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Abstract
High-precision gyroscopes are a key component of inertial navigation systems. By consideringmatter
wave gyroscopes thatmake use of entanglement it should be possible to gain some advantages in terms
of sensitivity, size, and resources used over unentangled optical systems. In this paper we consider the
details of such a quantum-enhanced atom interferometry scheme based on atoms trapped in a
carefully-chosen rotating trap.We consider all the steps: entanglement generation, phase imprinting,
and read-out of the signal and show that quantum enhancement should be possible in principle.While
the improvement in performance over equivalent unentangled schemes is small, our feasibility study
opens the door to further developments and improvements.

1. Introduction

High-precision inertial navigation systems (INSs) are an important enabling technology [1]. The fact they do
not rely on external referencesmeans that they are secure against deception or jamming, which is a critical
weakness of global navigation satellite systems. Gyroscopes and linear accelerometers are the key components of
INSs since the time integration of their signals allows for dead reckoning, i.e. the location and orientation of an
object to be known at all times. There is therefore considerable interest in improving their precision and
performance.

Current gyroscopes rely onmechanical rotating flywheels, vibratingmicroelectomechanical systems, or light
in ring lasers orfibre optic arrangements. The best available devices are based on ring lasers thatmake use of the
Sagnac effect whereby light is sent in opposite directions around a closed loop and the two components acquire a
relative phase dependent of the angular velocity of the loop [2]. Such a technique canmeasure angular velocities
with sensitivities of around 7.8 prad/s/ Hz [3], however these rely on rings with impractically large areas. The
Sagnac effect applies equally well to atoms but the relative sensitivity to phase ofmatter waves ismuch greater
than in optical systems. So atomic ring gyroscopes offer the potential for improved precision as well asmore
practical ring sizes. This effect has been experimentally demonstrated [4] and, while this has not yet reached the
sensitivity for light, future experiments should be able to surpass it [5].

Further improvements should be possible bymaking use of entangled states [6] in a quantummetrology
scheme. It is known that entanglement can enable bettermeasurement precision to be achievedwith the same
resources [7–18]. The trade off is that entangled states are difficult to create andmanipulate. Thismeans that any
realistic scheme is likely to involve a sequence of small entangled states and hence the improvement is likely to be
modest, though thismay still prove to be important. Quantummetrology is also known to have other advantages
such aswhen delicate samples are beingmeasured [19, 20].

This paper demonstrates a proof-of-principle of a quantum-enhanced atomic gyroscope.We consider the
experimentally accessible systemof an atomic Bose–Einstein condensate trapped in a rotating two-dimensional
trap and investigate how the entangled state can be created, the rotation imprinted, and the final signal read-out,
thus providing an interferometric protocol used to estimate external rotations.We are able to show that by
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making use of entanglement, an improved sensitivity to rotations should be able to be achieved in this system.
While the improvement ismodest, this study shows that quantum-enhanced atomic gyroscopes are a realistic
prospect and paves theway to further investigations that will improve the advantage and address practical issues
and constraints that will be important in delivering a new technology.

2.Model

The physical systemwe consider consists of amesoscopic sample ofN bosonic atoms ofmassM in an axially
symmetric harmonic potential, with frequency ω⊥ in the xy plane and ωz in the z axis, interacting through hard-
core-type elastic collisions.We take ω z to be very large compared to the interaction energy so that the dynamics
along the z axis are frozen, i.e. all particles occupy the lowest axial energy level, thus rendering the gas effectively
two-dimensional at sufficiently low temperatures. The trapped gas is rotated at angular frequency Ω around the
z axis with the aid of an external potential which in the rotating frame appears as an anisotropic quadratic
potential in the xy plane. TheHamiltonian in the rotating frame is given by
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where ≪A ( 1)quantifies the degree of anisotropy, which is treated perturbatively in the calculations. Here, Lzi
is the angularmomentum component in the z direction of the ith atomand the Ω− Lz term transforms the

Hamiltonian to the rotating frame, where = ∑ =L Lz i
N

zi1 is the total angularmomentumof the condensate.
Finally, g is the dimensionless interaction coupling constant which quantifies the strength of two-particle
interactions and is related to the 3D scattering length a by π λ=g a8 z , where λ ω=  Mz z . Hereafter, we

use dimensionless variables with ω⊥ and ω⊥ M( ) as units of frequency and length; consequently, energy and
angularmomentum are expressed in units of ω⊥ andℏ, respectively.

In the isotropic case (A=0), theHamiltonian is exactly diagonalizable in blocks of definite total angular
momentum forwhich a suitable Fock basis is given by the eigenstates of the total angularmomentum
∣ … …〉N N N, , ,0 1 k , where Nk specifies the number of atoms in the single-particle level labeled by the index k
which represents a pair of quantumnumbers n m( , )k k , the principal quantumnumber and the projection of the
angularmomentum respectively [21].

When ≠A 0, the anisotropic term connects subspaces of given total angularmomentum Lz separated by
two units ofℏ. If the anisotropy is small, a suitable basis to study the system is given by a truncated isotropic basis
comprising the subspaces with ⩽L Lmax , where the particular finitemaximumangularmomentum cut-off Lmax

is chosen to ensure the convergence for the energies and eigenstates of theHamiltonian [22]. In addition, due to
the absence of any parity-breaking terms in theHamiltonian (i.e. ones that couple even and odd angular
momenta) only subspaces with even angularmomentumparity need to be considered.

Each subspace of definite total angularmomentum can be further classified according to the concept of
Landau levels. In the case of independent bosons, near the centrifugal limit Ω ω≈ ⊥, the energy levels are
grouped in highly degenerate levels called Landau levels, roughly separated by an energy gap of ω⊥2 . In this

sense, any basis state is said to pertain to the nLLth Landau level if = + ∑ + ∣ ∣ −n n m m N1 ( ) 2 .k k k k kLL
⎡⎣ ⎤⎦

The importance of this classification resides in the fact that for fast rotating andweakly interacting condensates,
the atomic dynamics is restricted to the lowest Landau level (LLL), when the standard LLL validity criterion is
satisfied, i.e. themean interaction energy ismuch smaller than the energy separation ω⊥2 [21]. The LLL
approximation corresponds to considering only basis states with particles exclusively occupying single-particle
orbitals =n 0k and ⩾m 0.k This greatly reduces theHilbert space and allows for amore computationally
tractable system.However, it has been recently shown that, although the LLL approximation can suffy for the
purpose of studying the nucleation of vortices [35] or symmetry breaking [22], it is necessary to go beyond this
approximation in order to accurately describe the quantum states of the system that are useful formetrology
[23]. In fact, the LLL approximation is completely unable to capture the possibility of creating N N00 states,
whereas the inclusion of a larger basis allows for it, and reveals amuch richer system amenable to quantum
metrology. In the present work, a better approximation that goes beyond the LLL is considered by including
more Landau levels in our calculations.

Here, it is convenient to present the stationary energy spectrumof the system, as it provides a useful insight
into themanipulation of the ground state considered to achieve the interferometric steps. The energy spectrum
forN=12 particles obtainedwith a two-Landau-level basis andmaximumangularmomentum cut-off

= +L N 4max is shown infigure 1. Importantly, the inclusion of a non-vanishing anisotropic term in the
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Hamiltonian results in an avoided crossing between the ground state and the first excited state near a critical
frequency for any number of atoms. The location of this is indicated by the arrow infigure 1. As the condensate is
adiabatically brought frombeing at rest to a rotation frequency just above thefirst avoided crossing Ω ,min where
the ground state contains one vortex, the systempasses a critical frequency Ωc where the systemundergoes
turbulent symmetry breaking, heralding a quantumphase transition. Phase transitions are well known for
showing/presenting an increase of correlations between particles, both in the classical context and the quantum
one. Particularly, in the case of quantumphase transitions, critical phenomena is associatedwith scaling of
entanglement in the vicinity of the transition point, which has been found to be a usefulmetrological resource
that provides an improvement in the precision of the estimation of coupling constants and field strengths
[30–32].

Exact diagonalization results show that, for even numbers of particles, the ground state at Ωc is a strongly
correlated entangled state well described by a two-mode approximation

∑Ψ Ω = −
=

( ) C N n n2 2 , (2)c

n

N

nGS

0

2

where the twomodes correspond to themost, and secondmost populated single-particle states ψ1 and ψ2,

respectively. These two states are eigenstates of the single particle densitymatrix ρ Ψ Ψ= 〈 ∣ ∣ 〉a aˆ ˆ
lk k l
(1)

GS
†

GS and
their populations are equal at the critical frequency, which together account formost of the population of single-
particle orbitals. Only the LLL single-particle states having =n 0k and =m 0, 1, 2k take part in the expansion
of ψ1 and ψ .2 Below andnear Ωc , ψ1 is a linear combination of the LLL states with =m 0k and =m 2k , while ψ2
is proportional to the state with =m 1.k At Ωc , these twomost populated states abruptly interchange their
composition and remain the same up to a certain rotation frequency greater than Ω .c The twomodes in
equation (2) for any ground state at criticality that can be obtained under variations of the different parameters
considered in this work, can be shown to be entangled by using, for example, a VonNeumann entropy criterion
formode entanglement.More importantly, if the same state is expressed in the atombasis, it can also be shown
that any one atom is entangledwith the rest of them. Inter-atom entanglement is responsible for quantum
enhancement inmetrology protocols, evenwhenmode entanglement is not present [36].

The exact formof the two-mode approximation in equation (2) significantly varies depending on the relative
strength between the anisotropic perturbation and the interactions characterized by g A [23]. Exploration of
the system for large values ofA requires a larger angularmomentum cut-off, and thus a larger basis. In this work,
we restrict the anisotropy strength to afixed value ofA=0.03 and varying values of ⩽g N(6 ) so that the system
can bewell describedwith =n 2LL Landau levels and amaximumangularmomentum = +L N 4.max In
principle, however, one canfix the interaction strength g and vary the value ofA in order to get similar results for
the exact ground state form.

When the interaction strength g ismuch smaller than N6 , the critical frequency Ωc is closer to the
harmonic trap frequency. In this case, in the absence of any anisotropy (A=0), the lowest-lyingmany-body
eigenstates are energetically close together and the ground state at the first energy crossing is quasi-degenerate
involving states with total angularmomentum ⩽ ⩽L N0 , ≠L 1.The addition of the anisotropic perturbation

Figure 1.Energy spectrum as a function of the rotation frequency forN=12 particles as calculatedwith a two Landau level
approximation. (Left) Energy spectrum for the axisymmetric case (A=0). (Right) The energy levels forA=0.03. In each case the
interaction strength is given by =gN 6 1 and = +L N 4.max An avoided crossing appears in the asymmetric case at the location
indicated by the arrow.
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explicitly breaks the rotational symmetry and lifts the remaining degeneracy resulting in an entangled ground
state at the critical frequencywhich is well approximated by a two-modeHolland–Burnett state, also known as a
‘bat’ state, as shown infigure 2; this ‘bat’ state is the output state to a 50/50 beam-splitter having a twin-Fock state
as an input [11]. The particular shape of this ground state is a direct consequence of the strong coupling of
different quasi-degenerate states near the critical frequency connected by the anisotropic term, and the ‘bat-like’
structure of this ground state is known to be robust to particle loss in interferometric schemes [24].

Another important feature of this ‘bat-like’ state is related to the concept of quantumFisher information,
whichwe briefly introduce next. The quantumFisher information determines the lowest bound for the
precision of any number ofmeasurements of an undetermined parameterϕ that has been encoded into the
quantum state of a system, independent of themeasurement scheme [25]. The lowest bound is given by the
Crámer–Rao inequality

Δϕ ⩾
nF

1
, (3)

Q

where n denote the experimental repetitions, and FQ is the quantumFisher information, which for a pure state is
simply given by

Ψ ϕ Ψ ϕ Ψ ϕ Ψ ϕ= ′ ′ − ′F 4 ( ) ( ) ( ) ( ) , (4)Q
2⎡⎣ ⎤⎦

with Ψ ϕ Ψ ϕ ϕ∣ ′ 〉 = ∂∣ 〉 ∂( ) ( ) .Although the number ofmeasurements n is of key importance in reaching an
optimal parameter estimation, in this paper we use the quantumFisher information tool simply as a guide to
inform the design of a practical scheme that shows a precision enhancement, which does not depend on the
actual quantumFisher information. Our parameter of interest is the rotation rateΩ and sowewill consider the
Fisher information as a function ofΩ. In the case of the ‘bat-like’ state, the quantumFisher information, after
picking up an undetermined linear phase in the firstmode, is peaked around the critical frequency and has a
relatively broad bell-like shape [23], whichmeans that the unknownphase can in principle be determinedwith
higher precisionwhen encoded in the ground state of the system at anyΩ contained in this relatively broad
rotation frequency window. This is a convenient property since itmeans that an experimentalist would have a
sizeablemargin of errorwhen trying to hit the critical frequency to prepare the initial entangled state for the
interferometer.

On the other hand, for values of the interaction strength ≈g N6 , the critical frequency is farther away from
the harmonic trap frequency, and in the absence of any anisotropy, the first ground state energy crossing is a
simple crossing between twomany-body states having total angularmomentumof L= 0 and L=N. The larger
value of the interaction strength has the effect of energetically separating the previously quasi-degenerate states
so that only a simple crossing remains. In this case, when a non-zero anisotropy ⩽A 0.03 is switched on, the
perturbation term stronglymixes only the twomentioned states at the first ground state crossing. As a result, the
degeneracy is lifted at the simple energy crossing, turning into an avoided crossing forwhich the ground state is
well approximated by a two-mode ‘cat-like’ state shown in figure 2. In contrast, the Fisher information as a
function ofΩ for the ground state in this case has a resonance-like shape, with amuch larger value centred at the
critical frequency, and has awidthwhich is roughly two orders ofmagnitude smaller than the one for the ‘bat’
state case.

In short, for afixed value of the anisotropy ( ≈A 0.03), an interaction strength of ≈g N6 results in a cat
ground state at the critical frequency Ωc , which exhibits a resonance-like shape for the quantumFisher

Figure 2.The coefficients Ψ Ω= 〈 − ∣ 〉P N n n2 , 2 ( )n c0
2
for the two-mode approximation at the critical frequency using two Landau

levels forN=12 particles. (Left) For this bat-like state the interaction strength is given by =gN 6 0.44, and the fidelity of the two-

mode approximation is Ψ Ω Ψ〈 ∣ 〉 =( ) 0.80c0 TM
2

, where Ψ∣ 〉TM represents the two-mode approximation to the state. The calculated

critical frequency is Ω ≈ 0.938.c (Right) For the cat-like state, the interaction strength is =gN 6 1, and the fidelity of the two-mode

approximation is Ψ Ω Ψ〈 ∣ 〉 =( ) 0.70.c0 TM
2

The critical frequency in this case is Ω ≈ 0.823.c The strength of the anisotropy is

A=0.03, and the truncation of the basis is = +L N 4max for both panels.
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information as a function ofΩ. On the other hand, when the interaction strength has a value around ≈g N3 ,
the resulting ground state at Ωc is ‘bat-like’ shaped, and the quantumFisher information as a function ofΩ has a
broad bell-like shape centred around Ωc [23]. This distinctive behaviour of the systemunder changes in the
interaction strengthmakes the rotating condensate a convenient system to create and tune a variety of different
entangled ground states which can be used as initial states for quantummetrology schemes. In this article, we
propose an interferometric scheme that uses the rotating condensate tomeasure external rotations, andwe show
that it can achieve sub-shot noise precision for all the different types of entangled states that can be produced by
varying the interaction strength, which in turn can be achieved using Feshbach resonances [26]. The
interferometric scheme is conceptually simple andwithin reach of current technologies.

3.Quantum interferometric scheme

The interferometer is implemented as a quantummetrology protocol which can be divided into fourmain
stages: adiabatic preparation of the initial entangled state, non-adiabatic coupling of the rotating condensate to
the external systemwhose rotation frequency is to bemeasured, acquisition of an internal phase which encodes
the external rotation into the ground state of the rotating condensate, and a read-out stage. Here, we show that
after the phase acquisition, practical read-out schemes can determine the external rotationwith a precision
better than the classical (shot-noise) value for the parameters studied.

The interferometric protocol requires the condensate rotation frequency to be variedwith time. For
simplicity, we assume a linear dependence with time as

Ω Ω γ= +t t( ) , (5)0

where γ is the constant rate of change for the rotation frequency, and Ω0 is a particular initial rotation frequency.
This linear dependence is themost simple and tractable way ofmodelling the dynamics of the system, however,
it isflexible enough since any particular functional dependence of Ω t( )with time can, in principle, be
approximated by a series of different linear passages. For the purpose of this work, we choose the simplest linear
dependence in each stage in order to obtain a proof-of-principle result that exhibits sub-shot-noise precision,
and thus, there is plenty of room for optimization in this regard. In experiments, the variation of Ω t( ) as it
appears in equation (5) corresponds to the variation of rotation frequency of the anisotropic potential ordinarly
achieved by a stirring laser beam that rotates at the rate Ω t( ) in the laboratory frame, and has afixed anisotropic
profile, ω −⊥AM x y2 ( )i i

2 2 2 in our case, in the rotating frame [29, 33, 34].
In order to simulate the dynamics of the system, we follow [22] and solve the time-dependent Schrödinger

equation Ψ Ψ∂ ∂ ∣ 〉 = ∣ 〉t t H t ti ( ) ˆ ( ) ( ) , where the only time dependency in H tˆ ( ) comes from the term
Ω− t L( ) ˆ .z Since in the absence of anisotropy (A=0), theHamiltonian is exactly diagonalizable in blocks of

definite total angularmomentumwith eigenvectors Φ∣ 〉j [23], we expand Ψ∣ 〉t( ) in themany-body angular

momentumbasis as Ψ Φ∣ 〉 = ∑ ∣ 〉t c t( ) ( )i i i and, by projecting the time-dependent Schrödinger equation onto
the state Φ∣ 〉j , we obtain afirst order systemof differential equations for cj(t),

∑ Φ Φ∂
∂

=
t

c t c t H ti ( ) ( ) ˆ ( ) , (6)j

i

i j i

subject to the initial condition Ψ Φ∣ = 〉 = ∑ = ∣ 〉t c t( 0) ( 0)i i i , whichwe solve numerically using a Fehlberg
fourth–fifth order Runge–Kuttamethod. Due to computational constraints, all the numerical calculations in
this article are restricted to ⩽N 12 atoms, two Landau levels and a basis containing angularmomentum
subspaces of ⩽ +L N 4.

The details of each stage in the interferometric protocol are discussed in the following sections.

3.1. Adiabatic preparation of the initial entangled state
Thefirst stage of the protocol is the creation of the initial entangled state at the critical frequency Ω.c For this
purpose, we start with a non-rotating condensate in the ground state, and adiabatically rampup the rotation
frequency until the condensate reaches the critical frequency. In experiments, the gas can be initially cooled
down and condensed into the ground state at amoderate rotation rate Ω0 for which the energy gap to the first
excited state is large enough to allow full condensation into the ground state by relaxation of the quantum gas
[22].Here, we assume this to be the case and consider nucleation of the entangled state by starting at Ω = 0.40

and adiabatically increasing the rotation frequency.
Themain challenge of adiabatically nucleating the entangled state is to rampup the rotation frequency from

Ω0, slowly enough so that the system always remains in the ground state during the evolution, but fast enough so
that the total evolution time is shorter than the average condensate lifetime. In order to estimate theminimum
time needed to nucleate the entangled state, the full evolution from Ω0 to Ωc is divided into n smaller linear
segments with fixed rotation frequency increments δΩ, and corresponding rotation frequency change rates γi
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which give the fastest evolution time for the ith segmentwhile preserving the adiabatic condition. For numerical
calculations, we use δΩ = 0.01and themaximumacceleration rates γi are estimated using

γ
Δ

=
E

N
p , (7)i

min
2

01

where ΔEmin is the smallest energy gap between the ground state and the next excited state for the ith segment,
and p01 is themaximum tolerance for the transition probability between these two eigenstates after the adiabatic
passage [22], whose valuewe take to be =p 0.0101 for numerical calculations. In fact, equation (7) is known to
be quite restrictive as an estimate of themaximumacceleration rate consistent with the adiabatic condition [27],
but it provides a relatively easyway to estimate adiabatic evolution times.

We show the calculatedminimumevolution time estimated using numerical results from exact
diagonalization for ΔEmin , and combining equations (5) and (7) infigure 3 as a function of the interaction
strength. A number of important conclusions can be drawn from these results. Firstly, nucleation of the
entangled state via this adiabatic process is clearly limited to condensates containing small numbers of atoms,
due to the fact that typical condensate lifetimes are of the order of 16 s [28]. Thus, our scheme could be
implemented in optical lattices of locally anisotropic rotating tight potentials (ω π≈ ×⊥ 2 2.1 kHz)with
thousands of sites withmean density between ≈N 5 and ≈N 10 atoms/site, which have been demonstrated in
experiments [29]. Secondly, even for small numbers of atoms in relatively tight traps, the adiabatic evolution is
feasible only for values of the interaction strength of < ×g N(6 ) 0.6, which corresponds to the nucleation of
bat-like entangled states. In contrast, practical adiabatic nucleation of cat-like states would requiremuch tighter
traps or great improvement in condensate lifetimes. Therefore, wemainly focus on the case of a bat-like state as
the initial entangled state for our interferometer in the rest of the article. In actuality, this is notmuch of a
limitation in quantummetrology schemes since it has been shown that bat-like states have the same potential of
achieving nearlyHeisenberg-limited precision as cat-like states in other geometries, even outperforming the
latter when particle losses are considered [24].Moreover, for the particular geometry considered here, it has also
been shown that a bat-like setup gives amore sizablemargin of error in producing the entangled state, as
opposed to the cat-like case [23].

For notational purposes, we represent the operation performed during this first stage as

Ψ Ω Ω= = =( ) U Lˆ 0 , (8)cI A

where ÛA represents the unitary operator corresponding to the adiabatic evolution, which transforms the non-
rotating ground state ∣ = 〉L 0 to the entangled ground state at the critical rotation frequency.

3.2. Coupling to an external rotation
The next stage is to expose the system to an external rotation thatwewish tomeasure. This shifts the rotation
frequency of the condensate in a rapid non-adiabatic way and takes it to a regimewhere its natural
decomposition into eigenstates of theHamiltonian at the shifted frequency allows the acquisition of an internal
phase bymeans of simple free time evolution. This internal phase encodes information about the external

Figure 3.Predicted adiabatic evolution time as a function of the interaction strength for different numbers of particles. The full
evolution from Ω = 0.4 to Ω Ω= c is divided in smaller linear segments with different angular acceleration rates as given by equation
(7), and a fixed increase in rotation frequency of 1%of the trapping frequency. Results are shown for a trapping frequency of
ω π= ×⊥ 2 2.1kHz.
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rotation into the quantum state of the condensate, and the details of this acquisition are considered in the next
stage of the protocol.

The external rotation coupling can bemodelled as having the following effect on the quantum state of the
system

∑Ψ Ω Ω Ψ Ω Ω Ψ Ω= = =Δ Δ Δ( ) ( ) ( ) ( )U cˆ , (9)c

i

i iII ext I

where Ωext is the external rotationwewish tomeasure, and Ω Ω Ω= −Δ .c ext Also, Ψ Ω∣ 〉Δ( )i is the ith lowest
lying eigenstate in the stationary energy spectrumof theHamiltonian at Ω Ω= Δ , and

Ω Ψ Ω Ψ Ω= 〈 ∣ 〉Δ Δc ( ) ( ) ( )i i cI are the expansion coefficients.We havemade two important assumptions in
equation (9). Themost important one is the assumption of very fast non-adiabatic evolution during the coupling
to the external rotation, so as to obtain a highfidelity Ψ Ω Ψ Ω∣〈 ∣ 〉∣ ≈Δ( ) ( ) 1cII I

2 between the initial entangled
state and thefinal state after the coupling. This condition ensures that we retain the entanglement generated in
thefirst stage before subjecting the system to a free time evolution. In fact, this is nothing but themain premise of
enhanced quantummetrology, i.e., the encoding of unknown parameters that wewish tomeasure into an initial
entangled state. In addition, this assumption provides a simple picture where the encoding of any information
about the external rotation occurs only through the next stage in the interferometric protocol; that no
information about the external rotation is gained during this sudden coupling is a consequence of

Ψ Ω Ω∂∣ 〉 ∂ ≈Δ( ) 0II ext , resulting in a null Fisher information of thefinal state after the rotation frequency shift.
Incidentally, this assumption also allows for shorter numerical simulation times. The second assumption
consists in considering the external rotation to be small enough compared to the critical frequency, so that the
resultingmany-body state after the coupling can be described by a two-level superposition involving only the
ground state and the next excited state at ΩΔ for awide range of angular acceleration rates at which the coupling
takes place. This is not a crucial assumption, since our numerical codes are not limited to this two-level
approximation and our scheme does not rely on it. However, it will simplify the analysis in section 3.4.

The sudden condition for the external rotation coupling imposes a limitation on themaximumvalue of the
external rotation Ω∣ ∣ext that can be considered for a givenmaximumangular acceleration rate of the frequency
shift. An estimate of themaximumvalue of the external rotation consistent with the assumption of non-
adiabatic evolution can be obtained from the condition of the sudden approximation [27]

Δ
≪T

H

1
, (10)

where 〈 〉· denotes expectation valueswith respect to the initial state Ψ Ω∣ 〉( )cI , andT is the total time spent in the
evolution, and Δ〈 〉 = 〈 〉 − 〈 〉H H H2 2 2 is given in terms of the time-averagedHamiltonian

∫=H
T

H t t
1 ˆ ( )d . (11)

T

0

Combining these two expressions with equation (1), the sudden coupling assumption implies

Ω
γ

Δ
≪

L

2

ˆ
, (12)

z
ext

max

where γmax is themaximumangular acceleration rate of the frequency shift, and Δ〈 〉L̂z is the expectation value of
the standard deviation of the total angularmomentumwith respect to Ψ Ω∣ 〉( ) .cI Since the initial entangled state
(either bat-like or cat-like) consists of a superposition of angularmomentum eigenstates with ⩽L N , as our
numerical calculations show, Δ〈 〉L̂z is atmost of orderN. Therefore, a larger number of particles further restricts
themaximumvalue of the external rotation that is consistent with the sudden assumption.Nevertheless, since
we have established that thefirst stage of the protocol already limits the feasibility of the scheme to small
numbers of atoms, the N1 factor in equation (12) represents only a variation of less than one order of
magnitude for Ω∣ ∣.ext On the other hand, γmax has a broader range of possible values.Here, we assume the
external rotation to be less than one percent of the trap frequency in all calculations, for which equation (12)
gives amaximumangular acceleration rate of the order of γ ≈ × −0.50 10 .max

3 In fact, our numerical
calculations show that afidelity greater than 0.96 can be achieved between the initial and final state for the
external rotation coupling operationwith ⩽N 12 at this givenmaximumangular acceleration rate, and
Ω∣ ∣ < × −0.24 10 .ext

2

3.3. Phase imprinting
The next stage of the interferometric protocol consists of a simple free time evolution at the shifted rotation
frequency ΩΔ , for a time τ. The effect of this operation is that of creating a relative phase between the two
components Ψ Ω∣ 〉Δ( )0 and Ψ Ω∣ 〉Δ( )1 that appear in the expansion of Ψ Ω∣ 〉Δ( )II in equation (9). This phase
encodes information about the external rotation into the quantum state of the rotating condensate.
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The phase imprinting operation can be expressed as

∑Ψ Ω τ Ω τ Ψ Ω Ω Ψ Ω= =Δ Δ Δ Δ
Δ Ω τ

Δ
− Δ( ) ( ) ( ) ( ) ( )( )U c; ˆ ; e , (13)

i

i
E

iIII TE II
i i

where Ω τ Ω τ= −Δ ΔU Hˆ ( ; ) exp( i ˆ ( ) )TE is the time evolution unitary operator, and Δ ΩΔE ( )i is the energy gap
between the ground state and the ith excited state at ΩΔ .At this point, the value of the external rotation has been
encoded into the quantum state of the condensate and it is ready to undergo ameasurement stage.

3.4. External rotation read-out
The read-out procedure is the final step and consists of undoing all the previous steps before the application of
the phase. This is similar to the role of the second beam splitter in a standardMach–Zehnder interferometer.
After this, a suitablemeasurement is performed on the system to determine the external rotation. The particular
choice ofmeasurement scheme determines the precisionwithwhich the external rotation is estimated. Finding a
practical way of optimizing themeasurement scheme is a rather hard problem, and there is no general strategy
for it. However, a good starting point is to calculate the best precision possible using the quantumFisher
information, which provides a benchmark to aim for.

The fact that the quantum state of the system in equation (13) depends on ΩΔ in a rather non-trivial way,
implies that there is no simple analytical expression for the quantumFisher information of this state in general.
However, a compact and insightful result can be obtained under some reasonable simplifying assumptions.
Although our numerical simulations are not restricted to these assumptions, it is useful to have an analytical
expression that provides additional insight and possibly serve as a guide to inform the design of the read-out
stage. Thefirst assumption consists of considering thewaiting time τ to be small, so that we can neglect any terms
of order τO ( )3 and higher. Secondly, we assume that at any point of the interferometric protocol, the population
of excited states higher than the ground state and first excited state is negligible, thusmaking it possible to think
of the system as a two-level one. This assumption is equivalent to considering only small external rotations, since
the coupling to such small external rotations implies that, after the coupling, the quantum state of the system can
be accurately reproduced by the apropriate superposition of the two lowest eigenstates of theHamiltonian at the
shifted rotational frequency. Under these assumptions, the quantumFisher information right after the phase
acquisition stage can be shown to be approximated by

Ψ Ω τ τ Ψ Ω Δ Ψ Ω≈Δ( ) ( ) ( ) ( )F L; 4 ˆ . (14)Q c cIII
2

I
2

I
⎡⎣ ⎤⎦

This is a very interesting result. It implies that, as long as thewaiting time and the external rotation are small
enough, the lowest bound for the precision of rotationmeasurements is completely determined by the angular
momentumfluctuations of the initial entangled state. A numerical calculation of the fluctuations of angular
momentum shows that for the cat state, as well as for the bat state and intermediate states, Δ〈 〉 ∝L N( ˆ)2 2,
demonstrating that at least in this regime, the system is capable of deliveringHeisenberg-limited scaling. As the
waiting time starts to increase, going beyond the approximation used to obtain equation (14), our numerical
calculations suggest that the quantumFisher information departs from the parabolic profile and shows
oscillatory behaviourwith respect to τ, which is heavily dependent on the external rotation and particularly, on
the number of atoms. Consequently, the scalingwithN beyond small waiting times becomes rather irregular.
Therefore, finding the optimal waiting time involves calculating the longest waiting time that provides a better
signal, but does not cross over to the region of irregular scalingwithN. An analysis of the optimalmeasurement
is beyond the scope of the present work.

This result for the quantumFisher information suggests that we look for ameasurement of total angular
momentum in a basis where thefinal output of the interferometer has a large variance in angularmomentum in
order to get close to the lower bound given by equation (14).

One possible way to accomplish thismeasurement scheme is the following. After waiting for a time τ, the
condensate is quickly decoupled from the external rotation,meaning that the condensate returns to the rotation
rate Ωc under the sudden approximation. At this point, the two lowest-lying energy levels have the largest
population. Then, we adiabatically switch off the anisotropy, thus bringing the system to a basis where the
eigenstates of theHamiltonian are also eigenstates of the total angularmomentumwith the ground state having
L=N and thefirst excited state = −L N k , where the value of k depends on themagnitude of the interaction
strength. For ⩾gN 6 0.6 the value of k=N, and for smaller values of g, we have k=1. After the adiabatic
anisotropy switch-off, we end upwith a condensate occupyingmostly the first two lowest-lying energy levels,
which in the case of ⩾gN 6 0.6means that thisfinal output state right before an angularmomentum
measurement has a large variance in L.

We nowproceed to calculate the external rotation precision obtained from a total angularmomentum
measurement after bringing the system to themeasurement basismentioned above. In this case, it suffices to
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consider projectivemeasurements corresponding to the projectivemeasurement operators Ψ Ψ= ∣ 〉〈 ∣E Lˆ ( ) ˜ ˜
i i ,

where Ψ∣ 〉ĩ is the ith energy eigenstate at Ωc whenA=0, having Ψ Ψ∣ 〉 = ∣ 〉L Lˆ ˜ ˜
i i , and thus L labels the results of

themeasurement, in this case, a well-defined total angularmomentum. The probability density for result L,
given the external rotation Ωext, is

Ω Ψ Ω τ Ψ Ω τ=( ) ( ) ( )p L E L; ˆ ( ) ; , (15)c cext IV IV

where Ψ Ω τ∣ 〉( ; )cIV is the final output state to the interferometer protocol right after the adiabatic anisotropy
switch-off.

Consider now nmeasurements of total angularmomentumwith results …L L, , n1 which are randomly
distributed according to the distribution in equation (15). The external rotation is estimated using the function

= ∑ = L nŁ i
n

iest 1 , which is nothing but themean value of the total angularmomentumof the sample. This
function is called the estimator function, and howprecisely the nmeasurements are able to determine the
external rotation depends on its particular functional form. Before the external rotation can be estimated using
this function, it needs to be ‘corrected’ to account for the difference in units [25]. Thus, the external rotation
estimation given by the units-correctedmean value of the sample distribution of the estimator is

Ω
Ω

=
L

d L d
, (16)est

est

est ext

where 〈 〉Lest is themean value of the sample distribution of the estimator function Ł .est It is worth emphasizing
that this is not a quantummechanical expectation value, but a statistical one.Nevertheless, due to the fact that
the estimator functional form is an arithmeticmean, we can invoke the central limit theorem for large samples
with ≫n 1, in this case

=L L̂ , (17)est

where the right-hand side average is a quantum expectation value giving themean value of the ‘population’
distribution assumedwithin the central limit theorem context. In the sameway, the variance of the sample
distribution can be taken as

Δ Δ=( ) ( )L L nˆ , (18)est
2 2

according to the central limit theorem. Consequently, the precisionwithwhich the external rotation can be
estimatedwith thismeasurement scheme is given by the error-propagation formula

ΔΩ ΔΩ
Δ

Ω
= =( )

( )L

n d L d

ˆ

. (19)ext ext
2

2

est ext

We show the precision obtained froma full simulation of the interferometric protocol for a particular set of
parameters infigure 4, where sub-shot noise precision is achieved for themeasurement scheme discussed above.
Infigure 4, we have factored out n appearing in equation (19), as well as τ−1, which are both independent of
the number of particles, in order to directly compare the obtained precisionwith the shot-noise limit N1 .
Thismeans that the precision shown in thementioned figure above can be improved by a factor corresponding
to the evolution time τ and n1 , if the protocol is repeated n times.Here, it is worthmentioning that any given
estimator generally performs differently for different values of the unknownparameter, and this can be seen in
our calculation corresponding tofigure 4. In particular, the divergence at Ωc is a direct consequence of a finite
numerator and a denominator that goes to zero in equation (19). The error-propagation formula is known to
result in divergences like this for particular values of the unknown parameter. However, these divergences are
not fundamental and can be avoided in different ways, for instance, by implementing a deliberate bias in the
unknownparameter or by using a different estimation strategy, such as Bayesian estimation. Althoughwe have
only presented results for a frequencywindow about ±0.5% of ω⊥ around the critical frequency, our
simulations show that sub-shot-noise scaling remains up to external rotation values in a frequencywindow±5%
of ω⊥ wide.However,meeting the criterion for the sudden approximation for larger external rotations implies a
larger rotational frequency acceleration, whichmight not be realistic. Additionally, we have also observed
similar sub-shot-noise scaling for larger values of the interaction strength ⩾ >gN1 0.44.

Although themeasurement strategymentioned above can deliver sub-shot noise precision, it presents a
serious challenge for experimentalists, due to the adiabatic anisotropy switch-off. In contrast to the adiabatic
nucleation of the entangled state, we need to preserve the population of several low-lying energy eigenstates,
since the state of the condensate right after the decoupling from the external rotation can contain non-negligible
overlapswith higher excited states, particularly for larger values of thewaiting time τ. Since very short waiting
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times are not suitable for practical reasons, it is advantageous tofind an alternativemeasurement scheme. An
obvious choice is a binomial estimation, where the two outcomes correspond to the probability offinding the
system in the ground state or in any other excited state, regardless of which one exactly. In this case, the approach
is exactly the same as before, but this time, we have only twomeasurement operators

Ψ Ψ= =E xˆ ( 0) ˜ ˜ , (20)0 0 0

and

Ψ Ψ= = −E xˆ ( 1) 1 ˜ ˜ , (21)1 0 0

where x is a randomvariable representing the outcome of ameasurement in this second scheme, which can be
x= 0 if the condensate is found in the ground state, or x=1otherwise. Taking the estimator function as an
arithemeticmean as before, = ∑ =X xi

n
iest 1 , we can again invoke the central limit theorem and calculate the

units-corrected standard deviation of the sample distribution for Ωest corresponding to this second approach.
Notably, the precision obtainedwith this approach is slightly better than the first one but,more importantly, is
more amenable to experiments. Full simulation results of the interferometric protocol using this second
approach are shown infigure 5 for the same set of parameters as infigure 4. Althoughwe have not pursued a
detailed study of the dependence of the interferometric protocol on thewaiting time, it is worthmentioning that
increasingwaiting times can have a significant impact on the precision obtained from the protocol, as it is
illustrated by the particular example offigure 6.

4. Conclusions

In this paper, we have presented a proposal for an interferometric protocol tomeasure external rotations using a
rotating anisotropic Bose–Einstein condensate. For simplicity we have assumed that particle losses are rare and
can be neglected. Futureworkwill consider the effect of losses, which connect the odd and even number
subspaces and so complicate the dynamics. The protocol we have presented should be able to deliver sub-shot
noisemeasurements as demonstrated by the quantumFisher information of the system after an external
rotation has been applied to it. Importantly, the feasibility of sub-shot noisemeasurements using two different
measurement schemeswas demonstrated for a particular set-up, which is a real strength of the presented
protocol. Out of these twomeasurement schemes, the one that delivers the best precision is a simple projective
measurement which only requiresmeasuring the population of the ground state of the system at the output to
the interferometer. Although it has not been presented in this study, a Bayesian estimation strategy can also be
used to deliver the same results presented in this paper. The Bayesian strategy has the advantage of allowing any
prior knowledge of the unknown external rotation to be accounted for, such as any previousmeasurement of the
external rotation. Additionally, the interferometer is highly tunable, including the formof the entangled state
generated inside of it, and it is amenable to a proof-of-principle experiment. Finally, in this investigation, we

Figure 4. Standard deviation for the distribution determining the external rotation as a function of the same rotation.Here, the
estimator used to build the distribution is the total angularmomentumof the interferometer output. In addition, the standard
deviation has been scaled by a factor equal to thewaiting time, in this case τ = 10, in order to benchmark against the shot-noise limit
for unentangled particles. Also, =gN 6 0.44 andA=0.03.
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have barely scratched the surface of what the system could be capable of doing, as a full exploration of all its
parameters is still under current investigation.
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