mF¯ and it is

obtained numerically by solving (2.12) at spatial locationswith different field configurations. Following this
procedure, our calculations include effects due to nonlinear Zeeman shifts and far off-resonant couplings
between different hyperfinemanifolds [21–23].

A slowlymoving atomwill adiabatically follow the dressed energy landscape defined by (2.12) if the
following conditions is satisfied:

B rmin , 2.13x y z B, , RF RF∣ ( )∣ ( ) w m w 

where x y z, ,w represents the curvature of the dressed potential and the central termdefines theminimal Larmor
frequency in the rotating frame. The inequality on the left ensures adiabatic following of the energy surface
defined by the dressed states, while the inequality on the right is required to apply the RWA, i.e. neglecting
oscillating terms in the rotating frame [20].

2.1.Dressed energies inweak staticfields
The standard definition of dressed states is established in the limit of linear Zeeman shifts [13, 20], where the
Zeeman states arewell approximated by eigenstates of the projection of total angularmomentum Fz. Using this
basis and the identity:

B I J B F B Fg g g g 2.14B I J B BRF RF RF· ( ) · · ( )m m m+ = +   

with F ,  the vector operator of total angularmomentum, allowsus towrite theHamiltonian as a linear combination
of the componentsof the total angularmomentum, F F F, ,x y z for eachhyperfinemanifold.A straightforward
calculation shows that the static componentof theHamiltonianobserved froma rotating frame is:

V
g

B F
g

B F
2 2

2.15
B

x x
B

x xRWA RF, , RF, ,ˆ ( )
m m
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and the dressed states can be formed from the simple rotation:

U F i Fexp i 2.16y yRWA , ,( ) ( )q q= +   

with g B g Btan 1 2i B i x B iRF, DC RF/( ) ( )q m m w= - for i ,=  .
Because of the linear approximation in the Zeeman shift, this last transformation can be performed

analytically and defines the dressed energies in terms of an effectivemagnetic field:
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with i ,=  .

2.2.MWcoupling of RF dressed states
To evaluate howMWmagnetic fields couple RF dressed states, we start upwith the full Hamiltonian in the
Zeeman basis:

H E E E t V t V

t V t V

exp exp

exp exp . 2.17
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In a frame of reference rotating at frequency RFw around the staticfield, theMW interaction becomes:

V U V U V t t Vexp , 2.18
I

I

MW R MW R MW,R
2 1 2

2 1 2

RF MWℓˆ ˆ ˆ ( ) ˆ ( )
ℓ

ℓ
†

( )

( )

å w w = = - +
=- +

+

where the elements ofVMW,R
ˆ can be calculated through (A.3).

Finally, by applyingURWA calculated as a solution of (2.12), we obtain theMW interaction
V U V UMW,Dressed RWA MW,R RWA
ˆ ˆ†= in the basis of the dressed states. This transformation does notmodify the
temporal dependence of equation (2.18), but establishes couplings between all the dressed states, as shown in
figure 1(c). In the atomic frame of reference (panel 1(b)), aMWfieldπ polarisedwith respect to the static field
can only couple states satisfying m 0FD = . Since the dressed states are linear combinations of Zeeman states, the
sameMWfield addresses all dressed states with additional components with frequencies of the form

MW RFℓw w+ , with I I2 1 2 , 2 1 2ℓ [ ( ) ( )]Î - + + .

3.Qubits encoded in aRF lattice

Herewe consider an array of potential wells resulting fromperiodicmodulation of the static andRFmagnetic
fields in equations (2.1) and (2.2). As shown in [5], such amodulation can be realisedwith a double layer atom-
chip, inwhich arrays of conductors carryingDC/RF currents are fabricated on each face of the chip (see
figure 2(a)). An additional uniformRFfield removes regionswith large non-adiabatic atomic losses and provides
additional control over the geometry of the potential landscape [5]. Herewe assume that control over the current
of individual conductors of the chip is possible.

For concreteness, we consider the following setup: a double-layer atom-chipwith each side containing 49
conductors of width 0.5 mm and height h 200= nm, andwhereDC andRF conductors are separated by gaps
of 3.5 mm and 1.5 mm , respectively (adding up to a centre-to-centre distance of S 4.0 mDC m= and
S 2.0 mRF m= infigure 2). Each conductor carries a current density of j 3.71 10DC,RF

10» ´ Am−2, producing

amagnetic field of amplitude B B 46.7 GDC
0

RF
0= = at its surface. The RFfield is chosen to have angular

frequency 2 10.98RFw p= ´ MHz,which is resonant at a distance of z 2 m0 m= from the surface of the central
conductor on theDC side of the chip, fromwhich all vertical distances are referred to. Finally, the set-up has a
uniform external RFfieldwith components B 17.51, 12.32, 0 GRF

E ( )= , which oscillates in phase with the RF
currents.We numerically calculate themagnetic field distribution of this array, neglecting the thickness of both
chip-substrate and conductors, but not thewidth of the conductor. For this calculation, we follow the procedure
detailed in [5]. Note that this approximation is valid sincewe are interested in thefield at distances one order of
magnitude larger than the neglected parameters [24].

This design of currents and field produces a regular square array of potential wells (referred to as the RF
lattice)with a period of 4 mm , trapping frequencies of , , 38.2, 39.0, 78.9 kHzx y z

1

2
( ) ( )w w w =

p
andminimal

Larmor frequency of Bmin 2 2.0B RF m p= ´ MHz. Tunnelling between neighbouringwells is strongly

Figure 2. (a)Atom-chip layout and iso-energy surfaces corresponding to 1 μK. All conductors carry the same current amplitude
producing a regular array of trappingwells for 87Rb. (b)Dressed energies for 87Rb along the line x z z0, 0= = (cyan dashed line in
panel (a)). The horizontal axis represents position and the vertical axis indicates potential energy for the atoms. The dressed states E 1∣ ¯ ñ
and E 1∣ ¯ ñ

- experience approximately the same potential landscape (blue lines). The qubit frequency, Qw , is defined as the energy
difference between the energy bottomof these two states.
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suppressed due to the large spacing and inter-well energy barrier 100 Km~ [6]. For the rest of the paper, we focus
on sites at the centre of the array where fringe effects, associatedwith the finite number of conductors, are
negligible [2]. The characteristics of this RF lattice are comparable with those of infra-redOLs, such as those
recently realised in [4, 7].

Akin tomagnetic traps, pairs of atomic states (one in each hyperfinemanifold) experience approximately
equal dressed potential landscapes. For 87Rb, the RF lattice configuration can trap the hyperfine states
E 1∣ ¯ ∣ñ =  ñ
- and E 1∣ ¯ ∣ñ =  ñ , at the bottomof the potential landscape sketched infigure 2(b) (blue lines). This

allows us to encode qubit or clock states for applications in quantum information andMWclocks [11], in a
similar way tomagnetic andOLs.We define the qubit frequency Qw as the energy difference between these two
states at the bottomof the trappingwell. In absence of any static and dressing fields, Qw is equal to the hyperfine
splitting ( A2 in (2.2)). In the regime of linear Zeeman shifts (weakDC field, B 1 GDC » ), the differential
dressing of the qubit states is proportional to the difference between gyromagnetic factors of the two hyperfine
manifolds, g g- , and corrections to A2Q w = are negligible. However, for strongerDC fields
(B 10DC > G), nonlinear Zeeman shifts significantly affect the RF dressed potential due to the lifting of the
degeneracy condition for resonant dressing [22, 23].

To quantify the effect of nonlinear Zeeman shifts over the qubit transition, we evaluate the deviation of Qw
from the hyperfine splitting using a simplifiedfield configuration consisting of a staticmagnetic field

zB 0, 20 GDC [ ] ˆÎ and a dressing field xB 0.5 GRF ˆ= (see inset offigure 3(a)).We calculate Qw from the
eigenvalues of (2.12) and using the linear approximation (2.1), for resonant ( g BBRF DC w m=  ) and off-
resonant driving ( g B 2 100BRF DC w m p- = - ´ kHz).We observe that taking into account full Zeeman
shifts, Qw is significantly larger than the value obtainedwith linear Zeeman shifts. Also, the sensitivity of the
qubit frequency to the static field (i.e. the gradient of the curves infigures 3(a) and (b)) is greatly enhanced in the
case of nonlinear Zeeman shifts for B 10DC > G: this effect beingmuch pronounced in the case of resonant
driving. For this particular set of parameters, which arewithin reach of atom-chip experimental setups, the qubit

frequency scales with a curvature of 430
B

2
Q

DC
2 =w¶

¶
HzG−2 for resonant driving. Since our example of the RF

lattice operates near resonance at afield of B 15.7 GDC » (vertical line infigure 3), these results indicate that Qw
can be effectively tuned by the currents applied to the conductors on the chip.

We test this idea bymodifying the current of the central conductors at each face of the chip, in such away
that the conductor originally carryingDC (RF) current nowhas an additional RF (DC) component.More
precisely the currents of conductors 1 and 2 infigure 4 aremodified to produce static andRFfields of amplitude:

I B B7.0 G, 43.4 G, 3.191 DC,1
0

RF,1
0 ( ) = =

I B B56.0 G, 3.0 G 3.202 DC,2
0

RF,2
0 ( ) = =

at the surface of corresponding conductors. All other currents are kept as before.
With this new set of currents, the potential landscape is significantlymodified above the selected conductors

and in the neighbourhood of its crossing point. In general, the position of each dressedwell is shifted from its
original location and the trapping frequencies aremodified. For illustration, numerical values of these
parameters are shown in appendix B, table B1. Importantly, the additional currentsmake the qubit frequency
different at eachwell, with differences of up to 20 kHz between neighbouring sites, corresponding to a gradient

of 5
x
Q »w¶

¶
kHzμm−1. This value is comparable to qubit (or clock) frequency variations obtained in infra-red

Figure 3.Qubit frequency as function of the staticmagnetic field, calculated using full (solid line) and linear (dashed)Zeeman shifts.
(a)With resonant RF coupling g B ;BRF DC w m=  (b)with off-resonant RF coupling g B 2 100BRF DC w m p= + ´ kHz. In both
panels B 0.5RF, =^ G. The vertical line indicates the static field at which the regular array of wells is formed for the rest of the paper.
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OLswhere single site qubitmanipulation have been demonstratedwith highly focused laser radiation [4, 7]. In
the RF lattice configuration, larger gradients of the qubit frequency can be obtained, in principle, bymore drastic
variations of the currents aswell as employing larger current densities. However, this procedure is limited by
ensuring that the dressed potential satisfies the conditions (2.13).

Note also that the RF lattice allows us to define complex patterns of qubit frequencies that can be engineered
by specially tailored current patterns [25], allowing simultaneous control over the qubit state at various sites,
using single ormultipleMWfrequencies.We can imagine, for example, that a current plus field configuration is
set to produce equal qubit frequency at several sites and predefined fractions at others. In this situation, a
monochromaticMWpulsewill produce qubit rotations adjustable at each site. Furthermore, severalMW
frequencies can be used for addressing as well, as done in [3].

4. Addressed qubitmanipulationswithMWpulses

Control over the qubit frequency at different sites of the RF lattice allows us to induce addressed Rabi oscillations
usingMWpulses resonant at specific locations.We explore this possibility by solving numerically the
interaction picture Schrödinger equation:

t V t ti 4.21t MW,Dressed∣ ( ) ˆ ( )∣ ( ) ( ) y y¶ ñ = ñ

at the trapping centre of sites of themodifiedRF lattice. The atomic state is expanded in the dressed basis:

t C t E , 4.22
i m

i m i
m

,
,

F

F
F∣ ( ) ( )∣ ¯ ( )

[ ]
å åy ñ = ñ
Î  

with initial condition 0∣ ( ) ∣y ñ =  ñ.
The population time-evolution is calculated at locations A (green), B (blue) and C (red) offigure 4. TheMW

is set to the lowest frequency resonant at location A in the dressed basis, i.e. at 3A
MW Q RFw w w= - , where the

rotating frame is responsible for the displacement from the qubit frequency (see (A.3)).We study twoMW
polarisations: along the y and z axis, using afield of amplitude B 3MW∣ ∣ = mG in both cases.

The population dynamics induced by thisMWfields is shown infigure 5, wherewe plot the transition
probability of the qubit t 2∣ ∣ ( ) ∣yá ñ calculated at sites A B, and C.We choose these sites because, with respect to
A, they are themost (B) and least detuned (C), and the qubit frequency at all other sites falls within the range
defined by this group. Large Rabi oscillations occur at A, while the probability of transferring population to the
lower hyperfine state at non-resonant locations are smaller than 10−3, and are barely noticeable at the scale of
figures 5(a)–(b), but shown in panels (c) and (d). At all non-addressed sites, spurious excitation to dressed states
out of the qubit basis are small because theMWfield is detuned from resonance to those transitions, and require
largeMWamplitudes to become appreciable.

Qubit logic gates canbe implementedwithMWpulses. Infigure 6weplot the amplitude of probability in the
qubit basis for the sameMWfield as infigure 5.Weobserve thatMWpulses of duration 300 sm» (vertical line in 6)

Figure 4. (a)Atom-chip layout and iso-energy surfaces corresponding to 1 μK. The current of two conductors ismodified according
to (3.20) (see text). (b)Dressed energy structure at sites A (blue) and B (green) in panel (a). Differences qubit frequency of these two
sites occur due to the perturbation of the current distribution.
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Figure 5.Rabi oscillations induced by amicrowave field (a) and (c) linearly polarised parallel to theDC conductors and (b) and (d)
linearly polarisedMWtransverse to the atom-chip. In all panels, the population probability are shown for sites A (green), B (blue)
and C (pink), for amicrowave field resonant at site A.

Figure 6.Time evolution of the amplitude of probability in the qubit basis, induced by amicrowave field (a) real part of t∣ ( )yá ñ
(solid) and t∣ ( )yá ñ (dashed) at sites A (green), B (blue) andC (pink) for a linearly polarised along the y direction (b) Imaginary part of

t∣ ( )yá ñ (solid) andReal part of t∣ ( )yá ñ (dashed) as sites A (green), B (blue) andC (pink) for amicrowave linearly polarised along the
z direction. At siteA, after 300 sm (vertical line) of interactionwith amicrowave field the qubit state performs rotations R 2y ( )p and
R 2x ( )p in the Bloch sphere.
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realise 2p rotations of the Bloch vector around the x and y axis, depending on its polarisation.Atnon-resonant
sites B and C, theMWfield induces oscillations in the amplitudeof probabilitywith amplitude of theorder 10−2.

4.1. Average gate and cross-talk errors
Performing a large number of gates with small error thresholds is key for developing applications in quantum
informationwith arrays of cold atoms. To identify the potential of the RF lattice as a computational architecture,
we perform a benchmarking protocol over the set of Clifford operators  [4, 17], defined in appendix C. The 24
elements of theClifford group are realised by composition of the Bloch rotations I R R, 2 , 2x y( ) ( )p p  ,
which can be implementedwithMWpulses as describe above in figure 6.We use an implementation similar to
[4], but in our case all pulses are definedwith duration 2p as shown in appendix C, table C1.With this, the
average time of aClifford gate is 675 sm» .

We evaluate the average error per gate over theClifford group resonantly tuned to site A, and calculate
cross-talk error at sites B and C produced by off-resonant driving [26]. For our benchmark protocol, we create
32 random sequences of 128 elements selected uniformly from  . For each sequence we set the initial state to
∣  ñand apply truncated sequences of lengths 1, 16, 32, 48, 64, 80, 96, 112, 128ℓ [ ]Î . At the end of each
truncated sequencewe apply an additional operation corresponding to the inverse of the composition of the first
ℓ gates, assuming error-free realisation. Since theClifford set is a group, this last operation is also an element of
the group. In our calculations, there is no dead time betweenClifford gates. After each full sequence of length

1ℓ + we evaluate thefidelity,  , defined as the projection of the final state onto the initial state ∣  ñ:

4.23
i

i
1

1
2ℓ( ) ∣ ∣ ∣ ∣ ( )

ℓ
 = á   ñ

=

+

with error-free sequences producing 1 = . Results of this procedure for three different sites of the perturbed
RF lattices are shown infigure 7.

The left columnoffigure 7 presents the full set of  , calculated for each one of the 32 random sequences at
sites A B, and C infigure 4. The average fidelity is shown on the right column and error bars corresponds to
standard deviations.

The errorprobabilityper gate is evaluated at the addressed site, in this case site A,which is selectedby tuning the
MWin resonance to thequbit transition at this location.The averagefidelity at A fits an exponential decay as the
numberof gates increases, providing informationabout the average errorper gate.Thefidelityfits the function [26]:

d
1

2
1 1 4.24ℓ( ) ( ( ) ) ( )ℓ = + -

with an error per gate of 4 10d

2
4= ´ - [26]. Although themodel of decay (4.24) assumes gate-independent and

time-dependent errors [17], which is not the case since there are specific errors associatedwith the
implementation of the qubit rotations, fitting of (4.24) describes the trend of the calculated decay suggesting an
estimate of the error per gate in the dressed lattice. This level of error is also compatible with the error associated
to energy shifts induced by coupling to states out of the qubit basis. Here, the qubit frequency shift is of 1< Hz
and induces an error of 10−4 rad in the pulse area.

Ideal gates with zero cross-talk error leave the qubit state unperturbed at non-addressed sites. In the present
case cross-talk errors has two origins: first, off-resonantMWcoupling sets fast Rabi oscillations with small
amplitude, which accounts for rotations of non-addressed qubits. Second, theMW field couples states out of the
qubit basis (i.e. other dressed states) and after each pulse some population is transferred to these states.Wefit the
fidelity decay in figure 7 to the trial function:

1 1 cos . 4.25Eℓ ℓ ℓ( ) ( ( )) ( ) r q= - - W -

The scattering of the data infigures 7(c) and (e) is due to coherent errors in the implementation of the gates
[17]. The oscillation of (4.25) can be qualitatively understood as follows: each gate has a time-independent
implementation error, which in the random sequence can be considered as a biased randomwalk of the angle
between states resulting form applying ideal andMWrealised element of theClifford group. In this case the
averages of the angle atB andC is 0.03avgq » , which compareswell to the fit values 0.09E B,q = and

0.08E C,q = .We can guess E avgq q> since the qubit polar angle performs a randomwalk biased by the non-
uniformdistribution of errors along the azimuthal direction [26].

The linear decay of thefidelity can be associatedwith a small population transfer to non-qubit states after
each gate. The average reduction of the population in the qubit basis after applying one gate is 0.001Bavg,r = and

0.002Cavg,r = , which compareswell to the fitted values 0.0009Br = and 0.001Cr = . In this case avgr r>
because the full reduction of the population in the qubit subspace occurs only during the first applied gate. Once
implementation errors are optimally reduced (through pulse shape and duration aswell asMWpolarisation),
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population transfer will remain as themain source of crosstalk error. Thus, afigure ofmerit for the crosstalk
error per gate in the RF-lattice is at the level of 10 3r = - .

Imperfect implementation of qubit rotations leads to errors in gate operations, while cross-talk errors are
due to off-resonant driving of non-addressed qubits. Both errors can be reduced by adjusting theMW
polarisation and pulse duration [4, 26] and using quantum control techniques such as composite pulses [10]. A
straightforward strategy for reducing the cross-talk error is to increase the qubit frequency difference between
sites. This can be done by imposingmore extrememodulations of the current distribution or setting the device
in a region of stronger static fieldwhere the qubit frequency ismore sensitive to the applied fields. Also, the
current distribution can be optimised to obtain larger differences of the qubit frequency among neighbouring
sites, similar to applications in ion qubit technology [25].

Our benchmarking protocol quantifies errors due to imperfect implementation of theClifford group and
population transfer out of the qubit basis. However, under experimental conditions there is a plethora offield
sources that reduce gatefidelity. Technical noise in the phase and amplitude ofMWandRF sources has been
demonstrated to be small enough for coherentmanipulation of quantum states in Bose–Einstein condensates
[16], and this should be sufficient for the present case. Qubitmanipulation can also be hindered byfluctuations
of the environmentalmagnetic field that leads to fast fluctuations of the qubit frequency. This is particularly
relevant for atom-chip technology due to the large amplitude of themagnetic field noise in the vicinity of
conducting elements [14].

To estimate the impact of such an effect over the present application, we perform the benchmark protocol
addingwhiteGaussian noise with a bandwidth of1 GHz and variance of B 10rms

2 14D = - T2. This level of noise is
expected at 2 μmdistance from a thin layer of Gold at 77 K [14, 27]. Results are shown infigure 8, wherewe note
that the overall effect of the noise is to increase both the error per gate and the cross-talk error.

In order to define average error per gate in this situation, wefit thefidelity decay at siteA to (4.24). Thus,
average crosstalk error per gate at sitesB andC are defined byfitting thefidelity decay to:

F e
1

2
1 4.26j

2 j( ) ( )ℓ= + r-

with j=B, C, which is amodel adequate for errors due to spurious excitations [26]. Resultingfits are shown as
dashed lines infigure 8.Note that, in contrast to our previous fits shown infigure 7, in this case thefit is poor for
sequences longer than 32 gates.However, an estimate of the error per gate can nowbe defined. At the addressed

Figure 7. Fidelity of randomised sequences as function of the number of Clifford operations. Left column: full data set of 32 random
realisations for each sequence length corresponding to sites (a) A (c) B and (e) C. Right column: average over 32 random realisations
for sites (b) A (d) B and (f) C. Error bars are standard deviations from the full data set. Solid line corresponds to afit to (b)
equation (4.24) and (d) and (f) equation (4.25).
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site, the error per gate in presence of noise becomes 0.01d

2
= , and crosstalk error per gate at unaddressed sites is

0.02B Cr r= = . The poorfitting of the fidelity decay to a single exponential function suggests that amore
complex errormodel should be further investigated.

Amore realistic evaluationof gate and cross-talk errors should consider channels for decoherence througha
master equation. ForRFdressed traps, non-adiabatic losses canbe relevant in caseofweakdressingfieldor fast
modulationof trappingparameters.Understanding the sources of observed errors are key indevising strategies for
improving the gate operation, butdetailed error evaluation and sequence correction arebeyond the scopeof thiswork.

5.Outlook

The short atom–surface distance in atom-chips intentionally exposes the atoms to a large staticmagnetic field
where nonlinear Zeeman shifts are relevant. The effect is sufficiently large as to allow us to tailor different
potential landscape for states with similar (linear)magnetic susceptibility (i.e. the product g mB F Fm ). In case of
the RF lattice discussed in this work, nonlinear Zeeman shifts permit us tomodulate the qubit frequency at
different lattice sites by simply controlling the current of conductors in the atom-chip. Oncewe have control
over the qubit frequency, addressed single-qubitmanipulation can be implementedwith resonantMWpulses.
Our calculations indicate that the RF lattice have the potential for realising highly accurate quantum gates, with
errors of the order of 10−4, after controlling near-surface field noise. This approach allows simultaneous
individual control of sites in a large array of qubits, simply by designing the pattern of currents in the atom-chip
conductors. In addition, the intrinsicflexibility of RF dressed potentials can be exploited to create state
dependent potentials and define two-qubit conditional phase gates, as suggested in [28]. For example, schemes
for collisional gates can be implemented bymodifying the current and field configurations in such away that
selected neighbouring lattice sitesmerge into a single one [5, 29]. Also, two-qubit gates between pairs of arbitrary
lattice sites can be implementedwith Rydberg gates, following the proposal formagnetic lattices in [11].

Further reduction of errors in gate implementation can be accomplished by borrowing techniques well
known fromnuclearmagnetic resonance, which have been recently applied to control ensembles of ultracold
atomic gases. For example, inhomogeneous control [10], optimised pulse duration and polarisation [4] and
spin-echo [7], probed inOLs, can be straightforwardly applied to the present case. It is also desirable to reduce
the average gate durationwithout increasing cross-talk errors. In general, this requiresMWfields and qubit
detuning larger than those considered here. Still, our calculation has been performed for a conservative set of
parameters while the experimentally accessible range is substantiallymore ample, particularly in terms of the
maximal current density supported bymultilayer atom chips [30].

Near-surface noise is amajor challenge for coherentmanipulationwith atom-chips [14]. However,
developments in cryogenic atom-chip technology [31, 32] andmaterials science suggest that the next generation
of atom-chips can see significantly reduced levels of noise. This can be achieved by using two-dimensional
conductingmaterials such as 2D electron gases and graphene [33]. Similarly, thin patterned layers of permanent
magnets can be employed as sources of staticmagnetic field, which, in principle, have reduced levels of noise
associatedwith largermaterial resistivity [34]. A positive indication of this trend is themeasurement of
coherence times above 1 s at distances of 9 mm~ from a chip surface unprocessed to reduce field fluctuations
[35]. Likewise, noise-sensitive gates canmake an exceptional noise spectrum analyser capable for characterising
and distinguishing various noise process [34, 36].

Figure 8. Fidelity of randomised sequences as function of the number of Clifford operations in presence ofGaussianwhite noise.
Symbols corresponds to sites!A, ◦B and,C. The data points corresponds to an average over 64 random sequences with different
noise realisations. Lines are included to indicate the trend of thefidelity decay at each site. The noise is simulated as a normally
distributed sequence ofmagnetic field, with variance B 10rms

2 14D = - T2 andmaximal frequency of 1 GHz, expected at 2 μmfrom a
thin layer of Au at liquidNitrogen temperature (77 K).
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Apotential drawback of the our scheme is the use offield sensitive states to encode the qubit, whichmake
them sensitive tomagnetic field noise. This effect can be reduced by defining gates which are sufficiently fast
such that the accumulated phase induced bymagnetic field fluctuations is small. Furthermore, high fidelity gates
for qubits encoded infield-sensitive states has been demonstrated inOLs [7], suggesting that reducingmagnetic
field fluctuations in the atom-chip holds the key to unlock its potential as a computational architecture.
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AppendixA. Zeeman states andACmagneticfields: RWA

Consider an alkali atom interactingwith a staticmagnetic field and one harmonically oscillatingmagnetic field,
B tcosAC AC AC( )w f+ . In the basis of Zeeman states E mF∣ ñ defined by the staticfield, theHamiltonian can be
written as:

H E E E t V t Vexp i exp i , A.1
i m

i
m

i
m

i
m

,
AC AC

F

F F F∣ ∣ ( ) ˆ ( ) ˆ ( )†åå w w= ñá + + -
Î 

where B I JV U g g Ue I JZeeman
i

AC ZeemanACˆ · ( )†= +f .
The dynamics of an atom interactingwith an oscillating field can be simplified by performing a

transformation to a frame of reference where the resultingHamiltonian is dominated by a static component
[37] . In the present case, a convenient selection of such a frame is one rotating around the direction of the
magnetic field according to [21, 22]:

U t g g F g g Fexp i A.2z z
R ( (( ∣ ∣ ∣ ∣ )) ( )= - W +     

where F z
,  are defined in equation (2.10). Thefirst termofHamiltonian equation (A.1) is invariant under this

transformation, while the elements of the interacting term,V U VUeR R
i

R
ACˆ ˆ†= w are given by:
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whereV tR̂ ( ) denotes the interacting operator in the rotating frame. Similar transformation relations are obeyed

by the operator Ve ti AC ˆ †w- .
By setting the rotating frequency to ACwW = , the elements in (A.3) that satisfy m m 1F F∣ ∣ ¢ = become

time-independent. These components dominate the dynamics when the coupling (divide byÿ) ismuch smaller
than the driving frequency ACw [13, 20]. The RWAconsists in keeping only those terms that are static in the
rotating frame, resulting in theHamiltonian:

H E g g t E E V V , A.3
i m

i
m

i i i
m

i
m

RWA
,

AC RWA RWA

F

F F F( ∣ ∣ )∣ ∣ ˆ ˆ ( )†åå w= - ñá + +
Î 

whereVRWA
ˆ is the the time-independent part ofV tR̂ ( ). The dressed states are defined as the eigenstates of HRWA

(A.3). The effect of crossmanifold couplings is strongly suppressed by a large hyperfine splitting, such that the
dressed states remain grouped in two hyperfinemanifolds. The transformation from the atomic basis
I J m m, , ,I J∣ ñ to the dressed basis,UDressed, is the composition of three transformation describe before, i.e

U U U UDressed RWA R Zeeman= , whereURWA is thematrix of eigenvectors of HRWA.
When the rotating frequency ACwW ¹ , the interaction appears polychromatic, with a central angular

frequencyΩ and additional components displaced by integermultiples ofω up to F2 w´ . The precise formof
thematrix elements in the rotating frame is given by (A.3).

12

New J. Phys. 18 (2016) 035009 GASinuco-León andBMGarraway



Appendix B. Parameters of themodifiedRF-lattice

In the uniformRF lattice, each site has the following properties:

A

1

2
, , 38.2, 39.1, 79.0 kHz,

Minimal Larmor frequency 2.0 MHz,

1

2
2 82.9 kHz

x y z

Q

( ) ( )

( )

p
w w w

p
w

=

=

- =

fromwhich deviations occur in the perturbed lattice as shown in table B1 following the labeling infigure B1.
Note that strong deviationswith respect to the uniform values occur near the intersection of conductors where
the current ismodified. This allows us to calculate current and field distributions required to create predefined
potential landscapes.

Table B1.Properties of the trappingwells in case of additional DC andRF current in a pair of crossed conductors.
Sites labels are shown in figure B1.

Site Displacement (μm) , ,x y z
1

2
( )w w w

p
(kHz) Min. Larmor freq. (MHz) A21

2 Q( )w -
p

(kHz)

1 (0.10, 0.03,−0.06) (41.2, 42.1, 85.3) 2.1 83.4
2 (0.10, 0.03, 0.30) (24.6, 27.8, 53.0) 3.2 86.9
3 (0.40,−0.06,−0.10) (45.4, 46.8, 91.7) 1.9 82.9
4 (0.20, 0.06,−0.09) (40.6, 37.5, 77.3) 2.8 86.8
5 (0.20, 0.06, 0.30) (24.4, 26.4, 49.2) 3.6 88.5
6 (0.60,−0.06,−0.20) (46.7, 44.2, 84.0) 2.4 85.4
7 (−0.10, 0.00,−0.10) (22.1, 19.8, 45.1) 7.3 104.6
8 (0.00, 0.00, 0.40) (16.7, 22.8, 33.3) 5.3 80.2
9 (0.10, 0.00,−0.10) (22.1, 19.8, 45.1) 7.3 104.6
10 (−0.60, 0.06,−0.20) (46.7, 44.2, 84.0) 2.4 85.4
11 (−0.20,−0.06, 0.30) (24.4, 26.4, 49.2) 3.6 88.5
12 (−0.20,−0.06,−0.09) (40.6, 37.5, 77.3) 2.8 86.8
13 (−0.40, 0.06,−0.10) (45.5, 46.8, 91.7) 1.9 82.9
14 (−0.10,−0.03, 0.30) (24.6, 27.8, 53.0) 3.2 86.9
15 (−0.10,−0.03,−0.06) (41.2, 42.1, 85.3) 2.1 83.4

Figure B1. Labeling of displacedwells corresponding to table B1.
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AppendixC. Elements of theClifford group for qubits

Cross-talk errors andfidelity are evaluated using Randomized Benchmarkingwith over Clifford group shown in

table C1. For a Rabi period of 1.2 ms, the average rotated angle 27

24
qá ñ = p corresponds to an average gate

duration of 675 sgatet m= .
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