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Large radius Hagedorn regime in string gas cosmology

Dimitri P. Skliros* and Mark B. Hindmarsh+
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(Received 14 January 2008; published 25 September 2008)

We calculate the equation of state of a gas of strings at high density in a large toroidal universe and use

it to determine the cosmological evolution of background metric and dilaton fields in the entire large

radius Hagedorn regime, ðlnSÞ1=d � R � S1=d (with S the total entropy). The pressure in this regime is

not vanishing but of Oð1Þ, while the equation of state is proportional to volume, which makes our

solutions significantly different from previously published approximate solutions. For example, we are

able to calculate the duration of the high-density Hagedorn phase, which increases exponentially with

increasing entropy, S. We go on to discuss the difficulties of the scenario, quantifying the problems of

establishing thermal equilibrium and producing a large but not too weakly coupled universe.

DOI: 10.1103/PhysRevD.78.063539 PACS numbers: 98.80.Cq, 11.25.�w

I. INTRODUCTION

Strings may have played an important role in the very
early universe due to the potential dominance of stringy
effects at high energies. It is important therefore to under-
stand the dynamics of an ensemble of strings in what seems
to be a rather natural background, namely, dilaton gravity,
the stringy version of Einstein gravity. This approach to
string cosmology started with the work of Brandenberger
and Vafa (BV) [1] who laid down the main conceptual
framework and subsequently Tseytlin and Vafa (TV) [2]
who introduced dilaton gravity into the picture, hence
making a first step towards realising a string cosmology
at finite temperature. This framework incorporates all the
degrees of freedom of perturbative string theory, namely,
oscillator, momentum, and winding modes, which at high
densities produce a state with unusual thermodynamic
properties such as a limiting temperature, known as the
Hagedorn phase. An early Hagedorn phase may turn out to
have crucial consequences for the early universe, the initial
singularity, and the dimensionality of spacetime (see [1]
for further details).

Even though this scenario has been studied and extended
in a number of different ways (see e.g. [3–17]), a complete
string theory analysis has yet to be made. Furthermore, a
viable string cosmology should also incorporate the attrac-
tive features of the standard cosmological model, such as
the absence of a flatness and horizon problem and solutions
to the entropy and size problems.

We shall here discuss the scenario introduced by TV [2]
which was inspired by the conceptual framework of BV

[1]. We shall concentrate on large radius evolution,
ffiffiffiffiffi
�0p �

R � S1=d (with S the total entropy), where the dominant
contribution to the pressure is from momentum modes
(roughly speaking the center of mass motion of small
loops) and hence not negligibly small. In particular, we

shall be tracing the evolution of the entire large radius

Hagedorn phase up until R� S1=d beyond which the uni-
verse is radiation dominated. The large radius regime had
been poorly studied to date and only few analytic results
had been obtained. Furthermore, analyzing the large radius
dynamics is crucial in order to understand various transi-
tions that occur and to make contact with late time evolu-
tion (by which we mean radiation domination onwards).
Finally, a large radius universe cannot be avoided in the
dilaton-gravity realization of string gas cosmology, making
the reasonable assumption that the massless string degrees
of freedom which take over at the end of the Hagedorn
phase are identified with the particle content of the stan-
dard cosmology. A simple calculation then shows that the
compactification radius must be at least 10�2 mm in order
to expand to at least the Hubble radius today.
It has been proposed that the string gas initial conditions

can produce scale-free cosmological perturbations [18,19],
although the proposal was strongly criticized in [20]. In
order to rescue the scenario more recent variants depart
from the original simplicity of the scenario by fixing the
dilaton and introducing extra terms and fields [12,21,22].
Another variant supposes that before the perturbative
Hagedorn phase of the original scenario there was a
strongly coupled Hagedorn phase with constant dilaton
[23]. Our analysis applies equally to the perturbative
Hagedorn phase of this scenario—this is independent of
whether the dilaton is initially strongly coupled provided
the low energy effective action is valid when the universe is
much larger than string scale.
In Sec. II we give a brief overview of the derivation of

the equations of motion of string cosmology to set our
notation conventions. In Sec. III we reformulate the equa-
tions of motion so as to make them analytically solvable
and discuss their general structure while making explicit
the constraints that appear. We work in the string frame but
the Einstein frame evolution is also briefly discussed,
especially when making contact with late time evolution
and observational constraints. In Sec. IV we derive the
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equation of state parameter which (to leading order) turns
out to be proportional to the inverse entropy density. We
then go on to derive the number density associated with
winding and momentum modes of string, which corre-
spond roughly speaking to long and short string loops,

respectively. We notice that at radii larger than �ðlnSÞ1=d
the contribution of long string to the number density is
negligible compared to that of small loops while at radii

greater than �S1=d there is not enough energy to excite
massive modes of string and only zero modes are present,
i.e. radiation. In Sec. V we solve the equations of motion
analytically with evolving equation of state for the entire
large radius Hagedorn regime and compare our results with
the corresponding numerical solutions. We find that ne-
glecting the evolution of the equation of state cannot be
justified in the large radius Hagedorn regime and empha-
size that the pressure is not negligible but is rather Oð1Þ in
string units and approximately constant. The problems of
this scenario are discussed in Sec. VI. In particular, the
issues of Jeans instabilities and maintaining thermal equi-
librium are examined and we improve on previous esti-
mates [9,24] by showing that the universe could not have
been in thermal equilibrium at any stage of the evolution in
the large radius Hagedorn region if string is weakly
coupled, g � 1. We also discuss the size problem and its
relation to the weak-coupling problem in string gas
cosmology.

II. GENERAL FORMALISM

The critical tree level dilaton-gravity low energy effec-
tive action plus stringy matter contributions reads [25] (see
e.g. [26])

S ¼ 1

2�2
10

Z
T 9�R

d10x
ffiffiffiffiffiffiffi
jGj

p
e�2�

� ½R10 þ 4GABrA�rB�þ . . .� þ SM; (1)

where � is the dilaton, R10 is the 10-dimensional string
frame Ricci scalar, and GAB with A; B ¼ 0; � � � ; 9 is the
string frame metric tensor [27]. The first two terms repre-
sent the lowest order (in both �0 and gs) contribution to the
bosonic NS-NS sector (see e.g. [26]) and are present in all
5 superstring low energy effective actions [28]. The string
gas contribution is contained in the matter action, SM, the
form of which is derived from the string spectrum on a
torus at finite temperature. We are thus coupling a gas of
strings to a dilaton-gravity background. In writing down
the above action we have assumed that the string coupling
is small, g2 ¼ e2� � 1, that the curvature scalar R10�

0 �
1, and that field moduli evolve slowly (adiabaticity). There
are branches of solutions for which these conditions are
attractors as we shall demonstrate when the matter contri-
bution that is quantified by the equation of state parameter,
w, varies slowly with size (see also [2]). The quantity that
we cannot neglect is the dilaton because this is required for

the T-duality invariance of the theory. The equations of
motion then follow from varying S ¼ S½GAB;��:

RA
B þ 2rArB� ¼ �2

10e
2�TA

B; (2)

R� 4ðr�Þ2 þ 4r2� ¼ 0: (3)

We shall henceforth work in units where �2
10 ¼ 1=2. Let us

concentrate on homogeneous evolution of metric and on
homogeneous and isotropic evolution of dilaton

ds2 ¼ �dt2 þX9
i¼1

e2�iðtÞdx2i ; � ¼ �ðtÞ: (4)

The energy-momentum tensor is effectively, as we shall
demonstrate in Sec. IV, that of an ideal fluid but with
variable equation of state, TA

B ¼ diagð��; p1; � � � ; p9Þ.
The equations of motion (2) and (3) then reduce to [2]
(see also [30]):

�X9
i¼1

_�2
i þ _’2 ¼ e

’þP
j

�j

�; (5)

€� i � _’ _�i ¼ 1

2
e
’þP

j

�j

pi; (6)

€’�X9
i¼1

_�2
i ¼

1

2
e
’þP

j

�j

�; (7)

where ’ is the rescaled dilaton

’ � 2��X9
i¼1

�i: (8)

We are neglecting the effect of interactions and so we are
studying the evolution of the universe after the hierarchy of
scales has been created due to the BV mechanism. We are
interested therefore in the case when d dimensions are
large, equal, and free to expand and are assuming 9� d
dimensions are static and at string scale (the case d ¼ 3
being of interest for the BV scenario). To see that this
factorization is consistent with the equations of motion
note that at the string scale the pressure is negligibly small
[1,2,7]. Then, writing

�iðtÞ ¼
�
�ðtÞ for i ¼ f1; . . . ; dg;
�ðtÞ for i ¼ fdþ 1; . . . ; 9g;

it follows from (6) that�ðtÞ ¼ const is a particular solution
when piji�dþ1 ¼ 0. However, the pressure, pi, is vanishing
only at string scale and so it is consistent to take

�iðtÞ ¼
�
�ðtÞ for i ¼ f1; . . . ; dg;
0 for i ¼ fdþ 1; . . . ; 9g: (9)

In making this deduction we have assumed that the equa-
tions of motion presented above hold at string scale and so
this may not be a good assumption because nonperturba-
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tive effects are expected to become important at the string
scale. The density and pressure of the large dimensions
relate to the enegry via �ð�Þ ¼ E=V and pð�Þ ¼
�dE=dV, respectively, with V ¼ ed�. Only two of the
Eqs. (5)–(7) are independent [(5) being a constraint].
These equations have been studied [2,7] in some detail
for p ’ 0 (string scale Hagedorn region) and p ¼ �=d
(massless momentum mode or radiation domination) and
so we shall concentrate on large-radius Hagedorn regime
where the pressure, p, is approximately constant and (as
we shall show in Sec. V) the variation of the equation of
state cannot be neglected.

In the next section we recast the equations of motion into
a form that makes them easier to solve analytically and
determine their underlying structure.

III. EQUATIONS OF MOTION IN STRING AND
EINSTEIN FRAME

A. String frame

Let us identify wð�Þ with the equation of state parameter
p � wð�Þ�. In Sec. IV we shall derive the form of wð�Þ
from the microcanonical ensemble. This definition enables
us to reduce the equations of motion to first order un-
coupled form by introducing the two following variables:

Yð�Þ � d’=d� and Hð�Þ � _�; (10)

where H is evidently the (string frame) Hubble parameter.
With these definitions Eqs. (5)–(7) on account of (9) lead to
the following two independent equations of motion:

dY

d�
¼ � 1

2
ð1þ wYÞðY2 � dÞ; (11)

1

H

dH

d�
¼ Y þ w

2
ðY2 � dÞ: (12)

The constraint (5) will serve to set the initial conditions and
takes the form

H2 ¼ e2�

Y2 � d
�: (13)

It thus becomes clear that the dilaton, its rate of change,
and the number of dimensions determine the evolving
gravitational coupling. The structure of (11) is pictorially
depicted in Fig. 1 while that of (12) is shown in Fig. 2.

The evolution of the dilaton follows immediately from
(8) and (10):

d�

d�
� 1

2
ðY þ dÞ: (14)

To determine the constraints on Y note that from the
constraint equation we learn that positivity of the energy
implies

� > 0 , Y2 > d: (15)

The equations of motion tell us that this condition is
attractive. Furthermore, in order for the action (1) to be
justified we require the branch of solutions that does not
allow runaway increasing dilaton in an expanding uni-

verse: Y <� ffiffiffi
d

p
. In fact the decreasing dilaton branch of

solutions satisfies

_�< 0 ,
�
Y <�d if H > 0;
Y >�d if H < 0;

(16)

which follows from the definitions (10) of H and Y. The

condition for an increasing dilaton, _�> 0, can be reached
by reversing the inequalities involving H. Notice that an
increasing dilaton is possible in an expanding universe

when Y >�d but when Y <� ffiffiffi
d

p
it reaches a maximum

and then decreases as the Y ¼ �d line is crossed.
The equations are invariant under T duality: � � ��, as

T: Y � �Y and T: w � �w. Hence, we shall consider
only the w> 0 branch as the dual branch w< 0 can be
reached with a T-duality transformation. We also conclude
from (11) that

Yadð�Þ ¼ � 1

wð�Þ (17)

is an attractive solution when wð�Þ varies sufficiently
slowly with increasing �. We shall refer to (17) as the
adiabatic solution. By sufficiently slowly we mean that
w�2dw=d� � 1 should be satisfied. In Sec. V we show
that this condition is not satisfied in the large radius
Hagedorn regime (in fact w�2dw=d�� d=w 	 1) and
so the adiabatic approximation is not a good approxima-

FIG. 1. A flow diagram for dY=d�. The dash-dot curve repre-
sents the dependence of dY=d� on Y for some value 0<wð�Þ<
1=d, while the dashed line represents this relation for w ¼ 1=d.
This corresponds to the asymptotic form of Y0 vs Y in an
expanding universe where Y 
 �d, see (15) and (16). The solid
curve corresponds to the maximum value of w allowed by the
dominant energy condition, jwj< 1. At Y ¼ � ffiffiffi

d
p

(represented
by the squares) the value of Y0 is independent of w. We see that
the solution Y ¼ �1=w (represented by a circle) is attractive for
all initial Y <� ffiffiffi

d
p

(provided w varies slowly with size) and
tends to �1 close to the self-dual point where w ¼! 0.
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tion. It will prove useful, however, in that it enables us to
obtain analytical solutions by expanding Y about �1=w.
See also (16) and the dash-dot line in the flow diagram
Fig. 1 from which the attractor solution can be read off.
Notice also that this solution corresponds to the minimum
of the dash-dot line in Fig. 2 where it is seen that close to
the adiabatic solution the Hubble parameter decreases in an
expanding universe.

At radiation domination � approaches a constant [as for
radiation w ¼ 1=d, see also (14)] [31], �0 ! 0, and hence
Y ! �d (the dash-dash line in Figs. 1 and 2).

B. Einstein frame

The string frame metric is conformally related to the
Einstein metric via

~G�� ¼ exp

�
� 4�

d� 1

�
G��; (18)

as can be verified by direct substitution of the new metric
into the action (1). We shall throughout denote Einstein
frame quantities with a tilde. It follows that the Einstein
and string frame Hubble parameters are related by

~H ¼ e2�=ðd�1Þ
��Y � 1

d� 1

�
H; (19)

from which, on account of (11) and (12), the rate of change

of ~H with respect to ~� follows

1
~H

d ~H

d~�
¼ �dþ 1

2
ðd� 1Þð1� wð�ÞÞ Y2 � d

ðY þ 1Þ2 ; (20)

where ~� ¼ �� 2�=ðd� 1Þ. Notice that we have written
(20) in terms of string frame quantities Yð�Þ, wð�Þ. We
shall mainly concentrate on string frame calculations and
we have written down (18)–(20) to gain an idea of how the
corresponding Einstein frame quantities evolve. From (16)
and (19) it follows that in the decreasing dilaton branch of
solutions expansion in the string frame necessitates expan-
sion in the Einstein frame.
In the next section we derive the thermodynamic ob-

servables of interest starting from the microcanonical den-
sity of states. We concentrate on large compact spaces and
derive the dependence of wðxÞ on xð’ Rd=S, the inverse
entropy density) (25) that will enable us to solve the
equations of motion in the regions of interest.

IV. SUPERSTRING THERMODYNAMICS

Thermodynamics of noninteracting superstring gases
was studied extensively in the late 1980’s but the work
that is most relevant for the present paper is found in [1,32–
44] and more recently in [45,46]. Focus has mainly been on
the Hagedorn region for both small and large spaces,
compact and noncompact topologies. Here we merely
present the results for the case of a large toroidal back-
ground in the vicinity of the Hagedorn temperature, where
the string density is higher than 1 in string units.
The microcanonical approach starts from the definition

of the microcanonical density of states �ðEÞ � P
��ðE�

E�Þ, with the sum taken over all states� of total energy E�.
We shall concentrate on the case where all 9 spatial di-
mensions are toroidally compactified with 9� d dimen-
sions at string scale and the remaining d dimensions of
equal size R 	 1.
The leading two terms of the total density of states for a

large and compact stringy universe when E 	 �1R
d turns

out [34] to be given by

�ðE; RÞ ¼ 	0e
	0Eþa0R

dþb0R
d�1þ...

�
�
1� ½ð	0 � 	1ÞE�2d�1

ð2d� 1Þ!
� e�ð	0�	1ÞðE��1R

dÞ þ . . .

�
; (21)

where R 	 1 and d > 2. The constants a0, b0, and �1 are
Oð1Þ and �1 is identified with Hagedorn energy density.
The quantities 	n (the cases n ¼ 0, 1 being of immediate
interest) are defined to be the inverse temperatures at which
the analytically continued (single or multistring) partition
function is singular. In particular, the leading singularities
for d large equal radii were found to be located at [32,33]

FIG. 2. A sketch of ðlnHÞ0 vs Y [Eq. (12)]. The dash-dot curve
represents this relation for some value 0<wð�Þ< 1=d, while
the dashed line represents this relation for w ¼ 1=d (the asymp-
totic form of ðlnHÞ0 vs Y in an expanding universe where Y 

�d [see (15) and (16)]). The solid curve corresponds to the
maximum value of w allowed by the dominant energy condition,
jwj< 1. At Y ¼ � ffiffiffi

d
p

(represented by the squares) the value of
ðlnHÞ0 is independent of w. From Fig. 1 we know that the
solution Y ¼ �1=w (represented by a circle at the minimum
of the solid curve) is attractive for all initial Y <� ffiffiffi

d
p

provided
w varies slowly with size. This minimum propagates from Y !
�1, when w ’ 0, through to Y ! �d, when w ¼ 1=d, in which
case the dashed and solid curves coincide. Whether w> 1=d is
possible is not clear at present but the leading terms of the
density of states seem to imply that w> 1=d is possible. Note
that when the density is below the Hagedorn density radiation is
expected to dominate the spectrum and so w ¼ 1=d eventually.
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	n ¼ ð2
2�0Þ1=2 �
��

1� n

2 �R2

�
1=2 þ

�
2� n

2 �R2

�
1=2

�
;

(22)

for positive or vanishing integer n subject to n=2 �R2 < 1

and �R � R=
ffiffiffiffiffi
�0p

(note that 	0 >	n�0). The inverse tem-
perature 	 ¼ 	0 is by definition the inverse Hagedorn

temperature. Therefore, 	0 � 	1 ’ 	0=ð4
ffiffiffi
2

p
R2Þ when

1=2R2 � 1. Note that the second term in the brackets of
(21) differs from [34], and we intend to give a more de-
tailed derivation in a forthcoming paper. (The right-hand
side of Eq. (3.15) in [34] should have an additional factor
of ½ð	0 � 	1Þ=	0�2d�1 � 1=R4d�2.)

The leading behavior �� e	0E is well known in string
theory and is due to the exponentially rising degeneracy of
states associated with high energy oscillator modes of
string (see e.g. [47]). An important difference between
(21) and the corresponding expression for all radii at string
scale is the factor a0R

d that appears in the exponent. This is
absent when all dimensions are of string scale and is due to
the momentum modes of string [40], the corresponding
winding modes are subleading and their contribution can
be understood by a T-duality transformation on �. In
particular, the corresponding expression for the density

of states for an ideal gas of light point particles [35] is��
expð�d=ðdþ1ÞRdÞ. The proportionality factor in the case of
particles is the density, �, and this varies with size. The
reason as to why the coefficient of Rd is constant in the
string calculation (21) is that the momentummodes density
is constant above Hagedorn energy densities (see also [4]
for a classical simulation that supports this view). It is

hence clear that the term ea0R
d
appears due to the presence

of momentum modes, roughly speaking the center of mass
motion of short loops of string.

A. Equation of state

From the entropy S ¼ ln� (up to an overall constant),
all thermodynamic observables follow. From the assump-
tion of adiabaticity, S ¼ ln�ðE;RÞ ¼ const, with �ðE; RÞ
given by (21), we find that total energy of the string gas is

EðxÞ ¼ 	�1
0 Sð1� x�Oðx=RÞÞ; (23)

where we have found it convenient to define x � a0R
d=S,

which is essentially the inverse entropy density. This ex-
pression is valid for R 	 1 and x � 1.

The pressure of the string gas system is given by p ¼
	�1ð@S=@VÞE, with V ¼ Rd. In particular, for the large
volume string gas we find that the pressure

pðxÞ ¼ a0	
�1
0 þ d� 1

d

b0
R

� 2�

d

	0 � 	1

	0

��þ . . . ;

(24)

where

�� � �½ð	0 � 	1ÞE�2d�1

ð2d� 1Þ! e�ð	0�	1ÞðE��1R
dÞ:

This result strictly applies in the region � 	 �1. Note,
however, that the second term in the expression for the
pressure is a correction that arises due to a higher order
term in the leading exponential of (21) while the third term
is associated to ��. In particular, there are in principle
other corrections that are subleading relative to the second
term but larger than the third term which also comes from
the leading exponential in (21). The reason we have written
the expression for pðxÞ in the above form is because the
corrections from the higher order terms in the exponential
decrease with increasing radius whereas �� increases.
Therefore, a careful treatment of the subleading contribu-
tions is needed, especially close to the Hagedorn density,
and we hope to pursue this in a forthcoming paper. For the
current paper the important term is the leading contribution
while the subleading corrections have only been written
down to obtain an order of magnitude estimate of the
region of validity of the leading term. It is important to
emphasize that the pressure does not vanish in this large
radius Hagedorn regime (even though p=�� x) but rather
is of order a0	

�1
0 . We find that the equation of state

parameter, w � p=�, is correspondingly given by

wðxÞ ¼ x

1� x

�
1þ ðbR�1Þ x

1� x

�
� 2

d

	0 � 	1

	0

��

þ . . . ; (25)

where b is an Oð1Þ constant. This expression holds for a
noninteracting string gas and breaks down at a critical
volume Vc � S (or xc � 1) in which case ��� 1. In
what follows we shall only consider the leading term.
For very large volumes the universe will be radiation

dominated and w ’ 1=d. The equation of state in the
Hagedorn/radiation transition region x� 1 has not been
determined to date, the calculation of which boils down to
determining a sum of contour integrals of the analytically
continued multistring partition function around each of the
singularities 	n. We hope to touch upon this issue in a
forthcoming paper. Furthermore, we have mentioned that
the pressure close to the string scale, R� 1 (in string
units), vanishes for the string gas whereas we have shown
in (24) that for large radii it is of order 1. The dependence
of the string gas pressure on size between these two ex-
treme cases is also puzzling and has not been determined to
date. However, we would rather not say much about the
small radius region where the validity of the free string
approach is questionable. In particular, one would expect
strong coupling effects to become important.

B. String number density

One can also estimate the number density of small loops
and long winding strings. The total number of strings in an
ensemble with individual energies in the range � ! �þ d�
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is classically given by [32]

D ð�;EÞd� ¼ 1

�ðEÞ fð�Þ�ðE� �Þd�: (26)

fð�Þ is the single string density of states, fð�Þ � P
��ð��

��Þ and �� is the energy of the single string state �. In [34]
it is shown that (for single string energies greater than some

lower cutoff �0 � �0�1=2)

fð�Þ ¼ X
n

gn
e	n�

�
; (27)

where the multiplicity of states, gn, is defined to be the total
number of possible configurations for which n ¼ P

d
i¼1 m

2
i

for all mi 2 Z. For example, g0 ¼ 1, g1 ¼ 2d, g2 ¼
22dðd� 1Þ=2!, g3 ¼ 23dðd� 1Þðd� 2Þ=3!, and so on,
whereas for very large n we can make a continuum ap-
proximation and find

gn ’ 2
d=2

�ðd=2Þn
d=2: (28)

This corresponds to the number of states contained in a

spherical shell of thickness 1 and radius n1=2 [48]. For the
rest of this section we find it convenient to set �0 ¼ 1.

Equation (27) can then be evaluated for large and small
single string energies leading to [34]

fð�Þ ’ Rd e	0�

�d=2þ1
; �0 < � � R2 (29)

’ e	0�

�
; � 	 R2; (30)

where �0 is some cutoff (� 1) below which our expression
for density of states breaks down as mentioned above. The
first of these is calculated using the continuum approxima-
tion for the density of states, gn, (28) where n is large. This
approximation can be made because, as can be seen from
(22), the radius-dependent singularities 	n>0 all approach
	0 (from below) as the radius R increases [33] thus making
the monotonic map 	n: Z ! R approximately continuous
and slowly varying. Therefore, all factors of the form
e	n>0�=� will be comparable for arbitrary n provided R2 *
2n, and so given that gn increases with increasing n we
expect the large n region of gn to dominate the sum in (27)
where the continuum approximation (28) can be made. The
sum in (27) is therefore to be replaced by an integral which
can be performed explicitly to yield (29). The second of
these (30) is calculated in the small radius limit. Here the
leading (Hagedorn) singularity is far from any subleading
singularities 	n>0 so that terms such as e	n>0�=� are ex-
ponentially suppressed compared to e	0�=�. Hence, only
the leading (n ¼ 0) term of the sum in (27) remains for
large single string energies (30).

The high energy strings with � 	 R2 correspond to long
winding strings which can accommodate a larger number

of oscillators compared to small loops which in turn cor-
respond to low energies � � R2. Note furthermore that
one can interpret states with �� R2 as random walks of
step length 1, whose size is of order R.
We can estimate the total number of strings, NðEÞ, in the

ensemble from (26)

NðEÞ ¼ 1

�ðEÞ
Z E

0
d�fð�Þ�ðE� �Þ ’

Z E

�0

d�fð�Þe�	0�:

(31)

Let us then write this integral as a sum of two contributions
on account of (29) and (30) to find that

NðEÞ � Rd
Z R2

�0

d�

�d=2þ1
þ

Z E

R2

d�

�
� Rd þ lnðE=R2Þ þ . . .

(32)

Therefore, from (23) and (32) we find that the number
density of strings for a space with d large compact dimen-
sions will be

nðRÞ � 1þ R�d lnS: (33)

Roughly speaking, the first term counts the number density
of small loops (coming from the � � R2 term) while the
second term counts the long string contribution (coming
from the � 	 R2 term) (see [34]). There is hence about one
loop per unit volume and we see that long strings are

energetically favorable at radii smaller than �ðlnSÞ1=d.
For radii larger than �ðlnSÞ1=d small loops will dominate
the number density and the contribution from long string is

expected to be small. Furthermore, at a critical radius Rr �
S1=d there is not enough energy to excite the massive states,
however, and massless momentum modes (radiation) will
come to dominate [1] the ensemble. This radius, Rr, is
reached when the total energy density is of order one, or
E� �1R

d, and it is seen from (21) that this is also where
our calculations break down; in fact higher order terms in
the expansion of � also become important at this density
as one would expect—we shall show this in a forthcoming
paper. Notice that the number density of windings, nw, will

be completely negligible at this critical radius Rr � S1=d:

ncw � ðlnSÞ=S � 1: (34)

We have thus found that there are three distinct regions
in the large radius regime. For radii R in the range

1 � R � ðlnSÞ1=d;
there is a large number of long winding string compared to
small loops. For radii in the range

ðlnSÞ1=d � R � S1=d;

the large radius Hagedorn region that is most relevant for
the rest of this paper, there is expected to be only a small
number of long string compared to small loops which
dominate the number density. Note that this transition
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from long to short string does not affect the equations of
state. Finally, for radii R in the range

S1=d � R;

i.e. outside the large radius Hagedorn region, there is not
enough energy to excite massive modes and the spectrum is
dominated by the ground state which is comprised of
massless modes, i.e. radiation. This latter transition does
affect the equation of state.

V. EVOLUTION IN STRING FRAME

In this section we shall present solutions for the Hubble
parameter and the dilaton as a function of size for the
equation of state parameter (25) that was derived in the
previous section. Keeping only the leading contribution we
have

wðxÞ ’ x

1� x
þ . . . (35)

Recall that x � a0R
d=S � 1 is the inverse entropy density

multiplied by an Oð1Þ constant a0 > 0.
As a first approximation let us consider the adiabatic

attractor solution (17) (in an expanding universe with
decreasing dilaton)

YadðxÞ ¼ � 1

wadðxÞ :

It becomes clear that we cannot identify wadðxÞ with (35)
because the condition that we trust the adiabatic approxi-
mation, w�2jdw=d�j � 1, is violated for the equation of
state parameter (35), for which w�2dw=d�� d=w 	 1.
Furthermore, this is true for the entire range of w allowed
by the dominant energy condition. Let us then expand
about the adiabatic approximation in the following man-
ner:

YðxÞ � � 1

wðxÞ ð1þ �ðxÞÞ: (36)

On account of the equation of motion of Yð�Þ (11), we
obtain the equation of motion of �ðxÞ. We shall find that �
increases with increasing w and shall hence refer to the
solution (36) as the nonadiabatic approximation. We find it
convenient to take as our independent variable the equation
of state parameter w; on account of (35), x ¼ w=ð1þ wÞ.
Then, the equation of motion for �ðwÞ is

d�ðwÞ
dw

’ 1þ �

w

�
1� 1

2d

�ð1þ �Þ
wð1þ wÞ

�
þ . . . ; (37)

where ‘‘. . .’’ denote terms of higher order in w. Note that
�ðwÞ is not necessarily small and that jwj< 1. From (12)
we see that the differential equation for the string frame
Hubble parameter H can correspondingly be written in
terms of �ðwÞ as follows:

d

dw
lnH ¼ 1

2ð1þ wÞ
�
�2 � 1

dw2
� 1

�
: (38)

The first thing to notice is that there are two opposing terms
in (37). If �=w � 2d then there is a runaway solution so
that the adiabatic solution � ¼ 0 is repulsive. On the other
hand, when �=w 	 2d the � ¼ 0 solution becomes attrac-
tive. Independently of which of these two initial conditions
the universe chooses the attractor of (37) has approxi-
mately the following form:

�ðwÞ ’ 1
2½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8dw

p � 1�: (39)

Furthermore, it follows from (38) that when � *
1þOðw2Þ the Hubble parameter increaseswith increasing
size. This, on account of (39), will be the case when w *
1=d. In other words, if w overshoots the momentum mode
value, 1=d, the string frame Hubble parameter will
increase.
We have shown that the true evolution departs from the

adiabatic approximation, Y ’ �1=w, by a factor of ap-

proximately ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8dw

p þ 1Þ=2. We can, however, derive
the evolution of the dilaton from the definitions (14) and
(36) for the solution (39) and we find that

�ðwÞ ’ �ðw0Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8dw

p þ 1

4dw

þ ln

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8dw

p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8dw

p � 1

�
1�ð1=4dÞ� w

1þ w

�
1=2þð1=4dÞ�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8d� 1

p
2d

arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8dw

8d� 1

s
þ f1ðw0Þ; (40)

where f1ðw0Þ is an integration constant such that
�ðwÞjw0

¼ �ðw0Þ. This equation tells us that the dilaton

decreases rapidly and monotonically with increasing equa-
tion of state parameter w. In the limit w � 1 the dilaton
decreases according to

�ðwÞ ��ðw0Þ ’ � 1

2d

�
1

w0

� 1

w

�
þ . . . ; (41)

where ‘‘. . .’’ denote higher order terms in w. The solution
(40) is plotted alongside the numerical solution [by which
we mean the numerical solution to Eq. (11) when sourced
by (35)] in Fig. 3. We can likewise determine the evolution
of the string frame Hubble parameter and from (12), (36),
and (39) we find that

ln
HðwÞ
Hðw0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8dw

p þ 1

4dw
þ ln

��
w

1þ w

�
1þð1=4dÞ

�
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8dw
p þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8dw

p � 1

�
1�ð1=4dÞð1þ wÞ�1=2

�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8d� 1

p
2d

arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8dw

8d� 1

s
þ f2ðw0Þ;

(42)
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where f2ðw0Þ is again an integration constant analogous to
f1ðw0Þ. This solution is plotted in Fig. 4 alongside the
numerical solution. One then sees that to leading order in
w,

HðwÞ ’ H0 exp

�
� 1

2d

�
1

w0

� 1

w

���
w

w0

�
1=2d þ . . . ; (43)

where the ‘‘. . .’’ higher order terms in w. Hence, we have
found that in the large radius Hagedorn regime the Hubble
parameter decreases at an ever slower rate until w� 1=d,
beyond which it slightly increases and this result is inde-
pendent of the initial conditions, i.e. independent of
whether ðj�j=wÞinitial is smaller or greater than Oð2dÞ. We
can further obtain the approximate time evolution of ra-
dius; it is more convenient to work in terms of entropy
density, w ’ x ¼ a0=s. After some algebraic manipula-
tions (43) can be integrated. The resulting incomplete

gamma functions can be expanded about large s, s0; keep-
ing leading order terms only we find that

R

Rin

’
�
1� 2da0

sin
ln

�
1þ sinHin�t

2a0

���1=d
: (44)

The constant a0 indicates that it is the momentum modes
(as well as the oscillator modes) that play an important role
in the evolution of the large radius universe rather than the
winding modes. Roughly speaking, in the absence of mo-
mentum modes, a0 ¼ 0, and hence the universe remains
static to this order. The initial entropy density is sin �
S=Rd

in and one can think of Rin (although not necessarily)

as the radius of the universe beyond which there is a
negligible number of long string (33),

Rin � ðlnSÞ1=d 	 1;

which can be thought of as the radius that distinguishes the
large from small radius Hagedorn phase.
The characteristic time scale of the Hagedorn phase can

be estimated from (44), �tH � esin=ðsinHinÞ. Note that we
can further eliminate the dependence on the initial Hubble
parameter on account of (49) in favor of the initial string
coupling gin ¼ e�in . Therefore, the duration of the
Hagedorn phase is estimated to be

�tH � 1

gin

esinffiffiffiffiffiffi
sin

p : (45)

As one would expect, in the limit of infinite entropy density
sin ! 1 one finds that the universe is static RðtÞ ¼ Rin

while �tH ! 1.
The dilaton time evolution can also be computed and

from (41) and (44) it follows that

�ðtÞ ��ðtinÞ ’ � ln

�
1þ sinHin�t

2a0

�
þ . . . (46)

To see that the dilaton runs to very weak coupling notice
that (46) in terms of string coupling and for large times
takes the form g� ginðsinHin�tÞ�1. Then, on account of
(45) and (49) we find that at the onset of radiation domi-
nation the string coupling, g ¼ e�, will have reached

gr � gine
�sin ; (47)

which for reasonable values of the initial entropy density is
tiny on account of gin & 1.
We shall not write down the dependence of the Einstein

frame Hubble parameter on Einstein frame volume; this
amounts to substituting (36), (39), (40), and (42) into (19).
It suffices to say that the Einstein frame Hubble parameter,
~H, always decreases with increasing (Einstein frame) vol-
ume unless the dominant energy condition is violated,w 

�1, [see (20)] or positivity of energy condition, Y2 > d, is
relaxed. Furthermore, for ~H to increase for a large range of
values for Y (rather than just close to Y ��d) the condi-
tion becomes more restrictive: w<�ðdþ 1Þ=ðd� 1Þ.
These results are in accordance with [20]. It is also im-

FIG. 4. A plot of the Hubble parameter, HðxÞ, versus x for
w0 ¼ 0:1. The dash-dash line corresponds to the numerical
solution while the solid line corresponds to the analytic solution
(42). Notice that there is a minimum HðxÞ when w ’ 1=d so that
H actually slightly increases beyond this value until x ’ 1=2
where w ’ 1.

FIG. 3. A plot of the dilaton, �ðxÞ, vs x for w0 ¼ 0:1. The
dash-dash line corresponds to the full numerical solution while
the solid line corresponds to the analytic solution (40).
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portant to note that positive energy and decreasing dilaton
necessitate H and ~H to have the same sign, so that if the
universe expands in the string frame it also expands in the
Einstein frame.

VI. PROBLEMS OF THE STRING GAS

We shall now discuss various problems of the dilaton-
gravity realization of string gas cosmology. We shall first
consider the issue of thermal equilibrium and improve on
the current estimates found in [24] (and also [9]) by show-
ing that the assumption of thermal equilibrium indeed is
not justifiable. We provide sufficient tools to actually esti-
mate the evolution of the interaction rate per Hubble rate as
a function of size (or equivalently entropy density s) and
present an analytic estimate of this quantity in the limit
w � 1. We then concentrate on the late time phenomenol-
ogy of this scenario. By late time we mean radiation
domination onwards. In what follows wemake the assump-
tion that the end of the Hagedorn era (where the universe is
dominated by massless modes of string) is to be identified
with the radiation dominated phase of standard big bang
cosmology in order to extract late time predictions from
this model.

In the current section we show that the Hubble length
must shrink to a tiny fraction of the size of the universe for
a toroidal background, on which the above scenario is
based, to be acceptable. We then go on to show that there
is a dilaton problem associated with this scenario, namely,
that post-Hagedorn considerations require the string cou-
pling to be Oð1Þ at the onset of radiation, while the
Hagedorn evolution leads to a very weakly coupled dilaton.
In addition to these problems there is also an entropy
problem, which stems from the fact that in the absence of
some additional mechanism (e.g. inflation) string gas cos-
mology does not offer an explanation for the large amount
of entropy in the current day universe, although it has been
speculated that the entropy may be generated by a period of
oscillation around the self-dual radius [2] (see also
[12,20,49–51]).

A. Thermal equilibrium and Jeans instabilities

The question of thermal equilibrium has been addressed
in [24] (see also [9]) in the deep Hagedorn regime, namely,
at the self-dual point. An estimate was obtained and this
indicated that thermal equilibrium cannot be maintained.
However, at the self-dual point the universe may well be
strongly coupled which leads us to distrust the dilaton-
gravity action from which we started from. In particular, it
is only meaningful to speak about thermal equilibrium at
epochs where we can trust our theory. We shall here only
consider the large volume region where the formalism
developed above applies. The quantity of interest is the
ratio of interaction rate per expansion rate, �=H. For
thermal equilibrium we require this ratio to be much
greater than 1. We can estimate the interaction rate at large

radii from

�

H
� n

H
e4�; (48)

where n is the number density of strings. This was found in
Sec. IV to be given by

nðRÞ � 1þ R�d lnS:

We shall not display the full result but shall concentrate on
the limiting case w � 1. Then, with w ’ x ¼ a0=s, with s
the entropy density, the Hubble parameter (43) and dilaton
(41) can be used to estimate the dependence of �=H on sð¼
w=a0Þ:

�

H
�H�1

in e4�in

�
s

sin

�
1=2d

e�3ðsin�sÞ=2d;

where we have taken R * ðlnSÞ1=d so that nðsÞ � 1 as
appropriate for the large radius solutions for � and H.
We can do better than this, however, because (13) con-
strains the initial conditions as was emphasized in Sec. III,
H2

in ’ e2�in�in=Y
2
in. In particular, win � 1 and so (36) on

account of (39) enforces Yin ¼ �1=win ’ �sin=a0.
Furthermore, �in ¼ 1=xin ¼ sin=a0 and hence the initial
Hubble parameter must satisfy

Hin ’ e�inða0=sinÞ1=2; (49)

from which we see that we can trade the initial value of the
Hubble constant for the initial value of the dilaton.
Substituting this into the above estimate implies that

�

H
� e3�in

�
sin
a0

�
1=2

�
s

sin

�
1=2d

e�3ðsin�sÞ=2da0 : (50)

Hence, initially, by which we mean at a radius Rin 	 1

[e.g. Rin � ðlnSÞ1=d], �in=Hin � e3�ins1=2in . So, in the large

radius regime where the number density of long strings is
negligible compared to the number density of small loops,
ðS 	ÞRd * lnS, we find that the change in radius during
which �=H 	 1 will be

R� Rin

Rin

& g6insine
ð3=dÞðsin=a0Þ � 1: (51)

We then find that to have a positive increase in radius with
the ensemble in thermal equilibrium, �=H 	 1, requires
the initial string coupling to satisfy

gin *
esin=2da0

s1=6in

: (52)

Therefore, from (52) we learn that maintaining thermal
equilibrium seems to require a strongly coupled initial
configuration.
Let us now turn to the issue of strong gravity and Jeans

instabilities. Avoiding Jeans instabilities is probably not a
fundamental requirement: It merely must be satisfied to
ensure that a thermodynamic treatment is justified. Jeans
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instabilities occur when gravity becomes strongly coupled
but we do not know the law of gravity at strong coupling
(e.g. there may be some nonperturbative strong coupling
effect which prevents the formation of Jeans instabilities).
Having said that, if we do require that there be no Jeans
instabilities then the dilaton is constrained [52] by
e2��R2 � 1. We also require R 	 1 for the above formal-
ism to apply and so these two conditions can be satisfied
provided e2�� � 1. We can hence constrain the dilaton
and the entropy density according to

e2� � s�1: (53)

We are to distrust the outcome of our theory if this condi-
tion is violated. To be specific, violation of (53) does not
imply that thermodynamic equilibrium cannot be main-
tained. This can also be viewed as an initial condition
constraint. As we have shown above both the dilaton and
density decrease with increasing volume so their maximum
values will in fact be their initial values. So, from (50) and
(53) we find that

�

H
� s�3=2

in

�
sin
a0

�
1=2

�
s

sin

�
1=2d

e�3ðsin�sÞ=2da0 : (54)

However, s 
 sin and so �=H � s�1
in � 1. Therefore, in

the domain of validity of the above formalism the string
ensemble cannot be in thermal equilibrium; we have,
however, seen some hints that an initially strongly coupled
dilaton may have an important role to play.

B. The size problem

At present we know from measurements of the cosmic
microwave background (CMB) power spectrum at large
angular scales that if the Universe is toroidal, its radius, ~R0,
cannot be much smaller than the Hubble length today, ~H�1

0 ,
(see e.g. [53]):

~R 0
~H0 ¼ R0H0 � 1; (55)

where we have used the fact that the string frame ratio RH
is equal to the Einstein frame ratio ~R ~H when the dilaton is
constant. Denoting the radius at the end of the Hagedorn
phase and the beginning of the radiation era by Rr (and ~Rr

in the Einstein frame), and assuming adiabatic expansion,
we find

~R r *

� ~T0

~Tr

�
~R0 * 10�2 mm; (56)

where Tr and T0 are the temperatures at the start of the
radiation era and today, respectively, with ~Tr & mPl. Hence
the universe at the end of the Hagedorn era is very large in
string units, justifying our concentrating on the large-
radius thermodynamics.

The fact that the universe is large can be reexpressed as a
problem for the dilaton, as follows. Working in the Einstein
frame and taking the number of large dimensions d ¼ 3,

we can estimate the ratio, ~Rr, ~Hr, at time ~tr, when the
Friedmann-Robertson-Walker (FRW) radiation era (con-
stant dilaton) begins, given that

~H 2ð~tÞ ’ ~H2
0

� ~R0

~Req

�
3
� ~Req

~Rð~tÞ
�
4
;

where ~Req is the radius at matter-radiation equality. Note

also that we are neglecting the dark energy era for our
rough estimate. It then follows that

~R r
~Hr ’ ~R0

~H0

� ~Rr

~R0

�� ~R0

~Req

�
3=2

� ~Req

~Rr

�
2

¼ ~R0
~H0

� ~Req

~R0

�
1=2

� ~R0

~Rr

�
:

Given ~Req= ~R0 ’ 10�4, and that the entropy density ~s /
~R�3 in the FRW cosmology, we have

~R r
~Hr � 10�2

�
sr
s0

�
1=3 ’ 10�2

� ~Tr

~T0

�
:

Therefore, at the end of the Hagedorn regime this ratio
should satisfy

RrHr ¼ ~Rr
~Hr � 1029

� ~Tr

mPl

�
; (57)

assuming ~Tr � ~THag ’ mPl. Hence, at the beginning of the

radiation era, independently of whether we are working in
the string or Einstein frame, the Hubble length must oc-
cupy a tiny fraction of the size of the Universe for a toroidal
background to be phenomenologically acceptable.
We can estimate the ratio RrHr on account of the string

frame expression (43) with w ¼ a0=s, SH ¼ sH�d, and
S ¼ sRd, given that at the onset of radiation s� 1,

RrHr ’ s3=ð2dÞin exp

�
� sin

2da0

�
RinHin: (58)

Therefore, one way of satisfying the constraint (57) is for
the initial (string frame) Hubble parameter,

Hin � 1029
� ~Tr

mPl

�
R�1
in s�1=2

in esin=ð6a0Þ;

where we have taken d ¼ 3. For temperatures Tr �mPl

and given that sin 	 1, this is much larger than that al-
lowed from the assumption of adiabaticity according to
which jHj< 1. On account of the initial conditions con-
straint (49) one sees that this inequality can be rewritten in
terms of the initial string coupling, gin,

gin * 1029
� ~Tr

mPl

�
R�1
in esin=ð6a0Þ;

which is inconsistent with the requirement of weak cou-
pling. We conclude that the 3-torus (on which our universe
is embedded in this scenario) cannot become large enough
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to agree with observations, namely, Eq. (55), if string is
weakly coupled close to the string scale, gin � 1.

C. The dilaton problem

A dilaton problem arises in the following way. We have
seen that the onset of radiation domination is characterized
by a string frame entropy density of order one, sr ¼
S=R3

r � 1. We can derive the entropy density in the
Einstein frame, ~s ¼ S= ~R3, on account of ~R ¼ g�1R which
relates Einstein and string frame radii (18). We then find
that the Einstein frame entropy density at the onset of
radiation is

~s r � g3r : (59)

The entropy density is approximately ~s� ~T3 and hence

gr � Tr

mPl

;

where we have explicitly restored the units. To a first
approximation one expects the temperature at the end of
the Hagedorn region to be Tr �OðmPlÞ and hence we have
shown that the string coupling should be of order one,

gr � 1: (60)

This we expect independently from the relation between
gauge and string couplings in a universe where the compact
dimensions remain at the string scale. However, as we have
seen above, during the Hagedorn era the dilaton is expected
to run to negligible coupling and at the onset of radiation
(47),

gr � gine
�sin � 1; (61)

where gin & 1. It is hence clear that there is large disagree-
ment between the string coupling at the onset of radiation
domination as required from the post-Hagedorn consider-
ations (60) and that predicted from the equations of motion
during the large radius Hagedorn regime (61).

VII. DISCUSSION

We have considered an ensemble of high energy strings
in dilaton-gravity background. The picture we have is the
following: the universe is initially at string scale, all di-
mensions are of equal size, and all degrees of freedom are
present. Quantum fluctuations create a hierarchy of scales
and based on the original formulation [1] three dimensions
will become large. This is our starting point for the calcu-
lations presented in this paper, three dimensions are large
and six remain at string scale.

We have calculated the equation of state for a (heterotic)
string gas and have used it to determine the resulting
dynamics of the metric and dilaton fields. We have con-
centrated on the large radius Hagedorn regime with totally
compact topology and have allowed d of the 9� d spatial
dimensions to freely evolve. We have found analytic solu-

tions for both the Hubble parameter and dilaton as func-
tions of size for the entire large radius Hagedorn evolution
and have compared our results with numerical solutions.
We have found that the equation of state has the form

wðxÞ ’ x

1� x
;

with x=a0 the inverse entropy density, s, and a0 a constant
arising due to the presence of momentum modes. Higher
order terms can be found in (25). For large entropy den-
sities, s, we have found that �ðsÞ ’ �in � ðsin � sÞ=2da0,
and HðsÞ ’ Hinðs=sinÞ1=2d expf�ðsin � sÞ=2da0g, the full
expressions are given in (40) and (42), respectively. In
particular, the dilaton is shown to decrease inversely pro-
portional to the volume of the large compact dimensions.
The Hubble parameter decreases with increasing volume,
reaches a minimum when the equation of state w� 1=d,
and then may increase slightly, this is sensitive to the
dependence of the total density of states, �, on E and R
when the energy density � is close to the Hagedorn energy
density �1. Integrating the leading order form for the
Hubble parameter as a function of size we have derived
the leading dependence of size with time (44) and have
obtained an estimate for the duration of the Hagedorn era
in the large radius Hagedorn regime (45),

�tH � 1

gin

esinffiffiffiffiffiffi
sin

p ;

which is very large if the dilaton is weakly coupled.
It is also useful to compare our results for radius and

dilaton as functions of time for large radius evolution with
the corresponding results for vanishing pressure [2] at
small radius. A main difference between small and large
radius evolution is that at small radii the pressure is very
small and slowly evolving while at large radii the pressure
is approximately constant and of Oð1Þ. It suffices to say
that at large times TV [2] find that �ðtÞ � � lntþ const.
Our solution (46) agrees in that we have also found a
logarithmic dependence of dilaton on time, �ðtÞ �
� lnð1þ gin

ffiffiffiffiffiffi
sin

p
�t=2Þ þ const. As far as the radius is

concerned we have found that there is no maximum radius
due to the fact that the equations of state increase with

increasing size. In particular, TV [2] find that � ¼ �in þ
lnðt�c

tþcÞ1=
ffiffi
d

p
for some integration constant c whereas we find

that in the large radius region � ’ �in þ ln½1� � lnð1þ
Hin�t=�Þ��1=d with � � 2da0=sin � 1 valid for �t &
esin=ðgin ffiffiffiffiffiffi

sin
p Þ [use has also been made of (49)].

Therefore, the results we have obtained differ from the
small radius evolution. The source of these differences boil
down to the string spectrum. In particular, even though the
oscillator modes account for most of the energy of the

ensemble, the number of long strings at large radii, S1=d 	
R 	 ðlnSÞ1=d, is negligible compared to the number of
small loops present. The two types of string contribute
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equally to the number density when the radius R�
ðlnSÞ1=d. Furthermore, the massless modes are expected
to dominate the ensemble below the Hagedorn energy

density [1] where R� S1=d. If above the radius R�
ðlnSÞ1=d winding strings are few in number then one would
naively expect that the splitting from 9 to 6þ 3 dimensions
(in the original manifestation of the Brandenberger-Vafa
mechanism of spacetime dimensionality) should occur
before this radius is reached. However, as we have stressed
above evolution in the small radius regime is very specu-
lative to date. The main reason being that one expects there
to be nonperturbative effects that come into play and these
may in turn give rise to a vastly different picture from the
one obtained by perturbative calculations alone.

In the last section we have seen that there are a number
of problems associated with a large radius high-entropy

string gas universe, associated with the lack of thermody-
namic equilibrium and the requirement to have a large but
not too weakly coupled universe today. One cannot rely on
early strongly coupled dynamics to retrieve the scenario, as
a small radius universe must be followed by a large radius
one, with large entropy if we are to describe our universe,
and our analysis applies to this phase. This version of string
gas cosmology therefore still has many difficulties to
overcome.
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