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Kink-boundary collisions in a two-dimensional scalar field theory

Nuno D. Antunes,* Edmund J. Copeland,† Mark Hindmarsh,‡ and AndréLukas§

Centre for Theoretical Physics, University of Sussex, Falmer, Brighton BN1 9QJ, United Kingdom
~Received 12 December 2003; published 26 March 2004!

In a two-dimensional toy model, motivated from five-dimensional heterotic M theory, we study the collision
of scalar field kinks with boundaries. By numerical simulation of the full two-dimensional theory, we find that
the kink is always inelastically reflected with a model-independent fraction of its kinetic energy converted into
radiation. We show that the reflection can be analytically understood as a fluctuation around the scalar field
vacuum. This picture suggests the possibility of spontaneous emission of kinks from the boundary due to small
perturbations in the bulk. We verify this picture numerically by showing that the radiation emitted from the
collision of an initial single kink eventually leads to a bulk populated by many kinks. Consequently, processes
changing the boundary charges are practically unavoidable in this system. We speculate that the system has a
universal final state consisting of a stack of kinks, their number being determined by the initial energy.

DOI: 10.1103/PhysRevD.69.065016 PACS number~s!: 11.10.Kk, 11.27.1d
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I. INTRODUCTION

In Ref. @1# we presented a five-dimensional brane-wo
model, closely related to five-dimensional heterotic M theo
@2–6#, where M-theory five-branes are modelled as kink
lutions of a bulk scalar field theory. We were particular
interested in studying collisions of such kinks with th
boundaries, a process which, in the original M-theory mod
may lead to a topology-changing so-called small-instan
transition @7,8# due to absorption of the five-brane. Th
analysis of Ref.@1# was mainly performed in a moduli spac
approximation. We concluded that the colliding kink was a
sorbed by the boundary; however, its final fate could not
determined due to a breakdown of the moduli space
proach.

In this paper, we will focus on an even simpler, tw
dimensional model that captures the essential features o
five-dimensional cousin. The model consists of
(111)-dimensional scalar field theory for a single real s
lar and an associated potentialV with ~at least! two minima
to allow for kink solutions. The spatial direction is taken
be a line segment with the boundary conditions being p
vided by the ‘‘superpotential’’@10# W associated withV. To
simplify the problem we have not included gravity and a
other gravitylike fields that were present in the fiv
dimensional model@1,11#.

Our main goal is to determine the final outcome of t
kink-boundary collision using this simple two-dimension
model. In particular, we would like to clarify whether th
kink is indeed absorbed or, rather, reflected by the bound
While the former process would lead to a change in
boundary charge~as measured by the superpotential valu!
and the number of kinks present in the bulk, the latter p
cess would conserve those numbers. We will mainly
proach this problem as one posed within relatively sim

*Email address: n.d.antunes@sussex.ac.uk
†Email address: e.j.copeland@sussex.ac.uk
‡Email address: m.b.hindmarsh@sussex.ac.uk
§Email address: a.lukas@sussex.ac.uk
0556-2821/2004/69~6!/065016~11!/$22.50 69 0650
y
-

l,
n

-
e
p-

its

-

-

l

ry.
e

-
-

e

two-dimensional scalar field theories whose basic proper
we are investigating, although the possible relation to
theory and topology-changing phenomena is in the back
our minds.

The plan of the paper is as follows. In the next section,
will set up the model and derive its basic kink solution. Se
tion III reviews the moduli space description of kink evol
tion and kink-boundary collision. The perturbation spectru
on the kink background is analyzed in Sec. IV. In Sec. V,
present a full numerical analysis of the two-dimension
model to determine the final outcome of the collision pr
cess. An analytic interpretation of the numerical results
given in Sec. VI. In Sec. VII, we present a modified mod
space picture that incorporates some, although not all,
tures of the collision process. We conclude in Sec. VIII
summarizing and presenting some results about the lo
time evolution of the system.

II. THE MODEL

In this section, we will set up the (111)-dimensional
model, which will be the basis of this paper. This model
designed to capture the essential features of five-dimensi
heterotic M theory@2# and the related defect model present
in Ref. @1# and, at the same time, provide the simplest sett
for studying the collision of a kink with a boundary.

Time and spatial coordinates are denoted byt and x, re-
spectively, where the latter is taken on a circle, that is, in
rangexP@2L,L# ~with the endpoints of the interval identi
fied! subject to theZ2 orbifolding generated byx→2x. The
resulting one-dimensional orbifoldS1/Z2 has two fixed
points atx5x150 andx5x256L and pointsx and2x are
identified. Instead of working with the full orbicircle, we
therefore, can~and frequently will! use the ‘‘downstairs’’ pic-
ture wherex is restricted to the intervalxP@0,L#. The fixed
points atxi , wherei 51,2, can now be thought of as spati
boundaries.

The field content of our model consists of a single re
scalar fieldf with a potentialV5V(f). Gravity and gravi-
tylike fields will not be considered here since they are n
essential to analyze the kink-boundary collision. We requ
©2004 The American Physical Society16-1
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ANTUNES, COPELAND, HINDMARSH, AND LUKAS PHYSICAL REVIEW D69, 065016 ~2004!
the potential to have at least two different minima~with van-
ishing potential values! in order for kink solutions to exist
We also define the ‘‘superpotential’’W by

W85A2V~f!. ~2.1!

where here and in the following the prime denotes the
rivative with respect tof. We will be interested in actions o
the type

S5E dtE
2L

L

dxH 1

2 S ]f

]t D 2

2
1

2 S ]f

]x D 2

2V~f!

22d~x20!W~f!12d~x2L !W~f!J . ~2.2!

The equations of motion and boundary conditions in
boundary picture are then given by

]2f

]t2
5

]2f

]x2
2V8~f!,

]f

]x U
xi

5W8~f!uxi
. ~2.3!

For the numerical simulations and for concreteness we
often use the quartic potential

V~f!5
1

8
g2~f22v2!2 ~2.4!

with associated superpotential

W52
1

2
gS 1

3
f32fv2D . ~2.5!

The form of the boundary term in the action~2.2! has been
chosen to facilitate the existence of Bogomol’nyi-Pras
Sommerfield~BPS! solutions. This can be understood by f
cusing on static configurationsf5f(x). For such configu-
rations, the action can be written as

S;E
0

L

dxS df

dx
2W8D 2

. ~2.6!

Note that the boundary terms that arise from partial integ
tion when converting the action~2.2! into the above form are
precisely cancelled by the original boundary terms in~2.2!.
Hence, we find static solutionsf5f(x) of our action satisfy
the first order equation

df

dx
5W8. ~2.7!

Conversely, solutions to this first order equation clearly s
isfy the boundary conditions as well as the second-or
equation of motion in~2.3!, the latter by virtue of the relation
betweenV andW.

From Eq.~2.7!, the solutionfK of a kink can in genera
be written as
06501
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fK~x!5 f ~x2Z!, f 21~f!5E
f0

f df̃

W8~f̃ !
. ~2.8!

Here we takef0 to be thef value at the core of the kink
corresponding to the maximum of the potential. Then,
constantZ can be interpreted as the position of the kink
core as long asZP@0,L#. For Z outside this range, the cor
of the kink is no longer within the physical part of space a
Z merely indicates the ‘‘virtual’’ position of the core.

For the quartic potential~2.4! the kink solution is given
by

fK~x!5v tanhS x2Z

2LK
D , ~2.9!

where the widthLK of the kink is given by

LK5
1

gv
. ~2.10!

As long as kinks are sufficiently away from the boundari
the fieldf will be close to minima of its potentialV on the
boundaries. Then, the boundary superpotential takes va
from a discrete set consisting of the valuesW assumes at the
minima of the potentialV. These discrete values can be i
terpreted as boundary charges. They are analogous to
topological boundary charges that appear in the rela
M-theory model@2,1#. In order to consistently maintain thi
interpretation, the superpotential must be monotonically
creasing, and so Eq.~2.5! is only valid for 2v,f,v.

We note that our boundary conditions are related to
family considered in Ref.@9#. These papers studied inte
grable (111)-dimensional field theories on the half line, in
cluding the sine-Gordon theory, with a two-parameter se
boundary conditionsf85MW8(f2f0) at the origin. The
fact that these boundary conditions do not spoil the integ
bility generated considerable interest.

III. MODULI SPACE EVOLUTION

In the preceding section, we have presented a o
parameter family of static BPS kink solutions for our theo
~2.2!, which is labeled by the parameterZ. Solutions exist for
all valuesZP@2`,`# but only for ZP@0,L# doesZ corre-
spond to the position of the kink’s core. Otherwise, t
kink’s core is located ‘‘outside’’ and only its tail remain
within the physical part of space. ValuesZ50 or Z5L cor-
respond to a kink with its core being exactly located at o
of the boundaries.

We would now like to consider physical motion in th
moduli space of kinks by promotingZ to a slowly varying
function of time, Z5Z(t). A time evolution Z→01 (Z
→L2), then describes the collision of the kink with th
boundary atx5x150 (x5x25L), which is the process we
would like to study in this paper. For definiteness, we w
focus on collisions with the boundary atx50 in the follow-
ing but the conclusions, of course, apply to collisions w
the other boundary atx5L as well.

The one-dimensional effective theorySeff for the modulus
Z5Z(t) can be obtained by inserting the kink solution~2.8!
into the action~2.2! and integrating over the spatial coord
nate. This results in
6-2
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KINK-BOUNDARY COLLISIONS IN A TWO- . . . PHYSICAL REVIEW D 69, 065016 ~2004!
Seff5E dtF~Z!Ż2, ~3.1!

where the functionF5F(Z) is given by

F~Z!5W„f ~L2Z!…2W„f ~2Z!…. ~3.2!

The last equation means thatF is the difference of the
boundary superpotentials evaluated on the kink solut
From this interpretation the qualitative behavior ofF can be
easily inferred. ForZP@0,L# and well away from the bound
aries~that is, away by more than the width of the kink! the
field fK is very close to neighboring minima of the potent
on the two boundaries. More precisely,fK(x50) is very
close to the minimum with the smaller superpotential va
and fK(x5L) is very close to the neighboring minimum
with the larger superpotential value. This means, for s
values ofZ the functionF(Z) is finite positive and approxi-
mately constant. On the other hand, forZ,0 or Z.L and
away from the boundary,f is very close to the same min
mum for both boundaries, which means thatF(Z) is approxi-
mately zero~although still positive!.

The functionF can be computed for any given potentialV
and associated superpotentialW to confirm this expectation
For the quartic potential~2.4!, the associated superpotenti
~2.5! and kink solution~2.9!, one finds

F~Z!5gv3F tanhS g

2
v~x2Z! D2

1

3
tanh3S g

2
v~x2Z! D GU

0

L

.

~3.3!

This function has been plotted in Fig. 1 and it shows inde
the general properties discussed above. The constant val
F for Z inside the interval is given by

F~Z!.4gv3/3 for Z@LK and L2Z@LK . ~3.4!

FIG. 1. The functionF(Z) for an interval with lengthL51 and
a kink width of LK51/32A2.
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For later purposes, it is also useful to note the asympt
behavior ofF for Z!2LK , which will be relevant after a
collision of the kink with the boundary atx50. It is given
by

F~Z!.4gv3~12e22gvL!e2gvZ for Z!2LK . ~3.5!

If the width of the kinkLK is much smaller than the sizeL of
the interval,LK!L, this reduces to

F~Z!.4gv3e2gvZ for Z!2LK andLK!L. ~3.6!

The equations of motion derived from the effective acti
~3.1! are simply

d

dt
~FŻ2!50, ~3.7!

where the dot denotes the derivative with respect to tim
This leads to the first integral

FŻ25u25const, ~3.8!

where u is a constant. This relation, of course, represe
energy conservation. Together with the properties ofF stated
above it implies thatZ evolves with constant velocity in the
intervalZP@0,L# and, once it has collided with the bounda
at x50, accelerates and evolves towardsZ→2` while Ż
diverges. Moreover, from the explicit form ofF one can
show thatZ reaches2` in a finite time. Of course, the
validity of the effective theory~3.1! when Z and Ż diverge
after a collision is at best doubtful. Although the effectiv
theory provides a good description of slow kink motion f
finite values ofZ, it seems difficult, therefore, to draw an
reliable conclusion about the outcome of the collision ba
on this effective theory. Three possibilities are conceivab
The kink could be absorbed by the boundary with its kine
energy being completely converted into radiation~that is,
fluctuations off around one of its vacuum states!. In this
case the charge on the absorbing boundary would h
changed by one unit between the initial and final state
could be inelastically reflected with part of its kinetic ener
being transferred to radiation or it could be elastically
flected. Then the boundary charge remains unchanged.
will now analyze the full two-dimensional theory~2.2! to
determine which of these three possibilities is actually re
ized.

IV. PERTURBATION SPECTRUM

It is instructive to examine how the eigenfunctions a
eigenvalues of small perturbations around the kink cha
with the modulusZ. To find the eigenvalues we must expan
the field around the kink configurationf(x)5fK(x2Z)
1w(x) and solve the eigenvalue problem

F2
d2

dx2
1V9~fK!12W9~fK!d~x!Gw5v2w. ~4.1!
6-3



a
ly
b

ve
a

o

ic
s

ar
r
-
d
re

-
e

ge

-
f
n

u

lue
The

all

s
n-

for-
es
rds
lk
uld
ted
ate
ink
olli-

-
s

ng
ea-

er
t in
le-
rd,
e.

in

is-
id-

e
nk
or

as
ad-

for

of
ds
n
rse

eri-
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Here, we have neglected the contribution from the bound
at x5L, which is justified as long as the kink is sufficient
far away from this boundary. This can always be achieved
makingL large. We would then expect that at large positi
Z, the spectrum would be asymptotically close to that of
isolated kink@12#. For the quartic potential~2.4! one expects
one zero mode with no nodes, a bound state with one n
and eigenvaluev1

253m2/2, and a continuum starting atv2
2

52m2, wherem5gv/A2. At large negativeZ, the spectrum
should be asymptotically close to that of the vacuum, wh
also possesses a nodeless zero mode and a continuum
ing at v252m2, but no bound state.

Although the free kink eigenfunctions and eigenvalues
known exactly@12#, the nontrivial boundary condition, o
equivalently the extrad-function contribution to the poten
tial, change the problem. As we have not been able to fin
solution to the eigenvalue problem in closed form, we
sorted to a simple numerical method.

Equation~4.1! was discretized on a (2N11)-point inter-
val 2L,x,L, using the lowest order discrete Laplacian

2
d2

dx2
~y!→2

w i 1122w i1w i 21

Dx2
, ~4.2!

whereDx5L/N. At the left ~right! boundary the double for
ward ~backward! derivative was taken, which improves th
accuracy at the expense of generating two spurious ei
functions with large negative eigenvalues. Thed function
was defined asd(x)→d i0 /Dx. One should note that in de
fining the problem for both positive and negative values ox,
we will find eigenfunctions that are both symmetric and a
tisymmetric under reflections aroundx50. We are clearly
interested only in the symmetric ones.

The eigenfunctions and eigenvalues are easily found
ing MATLAB . We took N5100 andL510, in units where
m51. The lowest three~0, 1, and 2 nodes! are shown for

FIG. 2. The lowest three eigenvaluesv2 as a function of kink
position Z. As Z decreases, the bound state atv251.5 moves to-
wards the continuum atv252. In infinite volume it will remain
bound, but exponentially weakly.
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22,Z,2 in Fig. 2. The closeness of the lowest eigenva
to 0 is a measure of the accuracy of the procedure.
shapes of the eigenfunctions forZ522, Z50, andZ52
are shown in Fig. 3.

As we will see later, the existence of a zero mode for
values of the kink positionZ is crucial for an understanding
of the kink-boundary collision. We will also find that it ha
important implications for the creation of kinks due to spo
taneous emission from the boundary.

V. NUMERICAL SIMULATION

As we have seen in the previous sections, a straight
ward moduli calculation suggests that, as the kink collid
with the boundary, it should cross it and accelerate towa
infinity. As a result, the field configuration inside the bu
will approach one of the true vaccua of the theory. We co
then expect the kinetic energy of the kink to be conver
into radiative excitations of the vacuum that would propag
away from the boundary. This reasoning suggests the k
should be absorbed by the boundary as a result of the c
sion. In this section we will test this expectation by perform
ing numerical simulations of the kink/boundary collision. A
we will see, a more complex picture will emerge, showi
how the moduli description fails to capture the essential f
tures of the collision process.

We model the bulk equation of motion, Eq.~2.3!, with the
quartic potential~2.4! on a 1D lattice using a second ord
discretization of the Laplacian operator, and propagate i
time according to a standard leapfrog algorithm. The imp
mentation of the boundary condition is less straightforwa
since it relates a function of the field to its spatial derivativ
Taking as an example the boundary condition atx50, we
discretize it as

f12f0

dx
5W8~fm!, ~5.1!

wherefm is the value of the field evaluated at some point
the interval (0,dx). We allowed for different choices of the
discretization scheme by writingfm5(12G)f01Gf1,
with G a parameter lying between 0 and 1. Since the d
cretized spatial derivative is effectively evaluated in the m
point between lattice sitesi 50 and i 51, the most natural
option is to setG50.5. We confirmed that this choice is th
most accurate one, by evolving in time a stationary ki
configuration, with its core placed near the boundary. F
G.0.5 the kink is slightly repelled by the boundary, where
for G,0.5 the boundary has an attractive effect. The dis
vantage of settingG50.5 is that it turns Eq.~5.1! into a
nonlinear implicit equation forf0, which has to be solved
numerically for each time step. This is clearly the case
any choice ofG other thanG51. On the other hand, for the
lattice action obtained by a straightforward discretization
Eq. ~2.2!, the only energy conserving algorithm correspon
to G50. For G.0 we cannot rely on energy conservatio
as test of the adequacy of the choice of time step. Of cou
all schemes conserve energy in thedx→0 limit. Since we
are dealing with a one-dimensional system, we had no s
6-4
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FIG. 3. Graphs of the eigenfunctions corresponding to the lowest three eigenvalues for the kink at~a! Z522, ~b! Z50, and~c! Z
52. At the top is a graph of the fieldf itself.
it
ce
e

o

ld
e
u

a

ce

a
F

g
w

on
r

e

he
e

e-
he

In
tive

e.
si-

ng
can

he
al
of
g
ses,
ink
his
ink,
is

h

u-
b-
ous computational restrictions and we chose to work w
G50.5. We have checked that, in the limit of small latti
spacing, the three valuesG50, 0.5, and 1 lead to the sam
results. The boundary condition equation, Eq.~5.1!, was
solved using an implementation of the Newton-Raphs
method~see Ref.@13#!.

The initial conditions for the numerical evolution shou
model, as closely as possible, a kink in the bulk with a giv
velocity Żi moving towards one of the boundaries. We set
the initial field configuration asfK(x2Zi) using the kink
profile in Eq.~2.9!, with Zi the initial core position far from
both boundaries. The initial field momentum is defined
P52Żi]xfK , whereŻi is the chosen initial kink velocity.
The simulations were run for a theory withg52A2 andv
51, which implies a kink width ofLK51/2A2. We chose a
box of physical lengthL516, comfortably larger than the
kink width. For high and midrange kink velocities, the latti
parameters were set todx50.0125 anddt50.005. Low col-
lision velocities lead to a large total simulation time and
smaller time step is needed to avoid error accumulation.
the lowest velocities we useddx50.00125 anddt50.001.

We explored a wide range of collision velocities, lettin
Żi vary between 0.01 and 0.75 in steps of 0.01. In Fig. 4
can see a series of snapshots off for several evolution times
in a typical run~in this caseŻi50.3). During the first part of
the evolution the kink moves towards the boundary with c
stant velocity. As its core starts moving into the bounda
there is, as expected from the moduli picture, an increas
06501
h
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n
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e

-
y
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Ż. At some point the kink leaves the bulk completely and t
field is left in the true vacuum, oscillating rapidly in th
vicinity of the boundary. The kink then ‘‘returns’’ into the
simulation box, moving away from the boundary with d
creasing velocity at first. When its core is well inside t
bulk the kink velocity oscillates around an average valueŻf .
This final value is always smaller than the initial velocityŻi ,
as some energy is lost into radiation during the collision.
the late time profiles in Fig. 4 we can see these radia
perturbations moving away from the boundary.

In Fig. 5 we have a plot of the kink velocity versus tim
Ż(t) was evaluated by numerical differentiation of the po
tion of the core of the kinkZ(t). This in turn was defined as
the position of the zero of the field, obtained by interpolati
f as its sign changes. The same features of the evolution
be seen, withŻ(t) increasing as the kink approaches t
boundary, and being reflected later on with a lower fin
velocity. Note that in both the beginning and end periods
the evolution, the velocity is not strictly constant, oscillatin
around an average value. This indicates that in both ca
apart from the translational mode, other modes of the k
are excited. As far as the initial condition is concerned t
was expected since we are not using a Lorentz boosted k
which would clearly not obey the boundary conditions. Th
effect is particularly visible for high kink velocities, bot
before and after the collision.

Surprisingly, the overall qualitative pattern of the evol
tion did not change within the whole range of velocities o
6-5
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FIG. 4. Kink collision for ini-

tial velocity Żi50.3. In the first
two snapshots,t50.2 andt510,
the kink moves towards the
boundary with approximately con
stant velocity. Fort518 most of
the core has already crossed th
boundary, although the profile in
side the bulk remains relatively
undistorted. Fort519 the field os-
cillates around the true vacuum
These perturbations propaga
away at the speed of light, as see
in the next two plots. Att522 the
kink core has reentered the bulk
and in the final plot we can see th
final kink profile, moving away
from the boundary with constan
velocity.
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served. Even for very low velocities, where we expected
reasoning based on the moduli calculation to be applica
the incoming kink was always reflected by the boundary
ter the collision. In the next few sections we will try to e
plain this behavior and gain a deeper quantitative und
standing of the collision process.

FIG. 5. Kink velocity versus time for initial velocityŻi50.3. As
predicted by the moduli calculation, the kink accelerates as it
proaches the boundary. After the collision it returns into the b
with a lower final velocity. During the collision period, when th
core is outside the bulk, the kink position cannot be determined
the zero of the field, and we have defined the kink velocity as z
06501
e
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VI. COLLISION AS A VACUUM PERTURBATION

As we have seen in Sec. III, the motion of the kink shou
be well described by the moduli equations of motion, up
the point when the velocity of its core becomes too large.
low values of the initial velocityŻi , we expect this to hap-
pen when the kink core is outside the bulk and far from aw
from the boundary. That this is the case can be easily sh
using the moduli energy conservation equation~3.8!. Assum-
ing that the moduli approximation breaks down for velociti
above a certainŻmax, then Eq.~3.8! implies that the corre-
sponding core positionZmax should satisfy

F~Zmax!5
4

3
gv3S Żi

Żmax
D 2

. ~6.1!

Here we assumed the kink to be initially inside the bulk a
far from its boundaries so that~3.4! applies. Clearly, the form
of F(Z) implies that forŻi small enough,Zmax can be made
arbitrarily large.

If, when the maximal velocity is reached, we haveZmax
!2LK , the field configuration in the bulk will be every
where very close to the vacuumv. This suggests that for low
Żi , we could use the linearized equations of motion arou
v to describe the evolution, after the moduli approximati
breaks down. In this section we will use this approach
show that the kink bounces back inelastically after the co
sion, confirming the previous simulation results.

A. Expansion basis for linearized equations of motion

As discussed above we perturb around the vacuumv and
write f5w1v. For small w the field equation of motion
reduces to

-
k

y
o.
6-6
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ẅ5w92m2w, ~6.2!

wherem5gv in the case of the quartic potential. The no
trivial contribution to the evolution will come from the
boundary condition, which is given by

w8~xi ,t !5~g/2!uf2~xi ,t !2v2u5muw~xi ,t !u. ~6.3!

In this section we will focus on a collision taking place at t
left boundary,x50, and effectively assume the bulk to b
half-infinite. This should be a reasonable approximation
long as the size of the bulk is larger than the collision tim
so that effects from the radiation produced during collis
reaching the opposite boundary can be neglected. Note
as a consequence of the norm in~6.3!, the boundary condi-
tion for w is nonlinear. Nevertheless, for periods of the ev
lution during whichw does not change sign at the origi
~6.3! reduces to a linear equation. In particular we have

w8~0,t !5mw~0,t !, if w~0,t !.0, ~6.4!

w8~0,t !52mw~0,t !, if w~0,t !,0. ~6.5!

This implies that we can still expand arbitrary solutions
~6.2! and ~6.3! in terms of given mode functions, as long
we use a different basis for different periods of the evoluti
We start with the casew(0,t).0. A complete basis of solu
tions of ~6.2! satisfying~6.4! is given by

wk~x,t !5Nke
6 ivtFcos~kx!1

m

k
sin~kx!G ,

w25k21m2, k.0. ~6.6!

To obtain the normalization coefficient we define the mo
functions in a finite box of sizeL, leading to Nk

2

52k2/(Lv2). In the end of the calculation we will takeL
→`. As for k, it will have a discrete spectrum depending
the boundary conditions on the right end of the box. F
simplicity we chose periodic boundary conditions, implyin
cos(kL)1(m/k)sin(kL)51. As the box size is taken to infinity
this should not be relevant for the final result.

In the case of negative field valuesw(0,t) the basis is
given by

wk~x,t !5Nke
6 ivtFcos~kx!2

m

k
sin~kx!G ,

w25k21m2, k.0 ~6.7!

with cos(kL)2(m/k)sin(kL)51. Here Nk
2 is a normalization

that will be unimportant for the subsequent calculation.
addition, for the case of negative field valuesw(0,t) and only
for this case, there is also a zero-mass solution of the gen
form

w0~x,t !5~a1bt!e2mx. ~6.8!

This zero mode corresponds to the tail of the kink when
core is far outside the bulk. It can be seen as the linear
version of the translational zero mode of the kink. As we w
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see, this is the essential feature that distinguishes the ev
tion in the two regimes,w.0 andw,0.

B. Linear solution

We now apply the above results to the kink/boundary c
lision situation. For simplicity, we definet50 as the time
when the moduli approximation breaks down. For this tim
we must find the corresponding field configuration inside
bulk which can then be taken as initial condition for th
equations of motion linearized around the vacuum. When
kink core is very far from the boundary, the bulk field and
time derivative can be approximated by

f~x,t !5v22vemZ(t)e2mx, ~6.9!

] tf~x,t !522mvŻ~ t !emZ(t)e2mx.
~6.10!

We will assume that we can neglect the small perturbat
around the vacuum and that effectivelyf5v in the bulk at
t50. The derivative term, on the other hand, remains fin
even asŻ(t) diverges. Using energy conservation~3.8! and
~3.6! we obtain

4mv2e2mZŻ25F~Zi !Zi̇
2, ~6.11!

which implies, using the asymptotic expansion forF(Z),
that

emZŻ5
Żi

A3
. ~6.12!

This allows us to express the finite amplitude of the veloc
profile at collision time in terms of the initial velocity of th
kink. The perturbation field att50 is then defined as

w~x,0!50, ~6.13!

ẇ~x,0!52
2

A3
mvŻie

2mx. ~6.14!

These are now to be taken as initial conditions of the line
ized equations of motion. Sinceẇ.0 we will be entering a
phase of the evolution for whichw(0,t).0 and we should
expand~6.14! in terms of the corresponding basis~6.6!. The
expansion coefficients are easily obtained~the result depends
only on integrals of products of exponentials and trigonom
ric functions! leading to

w~x,t !5
4A

L
m~12e2mL!(

k

k2

v5
sin~vt !

3Fcos~kx!1
m

k
sin~kx!G , ~6.15!

whereA5(2/A3)mvŻi is the amplitude of the exponentia
tail in the initial velocity profile for the field.
6-7
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Equation~6.15! is only valid as long asw(0,t).0. When
the field becomes negative at the origin, the boundary c
dition changes sign and the solution should then be expan
in terms of the second basis~6.7!. Let us define a ‘‘reflection
time’’ tR , for which the solution becomes negative at t
boundary, that isw(0,tR)50. We can use~6.15! to calculate
explicitly the mode amplitudes ofw(x,tR)50 in terms of the
w,0 basis. The new ingredient now is the presence of
zero mode. All other modes are oscillatory, corresponding
the radiation that will propagate away from the bounda
after the collision. The zero modew0, on the other hand, will
grow linearly in time, becoming the tail of the incomin
kink. The situation will now mirror what happened befo
the collision, with the amplitude of the massless mode be
related to the final velocity of the reflected kinkZf . We
define the zero mode amplitude as

a05E dx] tw~x,tR!N0e2mx, ~6.16!

whereN0
252m/(12e22mL) is the corresponding normaliza

tion factor. The time derivative of the field attR will be given
by

ẇ~x,tR!5a0N0e2mx1oscillatory terms. ~6.17!

Since we are mainly interested in determining the final
locity of the reflected kink, we will not calculate explicitl
the positivek component of the field. We define the amp
tude of the exponential term inẇ(x,tR) asB5a0N0, and in
analogy with the calculation for the kink before the collisio
~6.14! leads to

Żf5
A3

2mv
B. ~6.18!

A reflection coefficientcan be defined asR5Żf /Żi5B/A,
quantifying the elasticity of the collision. The amplitudeB
can be easily obtained by performing the integral in E
~6.16!, leading to the expression

R5
B

A
5N0

2 2

L
~12e2mL!24m2(

k

k2

v6
cos~vtR! ~6.19!

for the reflection coefficient wherev is given in Eq.~6.6!.
Note that this solves the problem. We have obtained a
mula for the reflection coefficient in terms of the reflecti
time tR , which, in turn, is implicitly determined by Eq
~6.15! as the time satisfyingw(0,tR)50.

C. Comparison with numerical data

To evaluate exact numerical values it is convenient
approximate the series obtained in the previous section
integrals. There is a slight subtlety involved, related to
fact that we must add over all values ofk that solve the
periodic boundary condition cos(kL)1(m/k)sin(kL)51. This
equation is solved byk52np/L, and by an extra nontrivia
solution in every interval„2np/L,2(n11)p/L…. This sec-
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ond solution approachesk52np/L as n→`. In replacing
sums overk by integrals we must take into consideration t
fact that there are twok’s in each interval of length 2p/L
and use (p/L)(k→*dk @rather than (2p/L)(k→*dk]. Us-
ing the continuum version of~6.19! we obtain for the reflec-
tion coefficient

R5
16m3

p E
0

`

dk
k2

v6
cos~vtR!. ~6.20!

The reflection timetR is given implicitly by

E
0

`

dk
k2

v5
sin~vtR!50 ~6.21!

Both integrals can easily be rescaled and evaluated num
cally, leading to the final results:

tR5
2.06

m
, R50.63. ~6.22!

These compare very well with the simulation results in t
limit of low collision velocities, as illustrated in Figs. 6 an
7. As the initial kink velocity increases deviations from th
analytical result can be observed. This is to be expec
since for higher velocities the moduli approximation shou
break down earlier, making Eq.~6.14! a worse guess for the
form of the initial conditions for the linear regime. Also, w
should expect corrections to the linear approximation as
field starts probing the nonlinearities of the potential duri
the collision, for highŻi . Still, in the particular system simu
lated, the numerical results remain within 10% of the an
lytical prediction for velocities up toŻi50.3.

It is interesting to note that Eq.~6.22! depends only on the
mass of the perturbed theory around the vacuum. In fact,
easy to see that the derivation leading to this result could

FIG. 6. Reflection time versus collision velocity for a mod
with g52A2,v51,m52A2. The theoretical prediction~6.22! for
this choice of parameters istR50.73. The reflection timetR was
defined as the length of time for whichf(0,t).v for each simula-
tion.
6-8
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reproduced for a general potential with nonvanishing sec
order derivative at the true vacuum. In particular, for th
class of potentials, the reflection coefficient should be mo
independent. We confirmed this remarkable result by sim
lating a few collision velocities for a sine-Gordon model. A
expected, we observedR50.63.

VII. MODULI SPACE INTERPRETATION
OF THE KINK-BOUNDARY COLLISION

Can we find an interpretation for our results in terms o
suitable modification of the one-dimensional moduli-spa
approximation described in Sec. III? As before, we focus
a collision with the boundary atx50. In view of the effec-
tive action~3.1!, it seems natural to introduce a new fieldz
with a canonically normalized kinetic term by setting

dz

dZ
56AF, z~Z!56E

2`

Z

dZ̃AF~ Z̃!. ~7.1!

Note that the integral in this definition is indeed finite, whi
corresponds to the fact thatZ reaches2` in a finite time.
For a positive~negative! sign in the above definition the ful
range ofZ values is mapped into positive~negative! z values
while the pointZ52` is mapped toz50 for both signs.
The effective action~3.1! now takes the canonical form

Seff5E dtż2 ~7.2!

and leads to the first integral

ż5V5const. ~7.3!

Let us discuss the collision process in terms of the new fi
z. We start off at some finite, positive valuez, corresponding
to the kink being located between the boundaries, and m

FIG. 7. Reflection coefficient versus collision velocity forg
52A2,v51,m52A2. The ~model independent! analytical predic-
tion is R50.63. Both the initial and final velocities were dete
mined by fitting the position of the core of the kink~as defined in
Sec. V! to a straight line in the relevant regimes.
06501
d

el
-

e
n

ld

ve

with a constant, negative velocity towardsz50. When z
reaches some smaller, positive value, corresponding to
position of the boundary atx50, the collision takes place
From therez continues to evolve to zero and, finally, int
negative values. Nothing special happens atz50, which
corresponds to the formerly problematic pointZ52`. We
would now like to reinterpret this evolution ofz in terms of
our original fieldZ. Note that, from Eq.~7.1! we have

Ż5H 1V/AF for z.0

2V/AF for z,0.
~7.4!

This means crossing ofz50 after a collision implies a sign
change in the velocity ofZ and, hence, a reflection of th
kink. This is precisely what we have found in the full two
dimensional theory. An alternative way of stating this is
note thatz is really defined onR/Z2. Here theZ2 identifiesz
and2z, which correspond to the same field valueZ. In fact,
upon including the other boundary thez moduli space is,
perhaps not surprisingly, given byS1/Z2. Note, however, the
fixed points of this moduli space orbifold do not quite corr
spond to the fixed points of the space-time orbifold~which
are atx50,L) but rather to the points ‘‘at infinity,’’ that is,
Z56`.

There are two obvious conclusions about the collis
process that we can deduce from our simple picture. F
the absolute values of the kink velocity,uVu, before and after
the collision are the same, that is, the reflection is elastic
the reflection coefficient isR51. This is in obvious dis-
agreement with our two-dimensional results, which show
the reflection is inelastic even at low velocities with a refle
tion coefficientR.0.63. This disagreement arises becau
the modified moduli space picture still does not correc
describe the system for a short time period, correspondin
the reflection timetR , when the modulusz is not defined.
During this short period, the additional radiation is created
process that clearly cannot be described by our effec
moduli space theory with a single degree of freedom.

Second, the total timet refl between the two crossings o
the core of the kink with the boundary is given by

t refl5
2

VE2`

0
AF~Z!dZ. ~7.5!

Note, this time is different from the reflection timetR defined
earlier and, for low velocities, we havet refl@tR . While t refl is
the total time the kink vanishes ‘‘behind’’ the boundary,tR is
the time the moduli space approximation breaks down w
the kink is far outside atZ→2` or z.0. Comparison with
the numerical simulations shows that the above formula
proximatest refl well for low velocities with the typical dis-
crepancy being of ordertR . This is understandable since th
main contribution to the integral in Eq.~7.5! comes from the
region Z.0 around the boundary where the moduli spa
approximation is still valid.

Another conclusion from Eq.~7.5! is that the kink can
disappear behind the boundary for an arbitrarily long tim
6-9
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for sufficiently low initial velocity. However, as we hav
seen, it eventually always reemerges and is reflected b
into the bulk.

VIII. CONCLUSIONS

Combining the numerical and analytical results discus
above, a consistent picture of the kink/boundary collis
process begins to emerge. We found that for most of
evolution the system is well described by an effective the
for the kink position modulus. As the kink leaves the bu
and the modulus diverges, there is a short period of time~the
reflection timetR , in the notation of Sec. VI! for which this
approximation breaks down. During this stage, the field
the bulk takes values outside the interval (2v,v) between
the two minima of the potential and, as a consequence,
moduli approximation is not defined. Solving the full fie
theory for this period of the evolution, we showed that t
kink is always inelastically reflected back into to the bu
After the collision the kink moves in the bulk following onc
again the moduli equations of motion. We presented an a
lytical approach that describes the kink reflection as a fl
tuation of the scalar field around its vacuum state. This p
ture led to analytic expressions for the reflection coeffici
R ~the ratio of initial and final kink velocity! and the reflec-
tion time tR . These analytical results turned out to be
good agreement with the numerical simulations for low ki
velocities, thereby supporting our analytical approach.
markably, the reflection coefficient and, hence, the fract
of energy lost into radiation during a collision, turned out
be model independently given byR.0.63.

Although we have shown that the reflection of the ki
can be modelled by a formal continuation of the mod
space, some aspects of the collision, such as its inelast
and an extra time delaytR , are not correctly reproduce
within this moduli space approach. So far we have not b
able to find an alternative description of the collision th
does not require taking into account the full set of degree
freedom of the two-dimensional field theory. It is possib
that a more adequate moduli space description can
achieved by a different continuation of the moduli space
clearly more work is needed to settle this question.

These results may be disappointing at first as they see
imply that the number of kinks in the bulk and the charges
the boundaries are always conserved during collisions.
tially we had expected to find examples of collisions f
which the kink would be absorbed by the boundary, lead
to a change of the boundary charge@1#. In the related
M-theory model@2,1# such a change in the boundary char
indicates a change in the topology of the M-theory ba
ground and is, therefore, of particular interest.

However, on closer examination, the mechanism beh
the reflection of the kink reveals a much richer potential
processes changing the boundary charges. As shown in
VI, after the collision the kink grows back into the bulk a
the exponential zero mode around the vacuum becomes
cited. If we now consider a general arbitrary perturbation
the vacuum, it is very likely that it will have a nonvanishin
component in the direction of the zero mode. This will le
06501
ck

d
n
e
y

n

he

.

a-
-
-
t

-
n

i
ty,

n
t
of

be
t

to
n
i-

g

-

d
r
ec.

x-
f

to a kink forming and moving into the core, changing b
21 the charge of the boundary. The somewhat unexpe
conclusion seems to be that it is reasonably easy to extra
kink from the boundaries. In fact it is easy to show that th
process is not inhibited by a lower energy threshold. Whe
kink forms, the change in the bulk energy corresponding
its core is compensated for by an equal change in the bou
ary energy terms. The energy of the initial perturbation
then converted exclusively into kinetic energy of the inco
ing kink. This implies that kinks with arbitrarily low veloci-
ties can always be obtained from field configurations ar
trarily near the vacuum. In this sense emission of kinks fr
the boundaries that change the boundary charges beco
unavoidable, in practice.

Let us illustrate these ideas by looking at the very lo
time limit of the kink/boundary collision process. Here w
will follow @1# and consider a theory with a periodic pote
tial V(f). In the situations considered so far the field valu
were always near the two vaccua2v andv, and the largef
structure of the potential was never relevant. This is not
case, as we will see, for considerably long times after
collision. As we have discussed, when the kink collides w
the left boundary some radiation is produced that propag
away in the direction of the opposite right boundary~and
vice versa!. As the vacuum in the right boundary becom
perturbed, we can expect as before that the correspon
zero mode becomes excited. From our arguments above
zero mode should with time grow into an additional, le
moving kink. Something similar could be expected to happ
in the left boundary, after the reflected kink moves away in
the bulk. Since we expect some small perturbation aro
the vacuum there, another~probably very slow! right-moving
kink should start forming. For a periodic potential and ve
long times this process would repeat itself several tim
with increasing numbers of kinks being extracted from bo

FIG. 8. Initial single colliding kink gives rise to configuration
with increasingly higher kink number. A sine-Gordon potential~8.1!
with m51 andl51 was used. They axis is normalized such tha
the vacuum points correspond to integers. The initial kinetic ene
of the single kink is distributed amongst the final kinks that ha
lower velocity.
6-10
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boundaries. That this seems to be indeed the case has
confirmed in Fig. 8. For a sine-Gordon model with potent

V~f!52
m4

l FcosSAl

m
f D 21G ~8.1!

and parametersm51,l51 we observed the formation o
five kinks from an initial single-kink collision. As expected
the kinetic energy of the initial kink is distributed among
the final kinks that move with much lower velocities.

As an extra test we evolved a number of near-vacu
configurations with zero bulk charge and observed the
mation of a number of kinks at both boundaries, as expec
The natural question at this point is which mechanism wo
cause the kink formation process to stop eventually. O
as

v

s

l.

06501
een
l

r-
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d
e

possibility is that, as their velocities become increasin
small, a kink gas would form, its density being limited by th
repulsive kink-kink interaction. We can conjecture that fo
very large family of initial conditions a gas of stacked bran
should form, with density closely related to the energy of t
initial field configuration. If this happens to be the case,
final charge configuration, in particular the final bounda
charges of the system, would be selected by its total ene
Clearly a deeper understanding, both in numerical and a
lytical terms, of the system is needed in order to clarify the
intriguing possibilities.
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