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Long-short wavelength mode coupling tightens primordial black
hole constraints
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(Received 5 March 2015; published 20 April 2015)

The effects of non-Gaussianity on the constraints on the primordial curvature perturbation power
spectrum from primordial black holes (PBHs) are considered. We extend previous analyses to include the
effects of coupling between the modes of the horizon scale at the time the PBH forms and superhorizon
modes. We consider terms of up to third order in the Gaussian perturbation. For the weakest constraints on
the abundance of PBHs in the early universe (corresponding to a fractional energy density of PBHs of
10−5 at the time of formation), in the case of Gaussian perturbations, constraints on the power spectrum are
Pζ < 0.05 but can be significantly tighter when even a small amount of non-Gaussianity is considered, to
Pζ < 0.01, and become approximately Pζ < 0.003 in more special cases. Surprisingly, even when there is
negative skew (which naively would suggest fewer areas of high density, leading to weaker constraints), we
find that the constraints on the power spectrum become tighter than the purely Gaussian case—in strong
contrast with previous results. We find that the constraints are highly sensitive to both the non-Gaussianity
parameters as well as the amplitude of superhorizon perturbations.

DOI: 10.1103/PhysRevD.91.083521 PACS numbers: 95.35.+d, 04.70.Bw, 97.60.Lf, 98.80.Es

I. INTRODUCTION

Theoretical arguments suggest that, if the right condi-
tions are met, primordial black holes (PBHs) could have
formed from the collapse of large density perturbations in
the early universe. As a perturbation reenters the horizon,
gravity can overcome the pressure forces and cause the
perturbation to collapse to form a PBH with a mass of order
the horizon mass. To collapse, then certain formation
criteria need to be met, and this is normally stated in terms
of the density contrast δ or the curvature perturbation ζ.
PBHs have traditionally been used to constrain the small
scales of the early universe—and represent a unique
window to constrain the smallest scales. While we have
precision measurements from sources such as the cosmic
microwave background (CMB) and large-scale structure
(LSS) (e.g. the Planck constraints on inflation [1]), these
only place constraints on a handful e-folds of the largest
scales inside the visible Universe. PBHs can be used to
place constraints on the power spectrum spanning around
50 e-folds, although the constraints from PBHs are typi-
cally much weaker [2]. Ultra compact minihaloes can also
be used to probe small scales [3], although these constraints
depend on dark matter particles decaying into observable
particles, and do not cover as large a range of scales as the
constraints from PBHs.
PBHs have never been observed, either directly or

indirectly, but there are tight observational constraints on
the abundance of PBHs, and these are used to constrain the

power spectrum, as will be described later. The constraints
on the abundance of PBHs come from the effects of their
evaporation on the early universe for small PBHs, or the
effects of their gravity on the later universe for larger ones.
The constraints are typically stated in terms of β, the mass
fraction of the universe going into PBHs at the time of
formation. The constraints on β range from β ≲ 10−25 to
β < 10−5, depending on the mass of PBH being consid-
ered. For recent updates and a compilation of the con-
straints see Refs. [2,4].
The constraints on the power spectrum coming from

PBHs are typically of order 10−2, orders of magnitude
larger than those observed on cosmic scales. While a
spectral index less than unity, ns ≈ 0.96, has been observed
(e.g. Ref. [1]) on cosmic scales, suggesting the power
spectrum should become smaller on small scales, it is
nonetheless possible for it to become large on small scales
and form a significant number of PBHs. This can be seen in
numerous models, including the running mass model [5],
axion inflation [6], a waterfall transition during hybrid
inflation [7–9], from passive density fluctuations [10], or in
inflationary models with small field excursions but which
are tuned to produce a large tensor-to-scalar ratio on large
scales [11]. See also Refs. [12–14]. For further reading and
a summary of various models which can produce PBHs, see
Ref. [15]. Alternatively, the constraint on the formation
criteria can be relaxed during a phase transition in the early
universe, causing PBHs to form preferentially at that mass
scale, e.g. Ref. [16].
The constraints from PBHs on the primordial power

spectrum are highly sensitive to even small amounts of
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non-Gaussianity, and this has been studied extensively in
the literature (e.g. Refs. [17–20]), and in this paper we
extend the calculation conducted by Byrnes, Copeland,
Green and Young [21,22] to include the effects of large-
scale inhomogeneities in the distribution caused by non-
Gaussianity.
In Sec. II, we review how constraints on the abundance

of PBHs can be used to constrain the power spectrum, and
in Sec. III we review previous calculations of how local-
type non-Gaussianity affects these constraints, as well as a
more general discussion of the effects of non-Gaussianity.
In Sec. IV, we describe how the presence of non-
Gaussianity and large superhorizon modes can affect
the abundance of PBHs which form on smaller scales
and apply this to the calculation of constraints in Secs. V
and VI, for quadratic and cubic type non-Gaussianity
respectively. We finish with a discussion of key points in
Sec. VII.

II. CONSTRAINING THE POWER SPECTRUM

Using the fact that PBHs have not been observed, one
can place an upper limit on the primordial power spectrum
on scales which could not otherwise be constrained. In this
paper, this upper limit on the power spectrum, and its
dependance upon non-Gaussianity, will be calculated.
There are different constraints on the abundance of
PBHs of different masses—and therefore different con-
straints on the primordial power spectrum [2].

The abundance of PBHs is normally stated as the mass
fraction of the universe contained within PBHs at the
time of formation, β, and in a recent paper, we showed
how this can be calculated directly from the curvature
perturbation power spectrum, PðζÞ, matching well with the
traditional calculation (which calculates the abundance by
using window functions to smooth the distribution). β is
given by

β ¼ 2

Z
∞

ζc

PðζÞdζ; ð1Þ

where ζc is the threshold value for PBH formation, and
PðζÞ is the probability density function (PDF) of ζ. In the
case of a Gaussian distribution, this can be approximated
as [21]

β ¼ erfc

�
ζcffiffiffi
2

p
σ

�

≈ exp

�
−

ζ2c
2σ2

�
: ð2Þ

This can be rewritten to show how the constraints on β give
constraints on Pζ,

Pζ ¼ σ2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ζ2c
2 ln ð1=βÞ

s
: ð3Þ

Smaller, sub-horizon, scales 
are smoothed out (with a 

gaussian window function 
here)

The power spectrum is 
assumed to be negligibly 
small on large scales, and 
then become large at some 

small scale

Background Peak

Log k

Log k

FIG. 1 (color online). The form of the power spectrum being used in this paper is shown. For simplicity, we assume that on large scales
the power spectrum is negligibly small, Pζ ≪ 1, before quickly becoming large at some scale (in this case with a step function).
The power spectrum is then assumed to be large down to arbitrarily small scales—although the effect of smoothing reduces the power on
subhorizon scales to be effectively zero. The “peak” scales correspond to the scale at which PBHs are forming at a given time (the
horizon scale), where the “background” scales are so large as to be unobservable. The top figure shows a flat spectrum, which is assumed
to be the case for a Gaussian distribution. However, for a non-Gaussian distribution, the effect of coupling between modes will typically
serve to increase the power on small scales, even when the amplitude of the Gaussian perturbations is scale invariant, as shown in the
bottom figure.
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In this paper, we will take the threshold value for PBH
formation to be ζc ¼ 1 [23,24].1 Significant uncertainty on
the critical value of collapse remains, and the result
depends on the density profile [25–30]. For β < 10−5

and β < 10−20, for a Gaussian distribution, this gives the
constraints Pζ < 0.0513 and Pζ < 0.0115 respectively.
In previous papers, we used PBH constraints to calculate

how the constraints on the power spectrum depend on the
amount of non-Gaussianity present (see Sec. III), in the
local model of non-Gaussianity [21,22]. In this paper, we
go beyond previous calculations and account for large-scale
inhomogeneities in the power spectrum caused by the non-
Gaussian terms as documented in Ref. [31]. While large
superhorizon modes in the curvature perturbation do not
affect the local evolution of the universe and therefore do
not affect whether a region collapses to form a PBH or not
[32], they can have an indirect effect due to their influence
on smaller-scale modes. In this paper, we will assume that
the power spectrum becomes large below a certain scale (as
demonstrated in Fig. 1) and place constraints on the
amplitude of this power spectrum from the constraints
on the abundance of PBHs. The top power spectrum shown
in Fig. 1 is scale invariant—which we assume to be the case
for a Gaussian distribution. However, for a non-Gaussian
distribution, the power spectrum increases as k increases,
which is due to the effects of modal coupling—so even
though the Gaussian component of the perturbations is
constant, overall the power spectrum increases. For a
specific model, such a power spectrum is unlikely, and a
more suitable model for the power spectrum should
be used.

III. REVIEW OF NON-GAUSSIAN CONSTRAINTS

It has previously been shown that the constraints which
can be placed on the power spectrum depend upon the
distribution present in the early universe (recent papers
include Refs. [20–22,33]) and that the mass fraction of the
early universe going into PBHs, β, is strongly dependent on
the amount of non-Gaussianity present.
In this paper, we will consider the local model of non-

Gaussianity to third order,

ζ ¼ ζG þ 3

5
fNLðζ2G − σ2Þ þ 9

25
gNLζ3G ¼ hðζGÞ; ð4Þ

where σ2 ¼ hζ2Gi. We define the solution to this equation as
ζG ¼ h−1ðζÞ, and β can be expressed in terms of

h−1ðζÞ [21]. Note that, while the meaning of fNL and
gNL in this paper are the same as that used in observational
cosmology of CMB and LSS, similar values of these
parameters here have a much larger effect on the distribu-
tion than in the CMB or LSS. This is because the constraint
on the amplitude of perturbations is much weaker—
typically of order 10−1 rather than 10−5. Therefore,
fNL ≈ 1 represents approximately a 10% correction. We
will here briefly review previous work by considering the
case of positive fNL and zero gNL; h−1ðζÞ has two solutions,
given by

h−1� ðζÞ ¼ −5�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25þ 36f2NLσ

2 þ 60fNLζ
p

6fNL
: ð5Þ

β can then be calculated by integrating over the PBH
forming values of ζG, giving

2

β ¼ erfcðh−1þ ðζcÞÞ þ erfcðjh−1− ðζcÞjÞ: ð6Þ

The full derivation can be seen in Ref. [21]. This expression
can then be solved numerically for a given constraint on β,
such as β < 10−5, to find a constraint on σ, and a constraint
on the power spectrum can be calculated using [34]

Pζ ¼ σ2 þ 4

�
4fNL
5

�
2

σ4 lnðkLÞ: ð7Þ

Figure 2 shows how the constraints on the power spectrum
depend upon the non-Gaussianity parameters fNL and gNL
for β ¼ 10−5 and β ¼ 10−20:

(i) The fNL term affects the skew of the distribution—a
positive fNL enhances the tail of the distribution,
increasing PBH production, which means the con-
straints become tighter. For negative fNL, the con-
straints weaken dramatically. There is a maximum
value of ζ given by

ζmax ¼ −
5

6fNL
þ 3

5
fNL

�
25

36f2NL
− σ2

�
; ð8Þ

which is a function of σ. For any PBHs to form, ζmax

must be greater than ζc, and so for fNL < − 5
12
, σ

must be above a certain value σc,

σc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−25 − 60fNL

p
6fNL

: ð9Þ

If σ (and so the power spectrum) is below this value,
no PBHs are formed, but typically, if σ is larger, then
too many PBHs form. This means that an extreme
fine-tuning of the power spectrum is required in

1To be consistent with calculations using the density contrast,
it is preferable to use a larger value, ζc ≈ 1.2 (the upper value
found in Ref. [23]), which matches better with the expected
critical value of the density contrast, Δc ≈ 0.5. However, while β
is extremely dependent on ζc, the constraints on the power
spectrum do not change significantly—and we use ζc ¼ 1 in
order to be consistent with previous papers.

2This is equivalent to integrating over the probability distri-
bution function of ζ∶ β ¼ 2

R∞
ζC

PðζÞdζ.
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order to generate a small but nonzero amount of
PBHs.

(ii) The gNL term affects the kurtosis of the distribution.
For positive gNL, the tails of the probability density
function are enhanced—meaning tighter constraints.
For small negative values, the tails are diminished—
meaning weaker constraints—but as gNL becomes
more negative, the tails become more enhanced—
meaning constraints again become tighter.

Similar behavior is displayed for higher-order terms—
even terms have a similar effect as the quadratic term,
and odd-order terms have a similar effect to the cubic term.
The effects of combining higher-order terms were inves-
tigated [22], finding that for certain models displaying a
simple relation between the non-Gaussianity parameters
(gNL ∝ f2NL, hNL ∝ f3NL) the constraints calculated con-
verge but that care should be taken as this might not
always be the case.

IV. LARGE-SCALE INHOMOGENEITIES FROM
NON-GAUSSIANITY

In this section, we describe how the presence of local
non-Gaussianity leads to a coupling between long and short
wavelength modes, and thus how a mode which is greatly
superhorizon at the time of PBH formation can have an
effect on the distribution of PBHs on smaller scales. For a
more detailed calculation and discussion of implications,
the reader is directed to Ref. [31].
We will consider a universe with a distribution in ζ

described by the local model of non-Gaussianity [Eq. (11)],
but which contains exactly two Gaussian modes. We can
therefore decompose the Gaussian component of ζ into its
two components

ζG ¼ ζs þ ζl: ð10Þ
The first plot in Fig. 3 shows one possible realization of
such a universe, with two Gaussian modes of arbitrary size.

In this picture, the non-Gaussian components to not appear
to be very important—they are small corrections to the
existing Gaussian components. However, as described in
Ref. [32], superhorizon modes should not be considered
when deciding if a region will collapse to form a PBH. We
will study the time at which PBHs form on the scale of the
shorter-scale mode (when that mode enters the horizon) and
therefore neglect the components of ζ which depend only
on the long wavelength mode. The second plot in Fig. 3
shows the relevant modes for formation of PBHs: the red
dashed line represents a hypothetical formation criterion for
PBHs, and the black dots represent PBH forming regions.
We note that in certain regions of the universe correspond-
ing to peaks in the superhorizon mode, PBHs are produced
in significant numbers, while in regions corresponding to
troughs in the superhorizon mode, no PBHs would be
produced.
The effect of different scale modes on the formation of

primordial black holes has recently been investigated by
Nakama [30]. Nakama investigated the case where a large
perturbation which will collapse to form a PBH is itself
superposed on a much larger perturbation which will also
collapse to form a PBH upon reentry. The smaller PBH,
which forms first, is swallowed by the second PBH as it
forms, leading to a single large PBH. As expected, the first
collapse is unaffected by the large-scale perturbation as it is
outside the horizon at the time of collapse, and the second
collapse is unaffected by the first due to the large-scale
difference between the two. Nakama also investigated the
effect of subhorizon modes on the possible collapse of a
perturbation, finding that the presence of such modes
lowers the threshold value for collapse—making the
collapse of such a perturbation more likely. This is a
separate effect from the one which we are investigating in
this paper—here, the effect of superhorizon modes on the
distribution of horizon-scale perturbations is studied, while
Nakama described the effect of subhorizon modes on the
evolution of horizon-scale perturbations. The net result of

1 0 1 2 3 4 5
fNL

4 2 0 2 4
gNL

0.02

0.04

0.06

0.08

0.10

0.05

0.10

0.15

0.20

0.25

0.30

10 20

10 5

10 20

10 5

FIG. 2 (color online). In the local model of non-Gaussianity, the constraints on the power spectrum, Pζ , depend strongly upon the non-
Gaussianity parameters. The left plot shows how constraints depend on fNL (assuming all higher-order terms are zero). The constraints
tighten significantly for positive fNL but weaken dramatically for negative fNL. The right plot shows how constraints depend on gNL
(assuming all higher-order terms and the quadratic term are zero). For most values of gNL, the constraints are tighter than the Gaussian
case but significantly weaker for small negative values of gNL.
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the subhorizon modes is to lower the formation threshold
for PBHs, which would serve to further tighten the
constraints derived in this paper.

V. INHOMOGENEOUS QUADRATIC NON-
GAUSSIANITY

In the local model of non-Gaussianity, the curvature
perturbation ζ is given to second order by

ζ ¼ ζG þ 3

5
fNLðζ2G − hζ2GiÞ; ð11Þ

where ζG is a Gaussian variable, and it is necessary to
subtract the hζ2Gi term in the above expression so that the
expectation value of ζ remains zero, hζi ¼ 0.
We will now use the peak-background split, separating

the Gaussian component of the curvature perturbation ζG
into a large-scale “background” perturbation ζl and a small-
scale “peak” perturbation ζs,

ζG ¼ ζl þ ζs: ð12Þ

The full expression for the curvature perturbation ζ then
becomes

ζ ¼ ðζl þ ζsÞ þ
3

5
fNLððζl þ ζsÞ2 − hðζl þ ζsÞ2iÞ: ð13Þ

Terms which are independent of ζs and depend only on the
large-scale perturbation ζl can be neglected—as they are
not visible at the time of PBH formation, leaving

ζ ¼
�
1þ 6

5
fNLζl

�
ζs þ

3

5
ðζ2s − σ2sÞ: ð14Þ

In a small patch of the universe, ζl will appear constant,
and the above expression can be written in terms of new
variables ~ζG, ~σ, and ~fNL, given by

~ζG ¼
�
1þ 6

5
fNLζl

�
ζs; ð15Þ

~σ ¼
�
1þ 6

5
fNLζl

�
σs; ð16Þ

~fNL ¼
�
1þ 6

5
fNLζl

�
−2
fNL: ð17Þ

This allows Eq. (14) to be written in a form analogous to
Eq. (11),

ζ ¼ ~ζG þ 3

5
~fNLð~ζ2G − ~σ2Þ ¼ ~hð~ζGÞ: ð18Þ

Taking ζl to be constant in a given region of the universe,
the mass fraction of the region going into PBHs ~β can then
be written in terms of the locally observable values ~fNL, ~ζG,
and ~σ in the same way as in Eq. (6):

~β ¼ erfcð ~h−1þ ðζcÞÞ þ erfcðj ~h−1þ ðζcÞjÞ: ð19Þ

However, this is still a function of ζl, and to obtain the mass
fraction of the entire universe going into PBHs, this should
be integrated over ζl,

x

x

FIG. 3 (color online). The first (top) figure shows one arbitrary realization of a universe containing exactly one long wavelength and
one short wavelength Gaussian mode and the corresponding non-Gaussian components where the universe contains quadratic non-
Gaussianity. At the time when the short wavelength mode reenters the horizon after the end of inflation, the long wavelength mode is not
yet visible—and will not affect the local evolution of the universe (i.e. whether it forms a PBH or not). The second (bottom) plot shows
the same universe with the long wavelength mode subtracted. ζ can now be used as a formation criterion for the formation of PBHs—if
it is over a certain value, then that region will collapse to form a PBH. The dashed red line shows such a formation criterion, and the
black circles represent areas which will collapse to form a PBH.
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β ¼
Z

∞

−∞
~βðζlÞPðζlÞdζl; ð20Þ

where PðζlÞ is the (Gaussian) PDF of ζl. Therefore, β
depends not only on the variance (power spectrum) of the
small-scale perturbations (which is the scale PBH forma-
tion occurs at) but also on the variance of the large-scale
modes. In this paper, we assume the form of the power
spectrum shown in Fig. 1—and therefore, the variance of
the large-scale perturbations can be written as a function of
the variance of the small-scale perturbations, depending
on the number of e-folds one considers.
The variance of the large-scale perturbations is given by

integrating the power spectrum multiplied by a smoothing
function WðkRÞ, where R is the smoothing scale, as
follows:

hζ2l i ¼
Z

∞

0

d lnðkÞW2ðkRÞPζlðkÞ: ð21Þ

In practice, since we are assuming a scale invariant power
spectrum (for the Gaussian components), which is zero
below a certain value of k, then hζ2l i depends upon the
number of e-folds N considered to be part of the back-
ground large-scale perturbation. We will approximate that

σl ¼
ffiffiffiffiffiffiffiffi
hζ2l i

q
≈

ffiffiffiffiffi
N

p
σs; ð22Þ

in order to derive constraints on the power spectrum from
the constraints on the abundance of PBHs. Equation (22)
can be substituted into Eq. (20), which can then be solved
numerically to find a constraint on σs from a constraint on
β. The constraint on the power spectrum Pζ can then be
calculated using [34,35]

Pζ ¼ σ2s þ 4

�
3

5
fNL

�
2

σ4s ln ðkLÞ; ð23Þ

where the cutoff scale L ≈ 1
H is of order the horizon scale

and k is the scale of interest. The factor ln ðkLÞ can
therefore become significant, as the power spectrum is
taken to be large across a number of e-folds—and will be
approximately equal to the number of e-folds being
considered, N [36,37].
Initially, we will consider a large-scale perturbation due to

contributions from modes spanning only one e-fold—and so
therefore the variance of the large background perturbations
is equal to that of the small-scale perturbations, σl ¼ σs. The
constraints are obtained by numerically solving Eq. (20) and
allowing fNL to vary. The results are shown in Fig. 4 for
β ¼ 10−5 and β ¼ 10−20. We now note that, while the
constraints still weaken slightly for small negative values of
fNL, the constraints become tighter again as fNL becomes
more negative, quickly becoming similar to the Gaussian
case—which was not seen in previous calculations [21,22]
which neglected the long-short coupling (and hence are only
valid if the power spectrum has a narrow peak). As jfNLj
becomes large, the constraints asymptote to a constant value
(which will be calculated in the next section).
Depending on the value of ζl in a given region of the

universe, the production of PBHs can either be increased or
decreased. However, the presence of large-scale perturba-
tions always increases the total number of PBHs forming in
the entire universe—meaning that the power spectrum can
be constrained to a lower value so that PBHs are not
overproduced. This can be demonstrated by considering
what happens when fNL is negative—it was previously
found that constraints become rapidly weaker when fNL is

(a)

4 2 4 4 2 0 2 42 0

(b)

No Large Scale Inhomogeneities

Large Scale Inhomogeneities

No Large Scale Inhomogeneities

Large Scale Inhomogeneities

fNL fNL

0.02

0.04

0.06

0.08

0.10

0.005

0.010

0.015

0.020
P P

FIG. 4 (color online). The constraints that can be placed upon the power spectrum are displayed—they depend significantly upon the
value of the non-Gaussianity parameter, fNL. The dotted red lines show the constraints calculated previously, where the effect of large-
scale modes was not considered, and the solid blue lines show the constraints when they are included. The left plot (a) displays the
constraints for β < 10−5, and the right plot (b) displays the ones for β < 10−20. In this plot it is assumed that the variance of the Gaussian
component of the large-scale perturbations is the same as that of the small-scale perturbations, hζ2l i ¼ hζ2si ¼ σ2. For positive fNL, the
constraints are tighter than the Gaussian case and slightly stronger than in previous calculations ignoring modal coupling. For negative
fNL, the constraints are similar to the Gaussian case, and the dramatic weakening of the constraints as fNL becomes negative is no
longer seen.
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negative (where the large-scale background perturbations
were not considered). This is due to the shape of the PDF of
ζ, which has a maximum value of ζ given by

ζmax ¼ −
5

6fNL
þ 3

5
fNL

�
25

36f2NL
− σ2

�
: ð24Þ

Unless there is fine-tuning of the (local) power spectrum,
this typically means that if σ is small then no PBHs are
formed, but above a critical value then, so many PBHs form
that the universe becomes dominated by them. However, in
any given region, ~σ and ~fNL are functions of ζl. Therefore,
depending on the value of ζl, PBH production in a region
can be either increased dramatically or reduced to zero.
Overall, more PBHs would be produced in a universe
containing such large-scale inhomogeneities—and so the
power spectrum is more tightly constrained. A similar but
less dramatic phenomenon occurs for positive fNL—mean-
ing the power spectrum can be more tightly constrained for
both positive and negative fNL.
We will now consider what happens when a larger

number of e-folds are considered to contribute to the
background perturbation. In Fig. 5 we show how the
constraints change with the variance of the background
perturbations, considering the cases where the background
is comprised from 9 e-folds, σl ¼ 3σs, and 25 e-folds,
σl ¼ 5σs. If fNL is nonzero, the constraints on the small
scales become much tighter as the variance on large scales
increases. To explain this behavior, it is useful to consider
the case of large fNL where the linear term is dominated by
the quadratic term in Eq. (11).

A. Large fNL
If fNL becomes large enough such that the quadratic term

dominates the linear term, we can simplify the expression
for ζ to

ζ ¼ �ðζ2G þ hζ2GiÞ; ð25Þ

and performing the peak-background split as before,
dropping the terms independent of ζs, gives

ζ ¼ 2ζlζs � ðζ2s þ σ2sÞ: ð26Þ

Rewriting in terms of the variables, one would observe
locally

~ζG ¼ 2ζlζs; ð27Þ

~σG ¼ 2ζlσs; ð28Þ

~fNL ¼ � 5

12ζ2l
; ð29Þ

which gives as before, see Eq. (18),

~ζ ¼ ~ζG þ 3

5
~fNLð~ζ2G − ~σ2Þ: ð30Þ

However, we now note that, because the PDF of ~ζG is
constant under a change of sign of ~ζG, then the PDF of ζ is
independent of the sign of ζl. This can then be inserted as
before into Eq. (20), which can then be solved numerically
to find an upper limit on the power spectrum—this is the
value that the constraints asymptote to in Fig. 4 or 5.
Because the variance of the background depends on the
number of e-folds it is comprised of, the constraints on the
power spectrum depend on the number of e-folds between
the horizon scale during PBH formation and the largest
scale on which the power spectrum is enhanced, N ;
see Fig. 1.
Figure 6 shows how the constraints become tighter as

more e-folds are considered. For a small number of e-folds,
so that hζ2l i is not too large, the constraints are much weaker
for the negative quadratic case. However, as more e-folds
are considered, the constraints become much closer—this is
because, in universes where hζ2l i is large, then ~fNL ¼ � 5

12ζ2l

is typically small. One can therefore approximate ~ζ as
Gaussian3—and the sign of the quadratic term in Eq. (25)
is unimportant. Even for the weakest constraints on the
abundance of PBHs, β < 10−5, the constraints on the power
spectrum drop to Pζ < Oð10−2Þ, around five times tighter
than for the Gaussian case and 2 orders of magnitude
tighter for fNL < 0 compared to when modal coupling is
not considered.4 2 0 2 4

fNL

0.01

0.02

0.03

0.04

0.05

0.06

0.07

25 e folds

9 e folds

1 e fold

FIG. 5 (color online). The constraints which can be placed on the
power spectrum from PBHs depend strongly on both the amount of
non-Gaussianity and the amplitude of the background perturba-
tions, given by hζ2l i ¼ NPζ. This figure shows the constraint on
Pζ from β < 10−5 as a function of fNL for N ¼ 1, 9, and 25.

3Surprisingly, starting from a completely non-Gaussian dis-
tribution with a large-scale non-Gaussian background, the small
scales appear almost Gaussian (although even small amounts of
non-Gaussianity have a very large effect on β). See Ref. [38] for
further reading.
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Rather than being purely hypothetical, there are models
which predict such a distribution. For example ζ ¼ −ðg2 −
hg2iÞ (with g a Gaussian variable) could be expected from
the linear era of the hybrid inflation waterfall [8]. The
power spectrum in this model is expected to become large
on some small scale before inflation ends and peak at some
value before decreasing again. In addition, ζ ¼ g2 − hg2i
could be predicted from a curvaton-type scenario (e.g.
Refs. [33,36,39]).

VI. INHOMOGENEOUS CUBIC
NON-GAUSSIANITY

The local model of non-Gaussianity with a cubic term
(assuming fNL ¼ 0) is given by

ζ ¼ ζG þ 9

25
gNLζ3G: ð31Þ

We again use the peak-background split, ζ ¼ ζs þ ζl,
such that

ζ ¼
�
1þ 27

25
gNLζ2l

�
ζs þ

�
27

25
gNLζl

�
ζ2s þ

�
9

25
gNL

�
ζ3s

þOðζlÞ; ð32Þ
where again, the terms dependent only on ζl are unim-
portant in the context of PBH formation and are neglected.
ζl appears constant in a small patch of the universe, and this
can be rewritten in terms of ~ζG, ~σ, ~fNL, and ~gNL:

~ζG ¼
�
1þ 27

25
gNLζ2l

�
ζs; ð33Þ

~σ ¼
�
1þ 27

25
gNLζ2l

�
σs; ð34Þ

~fNL ¼
�
9

5
gNLζl

��
1þ 27

25
gNLζ2l

�
−2
; ð35Þ

~gNL ¼ gNL

�
1þ 27

25
gNLζ2l

�
−3
: ð36Þ

Therefore, Eq. (31) can be rewritten as

ζ ¼ ~ζG þ 3

5
fNLð~ζ2G − ~σ2Þ þ 9

25
~gNL ~ζ

3
G; ð37Þ

where the − ~σ2 term has been inserted manually to ensure
hζi ¼ 0. An expression for the abundance of PBHs in a
given region of the universe, ~β, can be derived in terms of ~σ,
~fNL, and ~gNL—see Ref. [21] for details as we do not give
the full calculation here. Again, in order to derive the
complete expression for the abundance of PBHs in the
entire universe, it is necessary to integrate over ζl as before,

β ¼
Z

∞

−∞
~βðζlÞPðζlÞdζl: ð38Þ

This expression can then be solved numerically to derive a
constraint on σ from a constrain on β. The constraint on the
power spectrum Pζ can then be calculated using [34]

Pζ ¼ σ2 þ 6

�
9gNL
25

�
σ4 lnðkLÞ þ 27

�
9gNL
25

�
2

σ6 lnðkLÞ2:

ð39Þ

Figure 7 shows how the constraints on the power spectrum
depend on gNL for β ¼ 10−5 and β ¼ 10−20. Again, we see
that constraints become tighter as the non-Gaussianity
parameter gNL becomes large. However, the sharp peak
seen in previous calculations is now smoothed out, and the
constraints are significantly tighter—this is because only for
a small range of values of gNL is the production of PBHs
significantly reduced (seen by the region in which the
constraints weaken in Fig. 2), but the background perturba-
tions cause gNL to vary; see Eq. (36). As seen in previous
papers, as jgNLj becomes large, the constraints asymptote to
the same value for negative or positive gNL—which is as
expected (this will be explored in the next section).
We will now again consider the constraints if the back-

ground perturbations consist of multiple e-folds of pertur-
bations. Figure 8 shows the resultant constraints obtained if
the background perturbations consist of 1, 9, or 25 e-folds,
as before. When more e-folds are considered, the con-
straints become much tighter—only for small negative gNL
do the constraints weaken slightly, but for all other values

0 5 10 15 20 25 30

0.006

0.008

0.010

0.012

0.014

0.016

0.018

0.020

G
2 2

G
2 2

FIG. 6 (color online). The constraints on the power spectrum
for the quadratic case, ζ ≈ ζ2G, are shown for β < 10−5 as a
function of the number of e-folds of fourier modes,N , making up
the background perturbation, with hζ2l i ¼ NPζ . For small N the
constraints are much weaker for the negative case than for the
positive case, and both tighten significantly as N becomes large.
As N becomes very large, both will eventually asymptote to the
same constant value, Pζ < 9.8 × 10−3.
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of gNL, the constraints become significantly tighter,
Pζ < Oð10−3Þ, for even small values of gNL.

A. Large gNL
We will now consider the case where the cubic term

dominates, and ζ can be expressed as

ζ� ¼ �ζ3G: ð40Þ

In the cubic case, the sign does not matter—because a
Gaussian distribution is symmetric, the PDF of ζþ and ζ− is

the same, and we will therefore drop the dependence on the
sign and discuss only the positive case. Completing the
peak-background split and isolating the short scale gives

ζ ¼ 3ζ2l ζs þ 3ζlðζ2s − σ2sÞ þ ζ3s ; ð41Þ

where we have inserted the σ2s term manually. Again,
defining effective short-scale parameters,

~ζG ¼ 3ζ2l σs; ð42Þ

(a) (b)

No large scale inhomogeneities

Large scale inhomogeneities

0 2 4 0 2 44 2 4 2
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0.05

No large scale inhomogeneities

Large scale inhomogeneities

gNL gNL

FIG. 7 (color online). The constraints that can be placed upon the power spectrum are displayed—they depend significantly upon the
value of the non-Gaussianity parameter, gNL. The dotted red lines show the constraints calculated previously, where the effect of large-
scale modes was not considered, and the solid blue lines show the constraints when they are included. The left plot (a) displays the
constraints for β < 10−5, and the right plot (b) shows the ones for β < 10−20. In this plot it is assumed that the variance of the Gaussian
component of the large-scale perturbations is the same as that of the small-scale perturbations, hζ2l i ¼ hζ2si ¼ σ2. Typically, the
constraints tighten significantly when there is any non-Gaussianity present—with a slight weakening for small negative gNL.
The constraints are significantly tighter than previously calculated and do not display as sharp a peak for small negative gNL where the
constraints became rapidly weaker.
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gNL

FIG. 8 (color online). As in the quadratic case, the constraints
which can be placed on the power spectrum from PBHs depend
strongly on both the amount of non-Gaussianity and the ampli-
tude of the background perturbations, given by hζ2l i ¼ NPζ. This
figure shows the constraint on Pζ from β < 10−5 as a function of
gNL forN ¼ 1, 9, and 25, becoming much tighter as more e-folds
are considered.
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FIG. 9 (color online). The constraints on the power spectrum
for the cubic case, ζ ≈�ζ3G, are shown for β < 10−5 as a function
of the number of e-folds of Fourier modes, N , making up the
background perturbation, with hζ2l i ¼ NPζ . Similar to the
quadratic case, the constraints tighten significantly as the number
of e-folds being considered increases, eventually reaching a
constant for large N at Pζ < 2.5 × 10−3.
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~σ ¼ 3ζ2l σs; ð43Þ

~fNL ¼ 5

3
ð3ζ2l Þ−2; ð44Þ

~gNL ¼ 25

9
ð3ζ2l Þ−3; ð45Þ

we note that as ζl becomes large, the small-scale observable
universe will appear more Gaussian. The constraints on the
power spectrum Pζ can then be computed numerically as
before from constraints on the mass fraction of PBHs β, as a
function of the number of e-folds considered in the back-
ground perturbation, N—the results can be seen in Fig. 9.
We see that, for a moderate number of e-folds considered,
the constraints drop to Pζ < Oð10−3Þ, eventually tighten-
ing to Pζ < 2.4 × 10−3.

VII. CONCLUSIONS

We have extended the calculation for the abundance of
PBHs, defined in terms of the mass fraction of the universe
forming PBHs at the time of formation β, when there is
non-Gaussianity present to include the effect of coupling
between large-scale superhorizon modes and smaller
horizon-scale perturbations. We see that non-Gaussianity
typically increases the overall amount of PBHs which
would form—with some regions of the universe producing
significantly more PBHs than other regions. A realization
of such a universe—containing significant non-Gaussianity
and a broad peak in the power spectrum at scales signifi-
cantly smaller than those visible in the CMB—is possible
in hybrid inflation, and in particular from the waterfall
transition of N -field hybrid inflation [9].
Observational constraints on β, which range from

β < 10−5 to β < 10−20, can then be used to place an upper
constraint on the primordial curvature perturbation power
spectrum, Pζ. We have investigated the constraints which
can be placed on the power spectrum dependent on the
amount of non-Gaussianity present and the coupling
between modes, for a simple model of the power spectrum.
Because non-Gaussianity typically increases PBH forma-
tion, the constraints on Pζ are typically much tighter—and
we show that the constraints from PBHs may be signifi-
cantly tighter than calculated in previous work. The
presence of non-Gaussianity and large superhorizon modes
have a large impact on the constraints—and when there is
significant non-Gaussianity, the constraints can become
tighter by several orders of magnitude. The effect of
simultaneously having a nonzero fNL and gNL has also
been considered, although the analysis has not been
explicitly included in this paper. It is again found that

small negative values of fNL or gNL weaken the constraints
slightly, but typically the constraints become stronger.
In this paper, we have considered local-type (squeezed)

non-Gaussianity, which includes a significant coupling
between the modes [40]. We would expect results to be
similar for flattened-type non-Gaussianity as there is still a
significant coupling between modes of different lengths
(albeit weaker than in the local model). However, for
equilateral-type non-Gaussianity (which is peaked in the
limit of all three modes having the same wavelength), we
would not expect significant coupling between large and
short scales, so the results would be expected to more
closely reflect previous analyses in which large amplitude
perturbations on only one scale were considered. However,
there have not been any detailed studies made of how non-
Gaussianity of nonlocal shapes effects the bounds on
PBHs.
The main source of error in the calculation arises from

the uncertainty in the formation criterion, which lies in the
range 0.7 < ζc < 1.2—and this has a very large effect on
the calculated value for β, which can easily vary by several
orders of magnitude [32]. However, the effects on the
constraints calculated are much less drastic, and the error
due to the uncertainty in ζc is expected to be of order 10%.
There is also uncertainty of how intermediate modes
should be handled, which are currently excluded from
the calculation—how long does a mode have to be before it
is considered to be part of the background? The size of this
cutoff scale can have a non-negligible effect on the
constraints calculated—although how important the effect
is depends on the specific form of the power spectrum
being considered. In this paper, we have avoided this
uncertainty by considering the background perturbations to
result from a given number of e-folds of modes.
We also note that the Taylor-type expansion of ζ in terms

of fNL and gNL, which we have used here, may not give an
accurate result for the constraints. It was shown in a
previous paper [22] that higher-order terms can have a
significant effect, and care should therefore be taken to
ensure that results are valid when calculating constraints for
a specific model.
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