Congruences in ordered pairs of partitions
Article (Unspecified)

Hammond, Paul and Lewis, Richard (2004) Congruences in ordered pairs of partitions.
International Journal of Mathematics and Mathematical Sciences, 2004 (47). pp. 2509-2512.
ISSN 0161-1712
This version is available from Sussex Research Online: http://sro.sussex.ac.uk/id/eprint/42663/
This document is made available in accordance with publisher policies and may differ from the
published version or from the version of record. If you wish to cite this item you are advised to
consult the publisher’s version. Please see the URL above for details on accessing the published
version.

Copyright and reuse:
Sussex Research Online is a digital repository of the research output of the University.
Copyright and all moral rights to the version of the paper presented here belong to the individual
author(s) and/or other copyright owners. To the extent reasonable and practicable, the material
made available in SRO has been checked for eligibility before being made available.
Copies of full text items generally can be reproduced, displayed or performed and given to third
parties in any format or medium for personal research or study, educational, or not-for-profit
purposes without prior permission or charge, provided that the authors, title and full bibliographic
details are credited, a hyperlink and/or URL is given for the original metadata page and the
content is not changed in any way.

http://sro.sussex.ac.uk

IJMMS 2004:47, 2509–2512
PII. S0161171204311439
http://ijmms.hindawi.com
© Hindawi Publishing Corp.

CONGRUENCES IN ORDERED PAIRS OF PARTITIONS
PAUL HAMMOND and RICHARD LEWIS
Received 28 November 2003 and in revised form 12 December 2003

Dyson deﬁned the rank of a partition (as the ﬁrst part minus the number of parts) whilst
investigating certain congruences in the sequence p−1 (n). The rank has been widely studied
as have been other statistics, such as the crank. In this paper a “birank” is deﬁned which
relates to ordered pairs of partitions, and is used in an elementary proof of a congruence
in p−2 (n).
2000 Mathematics Subject Classiﬁcation: 05A17, 11P81, 11P83.

1. Introducing the birank. A partition is deﬁned as being a nonincreasing sequence
of positive integers, λ = (λ1 , λ2 , . . . , λr ). The set of all partitions, which includes the
empty partition ∅, is denoted by ᏼ. The sum of the parts of a given partition is called
the weight of the partition, wt(λ) = λ1 + λ2 + · · · +λr . It is standard notation to write

(z; q)∞ := t≥0 (1 − zqt ) and p−k (n) for the coeﬃcient of qn in (q; q)−k
∞ , for ﬁxed k.
It is easy to show that the number of partitions of weight n is p−1 (n) (for the empty
partition, wt(λ) = 0). It is also easy to show that the number of ordered pairs of partitions of weight n is p−2 (n), the weight of an ordered pair being deﬁned as the sum of
the weights of the two partitions in the pair. The sequence p−1 (n) is known to satisfy
certain congruences, one of which
p−1 (5n + 4) ≡ 0 mod 5,

(1.1)

was noticed, and ﬁrst proved, by Ramanujan (see [7]). In fact (1.1) is [6, Theorem 359],
where an elementary proof is given. A similar, and equally elementary proof can be
found for the following congruences:
p−2 (5n + 2) ≡ p−2 (5n + 3) ≡ p−2 (5n + 4) ≡ 0 mod 5.

(1.2)

What would be desirable is a combinatorial reason why these congruences hold, a way
in which, for x = 2, 3, 4, the ordered pairs of weight 5n + x could be split into ﬁve
equinumerous sets.
With this in mind, we deﬁne the birank b(π ) of an ordered pair of partitions π =
(λ(1), λ(2)) as the number of parts in the ﬁrst partition minus the number of parts in
the second partition. Thus b(π ) := #(λ(1)) − #(λ(2)). The number of ordered pairs of
partitions of weight n having birank m will be written as R(m, n), and R(r , m, n) is the
number of such ordered pairs having birank congruent to r modulo m.
Now, b(λ(1), λ(2)) = −b(λ(2), λ(1)), hence R(m, n) = R(−m, n) and so R(r , m, n) =
R(m − r , m, n). Thus, the birank bears at least a passing resemblance to Dyson’s rank,
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which he introduced as an explanation for the congruence (1.1), in the same way (it will
be shown) the birank explains (1.2). Dyson stated his conjectures in [2] and they were
proved in [1].
Now, summing over all ordered pairs of partitions gives


zb(π ) qwt(π ) =

π ∈ ᏼ2

1

 .
(zq; q)∞ z−1 q; q ∞

(1.3)

Hence the generating function for R(m, n) is
 

R(m, n)zm qn =

m∈Z n≥0

1
 .

(zq; q)∞ z−1 q; q ∞

(1.4)

Thus, multiplying the generating function for the birank by (q; q)∞ gives the generating
function for the crank of Andrews and Garvan, see [3, identity (3.8)].
The rank, and later the crank, have been widely studied in connection with congruences, such as (1.1) in the sequence p−1 (n). There is a relative shortage of published
work on Dyson-type ranks related to congruences in sequences p−k (n) for k > 1 (see
Acknowledgment).
The following abbreviation will be used later:
R[·] :=



R(·, 5, n)qn .

(1.5)

n≥0

The only tool we use to investigate the behaviour of the birank is the triple product identity, a proof of which can be found in [6]. The identity states that if [z; q] :=
(z; q)∞ (z−1 q; q)∞ , then
[z; q](q; q)∞ =



(−1)n zn qn(n−1)/2 =

n∈Z





(−1)n z−n − zn+1 qn(n+1)/2 .

(1.6)

n≥0

Dividing each side by 1 − z gives





(zq; q)∞ z−1 q; q (q; q)∞ =
(−1)n zn + zn−1 + · · · + z−n qn(n+1)/2 .

(1.7)

n≥0

2. The behaviour of the birank. The congruence (1.2) is explained by the last three
lines of the following theorem.
Theorem 2.1.
R(0, 5, 5n) > R(1, 5, 5n) = R(2, 5, 5n),
R(1, 5, 5n + 1) >∗ R(0, 5, 5n + 1) = R(2, 5, 5n + 1),
R(0, 5, 5n + 2) = R(1, 5, 5n + 2) = R(2, 5, 5n + 2),
R(0, 5, 5n + 3) = R(1, 5, 5n + 3) = R(2, 5, 5n + 3),
R(0, 5, 5n + 4) = R(1, 5, 5n + 4) = R(2, 5, 5n + 4).
The only exception, (∗), is R(0, 5, 6) = R(1, 5, 6).

(2.1)
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Proof. Putting z = ω, where ω = e2π i/5 in (1.4) gives
 

R(m, n)ωm qn =

m∈Z n≥0

 

 2
ω q; q ∞ ω−2 q; q ∞ (q; q)∞
1



 =
.
q5 ; q5 ∞
(ωq; q)∞ ω−1 q; q ∞

(2.2)

The term on the right is, by (1.7), equal to



1


(−1)n ω2n + ω2n−2 + · · · + ω−2n qn(n+1)/2
q5 ; q5 ∞ n≥0

(2.3)

because ω2 + ω + 1 + ω−1 + ω−2 = 0, this can be simpliﬁed and then dissected to give




 
1
2 +5n)/2
2 +15n)/2
n
(25n
−1
n
(25n

,


(−1) q
+ ω+ω
(−1) q
q
q5 ; q5 ∞ n∈Z
n∈Z

(2.4)

which, by (1.6), is equal to
 25 25 





q ; q ∞  10 25
1
q


q ;q
+ ω + ω−1 q q5 ; q25 = 5 25 + ω + ω−1
.
5
5
q ;q ∞
q ;q
q10 ; q25

(2.5)

Recalling (1.5), it is clear that
 

R(m, n)w m qn = R[0] + ωR[1] + ω2 R[2] + ω3 R[3] + ω4 R[4].

(2.6)

m∈Z n≥0

Now, since ω2 = −1 − ω − ω3 − ω4 , R[1] = R[4], and R[2] = R[3],



R[0] − R[2] + ω + ω4 R[1] − R[2] =



1
q
+ ω + ω−1
.
q5 ; q25
q10 ; q25

(2.7)

From identity (2.7), which is [4, Lemma 3.9], and the irrationality of ω + ω−1 , it follows
that


R(0, 5, n) − R(2, 5, n) qn =

1
,
q5 ; q25

(2.8)

R(1, 5, n) − R(2, 5, n) qn =

q
.
q10 ; q25

(2.9)

n≥0



n≥0

Now if the coeﬃcient of qn in the expression on the right-hand side of (2.8) is, say, c(n)
and the coeﬃcient in the expression on the right-hand side of (2.9) is d(n), then it is
clear that c(n) ≥ 0 and the inequality is strict precisely when n ≡ 0 mod 5. Likewise,
d(n) ≥ 0 and the inequality is strict precisely when n ≡ 1 mod 5 (with one exception,
d(6) = 0). This proves (2.1).
Acknowledgment. We are grateful to the anonymous referee for drawing our attention to the existence of a rank related to p−24 (n) which is introduced in [5].
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