Modified refinement algorithm to construct lyapunov
functions using meshless collocation
Article (Accepted Version)

Mohammed, Najla and Giesl, Peter (2022) Modified refinement algorithm to construct lyapunov
functions using meshless collocation. Journal of Computational Dynamics. pp. 1-25. ISSN 21582491
This version is available from Sussex Research Online: http://sro.sussex.ac.uk/id/eprint/105111/
This document is made available in accordance with publisher policies and may differ from the
published version or from the version of record. If you wish to cite this item you are advised to
consult the publisher’s version. Please see the URL above for details on accessing the published
version.

Copyright and reuse:
Sussex Research Online is a digital repository of the research output of the University.
Copyright and all moral rights to the version of the paper presented here belong to the individual
author(s) and/or other copyright owners. To the extent reasonable and practicable, the material
made available in SRO has been checked for eligibility before being made available.
Copies of full text items generally can be reproduced, displayed or performed and given to third
parties in any format or medium for personal research or study, educational, or not-for-profit
purposes without prior permission or charge, provided that the authors, title and full bibliographic
details are credited, a hyperlink and/or URL is given for the original metadata page and the
content is not changed in any way.

http://sro.sussex.ac.uk

Manuscript submitted to

doi:10.3934/xx.xxxxxxx

AIMS’ Journals

Volume X, Number 0X, XX 200X

pp. X–XX

MODIFIED REFINEMENT ALGORITHM TO CONSTRUCT
LYAPUNOV FUNCTIONS USING MESHLESS COLLOCATION

Najla Mohammed∗
Department of Mathematical Sciences
Umm Al-Qura University
Saudi Arabia

Peter Giesl
Department of Mathematics
University of Sussex
Falmer, BN1 9QH, UK

(Communicated by the associate editor name)
Abstract. Contraction analysis considers the distance between two adjacent
trajectories. If this distance is contracting, then trajectories have the same
long-term behavior. The main advantage of this analysis is that it is independent of the solutions under consideration. Using an appropriate metric,
with respect to which the distance is contracting, one can show convergence
to a unique equilibrium or, if attraction only occurs in certain directions, to a
periodic orbit.
Contraction analysis was originally considered for ordinary differential equations, but has been extended to discrete-time systems, control systems, delay
equations and many other types of systems. Moreover, similar techniques can
be applied for the estimation of the dimension of attractors and for the estimation of different notions of entropy (including topological entropy).
This review attempts to link the references in both the mathematical and
the engineering literature and, furthermore, point out the recent developments
and algorithms in the computation of contraction metrics.
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Abstract. Lyapunov functions are functions with negative derivative along
solutions of a given ordinary differential equation. Moreover, sublevel sets of a
Lyapunov function are subsets of the domain of attraction of the equilibrium.
One of the numerical construction methods for Lyapunov functions uses meshless collocation with radial basis functions.
Recently, this method was combined with a grid refinement algorithm (GRA)
to reduce the number of collocation points needed to construct Lyapunov functions. However, depending on the choice of the initial set of collocation point,
the algorithm can terminate, failing to compute a Lyapunov function. In this
paper, we propose a modified grid refinement algorithm (MGRA), which overcomes these shortcomings by adding appropriate collocation points using a
clustering algorithm. The modified algorithm is applied to two- and threedimensional examples.

1. Introduction. (Strict) Lyapunov functions are functions that decrease along
trajectories of the dynamical systems. Their existence guarantees the asymptotic
stability of an equilibrium. Moreover, sublevel sets of a Lyapunov function are
positively invariant subsets of its domain of attraction. Since the analytical determination of the domain of attraction is difficult, researchers have been seeking
numerical methods to construct Lyapunov functions and thus determine subsets
of the domain of attraction. For example, a polynomial Lyapunov function can
be constructed using semidefinite programming [22], using the fact that a sum of
squared (SOS) polynomials is always nonnegative. Linear programming can be used
to compute a continuous and piecewise affine (CPA) Lyapunov function [11, 14] on
a given triangulation. For a review of these and more numerical methods see [7].
In this paper we will focus on the construction of Lyapunov functions via meshfree
collocation using radial basis functions (RBF) [5, 10]. This method constructs a
Lyapunov function by approximating the solution of a linear partial differential
equation (PDE) using scattered collocation points. More precisely, it considers a
particular Lyapunov function that satisfies a PDE for its orbital derivative, and
approximately solves it using meshfree collocation. It turns out that the RBF
approximant itself is a Lyapunov function, for details see Section 3.
A grid refinement algorithm (GRA), based on Voronoi diagrams, for this method
was proposed in [21]. It was shown that starting with a coarse grid and refining only
in the areas where this is necessary, results in fewer collocation points than starting
with a fine grid. However, during the refinement process, some of the starting grids
caused an early termination of the algorithm without successfully constructing a
Lyapunov function, i.e., the function produced still had positive orbital derivatives
in some areas.
In this paper, we will address and overcome these shortcomings through a modified and extended algorithm. First we determine the sign of the orbital derivative
on a fine grid to check whether the obtained function is a Lyapunov function. If
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there are points with positive orbital derivative, then we need to add collocation
points. Note that the previous algorithm only tested specific points and thus missed
these points with positive orbital derivative. However, adding all points with positive orbital derivative would result in many collocation points, while the goal of the
algorithm was to use as few as possible. Moreover, the corresponding collocation
matrix would have a high condition number since the points are near to each other.
To add only few, but sufficiently many collocation points, we cluster the points
with positive orbital derivative into patches. We will automatically identify these
patches and add one point from each patch; this makes the centers of these patches
perfect candidates to be added to our grid of collocation points. By using data
clustering methods, that determine the clusters’ centers, we were able to design
an extension process which adds points only in the patches where the function has
positive orbital derivative. In this paper we present a modified grid refinement
algorithm (MGRA), which combines the GRA with an extension process.
While testing the orbital derivative on a fine grid gives a good indication whether
the constructed function is a Lyapunov function, we require a rigorous method to
prove that the orbital derivative is negative in the entire area under consideration,
e.g. using the verification proposed in [9]. An efficient method to construct Lyapunov function that combines the GRA and the verification process was proposed in
[8]. Similar to this combination method, we will rigorously verify that the function
constructed with the MGRA of this paper is a Lyapunov function.
The outline of the paper is as follows: Section 2 is a short introduction to dynamical systems and Lyapunov functions. In Section 3 we present the RBF collocation
method for numerical solutions of PDEs. Section 4 briefly describes the original
refinement algorithm (GRA). In Section 5, we will introduce data clustering algorithms. The strategy of the new, modified grid refinement algorithm (MGRA) will
be presented in Section 6, then an application to numerical examples is provided
in Section 7. Section 8 explains briefly the verification process and Section 9 shows
the results of combining the verification with the modified algorithms. Finally, we
conclude in Section 10.

2. Lyapunov functions. Consider the following autonomous system of differential
equations
ẋ = f (x)

(1)

where f ∈ C σ (Rd , Rd ), σ ≥ 1 and d ∈ N. We denote by St ξ := x(t) the solution of
the initial value problem ẋ = f (x), x(0) = ξ ∈ Rd and we assume that the solution
exists for all t ≥ 0. Note that St defines a dynamical system on Rd .
A point x0 ∈ Rd is an equilibrium of (1) if f (x0 ) = 0. Then, x(t) = x0 is a
constant solution of (1) for all t ≥ 0. The stability of an equilibrium is determined
by the behaviour of solutions in a neighborhood of an equilibrium. An equilibrium is
called stable, if all solutions starting near the equilibrium stay near the equilibrium
for all future times. Moreover, it is called asymptotically stable if it is stable and
the solutions starting near the equilibrium converge to it as time tends to infinity.
It is called exponentially stable, if the rate of convergence to the equilibrium is
exponential. For an asymptotically stable equilibrium x0 we are interested in finding
the largest set of initial states from which the trajectories of solutions converge to
the equilibrium as time tends to infinity. This set is called the domain of attraction.
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Definition 2.1 (Domain of attraction). The domain of attraction of an asymptotically stable equilibrium x0 is defined by
n
o
t→∞
A(x0 ) := x ∈ Rd |St x −→ x0 .
(2)
Remark 1. The domain of attraction A(x0 ) of an asymptotically stable equilibrium
x0 is non-empty and open.
2.1. Lyapunov Functions. The method of Lyapunov functions enables us to determine subsets of the domain of attraction of an asymptotically stable equilibrium
through sublevel sets of the Lyapunov function. A function V ∈ C 1 (Rd , R) is called
a Lyapunov function for the equilibrium x0 if it has a local minimum at x0 and a
negative orbital derivative in a neighborhood of x0 .
Definition 2.2 (Orbital derivative). The orbital derivative of a function V ∈
C 1 (Rd , R) with respect to (1) at a point x ∈ Rd is defined by
V ′ (x) = ⟨∇V (x), f (x)⟩,
where ⟨·, ·⟩ denotes the standard scalar product in Rd .
Remark 2. The orbital derivative is the derivative along solutions: with the chain
rule we have
d
V (St x)
= ⟨∇V (x), ẋ⟩ = ⟨∇V (x), f (x)⟩ = V ′ (x).
(3)
dt
t=0
The following theorem shows how Lyapunov functions are used to find subsets
of the domain of attraction; note that the requirement of the local minimum at x0
is a consequence of the assumptions. The theorem states that sublevel sets of a
Lyapunov function are positively invariant subsets of the domain of attraction, see
e.g. [5, Theorem 2.24].
Theorem 2.3. Let x0 ∈ Rd be an equilibrium, V ∈ C 1 (Rd , R) and K ⊂ Rd be a
compact set with neighbourhood B such that x0 ∈ K̊. Moreover, let

1. K = x ∈ B | V (x) ≤ R for an R ∈ R, i.e., K is a sublevel set of V .
2. V ′ (x) < 0 for all x ∈ K \ {x0 }, i.e., V is strictly decreasing along solutions
in K \ {x0 }.
Then K ⊂ A(x0 ), K is positively invariant and V is called a (strict) Lyapunov
function.
2.2. Existence of Lyapunov functions. There are several results on converse
theorems, ensuring the existence of Lyapunov functions in different contexts, e.g.
already in 1949 [18]; for a review see [15]. These converse theorems, however, use
the explicit solution of (1) and are thus often not useful to construct a Lyapunov
function explicitly. We will approximate the Lyapunov function of the following
theorem, see [5, Theorem 2.46].
Theorem 2.4. Let x0 be an exponentially stable equilibrium of ẋ = f (x) with
f ∈ C σ (Rd , Rd ), σ ≥ 1.
Then there exists a Lyapunov function V ∈ C σ (A(x0 ), Rd ) satisfying
V ′ (x)

=

−∥x − x0 ∥2

for all x ∈ A(x0 ).
If supx∈A(x0 ) ∥f (x)∥ < ∞, then
KR := {x ∈ A(x0 ) | V (x) ≤ R}

(4)
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is a compact set in Rd for all R ∈ R.
Note that we can replace the right-hand side of (4) by other functions, e.g. also
with a negative constant, such as V ′ (x) = −1, however, then the function V is only
defined in A(x0 )\{x0 } as the orbital derivative at an equilibrium is necessarily zero,
see [5].
3. Construction of Lyapunov functions using radial basis functions. The
Lyapunov function V , introduced in the previous section, satisfies the partial differential equation (4). Therefore, it can be approximated using the RBF collocation
method. Note that the approximation itself, if sufficiently close, will be a Lyapunov
function.
Meshfree collocation, in particular by RBFs, is used to approximate multivariate
functions and approximately solve partial differential equations [24, 3, 26]. For a
general introduction to meshless collocation and reproducing kernel Hilbert spaces
see [29]. For the application of RBFs to the construction of Lyapunov functions see
[5], where details of the following overview of the method can be found.
An RBF is a real-valued function whose value depends only on the distance from
the origin i.e., Ψ(x) = ψ(∥x∥2 ), where ∥ · ∥2 denotes the Euclidean norm in Rd .
There is a one-to-one correspondence between an RBF, or more generally kernel,
and its reproducing kernel Hilbert space (RKHS).
Now let us consider a general linear partial differential equation for u of the form
Lu = g on Ω ⊂ Rd ,

(5)

where Ω is a bounded domain with Lipschitz continuous boundary, g is a given
function on Ω and L is a linear differential operator of the form
X
Lu(x) =
cα (x)Dα u(x),
(6)
|α|≤m

where α ∈ Nd0 is a multi-index. In our case, the differential operator L will be given
by the orbital derivative of a function V with respect to system (1), namely
LV (x) := ⟨∇V (x), f (x)⟩ =

d
X

fj (x)

j=1

∂V (x)
= V ′ (x).
∂xj

(7)

The operator L in (7) is a first order differential operator of the form (6) with
cej (x) = fj (x).
Let XRBF = {x1 , x2 , . . . , xN } ⊂ Ω be a set of N pairwise distinct points which
are no equilibria. The approximant v : Rd → R of V will be given by
v(x) =

N
X

βk (δxk ◦ L)y Ψ(x − y)

(8)

k=1

where Ψ(x) is the fixed RBF, δ is Dirac’s delta-operator, defined by δy0 g(x) = g(y0 ),
and the superscript y denotes the application of the operator with respect to the
variable y.
The coefficients βk are determined by the interpolation conditions
LV (xj ) = Lv(xj )
for all xj ∈ XRBF ; this leads to a linear system for β ∈ RN
Aβ = α.

(9)
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The matrix entries of A = (ajk )j,k=1,...,N are given by
ajk = (δxj ◦ L)x (δxk ◦ L)y Ψ(x − y)
and the right-hand side α = (αj )j=1,...,N is given by
αj = V ′ (xj ) = −∥xj − x0 ∥22 .
If the points xj are pairwise distinct and no equilibria, then the symmetric matrix A
is positive definite, so in particular non-singular, see [10]. Hence, (9) has a unique
solution β. The approximant (8) with the coefficients determined by (9) is the
norm-minimal function in the RKHS, which satisfies the PDE (5) at the points in
XRBF ; in our brief overview, however, we do not discuss this relation further, the
interested reader is referred to [10].
Finally, we calculate the approximant v(x) and its orbital derivative v ′ (x) by
taking the orbital derivative of (8).
v(x)

=

N
X

βk ⟨xk − x, f (xk )⟩ψ1 (∥x − xk ∥2 ),

(10)

k=1

v ′ (x)

=

N
X


βk ψ2 (∥x − xk ∥2 )⟨x − xk , f (x)⟩⟨xk − x, f (xk )⟩

k=1


−ψ1 (∥x − xk ∥2 )⟨f (x), f (xk )⟩ ,

(11)

where ψ1 and ψ2 are defined as:
ψ1 (r) =
ψ2 (r) =

d
dr ψ(r)

r

,

for r > 0,

(12)

d
dr ψ1 (r)

for r > 0,
(13)
r
and we assume that ψ1 and ψ2 can be continuously extended to 0.
In the following we mainly use a Wendland function ϕl,k as RBF, introduced
by Wendland [28] as a compactly supported RBF, which is a polynomial on its
support. The corresponding RKHS is a Sobolev space with equivalent norm, and, if
the smoothness parameter k is sufficiently large, then ψ1 and ψ2 can be continuously
extended to 0.
The following error estimate was given in [10, Corollay 4.11]; W2τ (Ω) denotes the
Sobolev space on Ω ⊂ Rd .
Theorem 3.1. Let k ∈ N if d is odd or k ∈ N\{1} if d is even and fix l := ⌊ d2 ⌋+k+1;
we use the RBF ψ(r) = ϕl,k (cr) with c > 0, where ϕl,k denotes the Wendland
function. Set τ = k + (d + 1)/2 and σ = ⌈τ ⌉.
Consider the dynamical system defined by (1), where f ∈ C σ (Rd , Rd ). Let x0 be
an exponentially stable equilibrium of (1). Let f be bounded in A(x0 ) and denote
by V ∈ W2τ (A(x0 ), R) the Lyapunov function satisfying V ′ (x) = −∥x − x0 ∥22 . Let
Ω ⊂ A(x0 ) be a bounded domain with Lipschitz continuous boundary.
The reconstruction v of the Lyapunov function V with respect to the operator (7)
and a set XRBF ⊂ Ω \ {x0 } satisfies
k− 1

2
∥v ′ − V ′ ∥L∞ (Ω) ≤ ChRBF
∥V ∥W k+(d+1)/2 (Ω)
2

where hRBF := supx∈Ω minxj ∈XRBF ∥x − xj ∥2 denotes the fill distance.

(14)
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The error estimate (14) implies that the approximant v of the Lyapunov function
V is actually a Lyapunov function outside a small neighborhood of x0 , i.e. satisfies
v ′ (x) < 0, if the grid is dense enough. Let us make this more precise: by choosing
k− 1

2
the fill distance hRBF so small that ChRBF
∥V ∥W k+(d+1)/2 (Ω) ≤ ϵ for a given ϵ > 0,
2
we have
√
(15)
v ′ (x) ≤ V ′ (x) + ϵ = −∥x − x0 ∥22 + ϵ < 0 if ∥x − x0 ∥2 > ϵ.

Remark 3. The approximation may fail to have negative orbital derivative near
the equilibrium x0 as the error estimate requires ∥x − x0 ∥22 > ϵ. One can use the
Lyapunov function of the linearized system, the so-called local Lyapunov function,
to deal with this small neighborhood of x0 , for details see [5], or a modified method,
see [6]. In this paper, we will not deal with this local problem in more detail, but
we exclude a small neighborhood E ⊃ B√ϵ (x0 ) of x0 in our consideration.
The error estimate in Theorem 3.1 establishes that by choosing the collocation
points sufficiently dense, we will construct a Lyapunov function. However, for practical applications there remains the question: how do we choose the collocation
points to achieve a negative orbital derivative with as few collocation points as possible? The error estimate only gives information about the error to V ′ based on
the fill distance. We, however, only require v ′ to be negative, so the error could be
larger further away from the equilibrium. The advantage of meshless collocation is
to be able to use scattered points, so it is natural to start with a coarse grid and
introduce a refinement algorithm, see Section 4.
4. The grid refinement algorithm (GRA). In this section, we will present the
grid refinement algorithm (GRA) of [21], which constructs a Lyapunov function
with fewer collocation points and less computation time than the original method.
The algorithm is iterative and uses Voronoi diagrams. In each step, given a set of
collocation points, we generate a Voronoi diagram for these points. Then, we run a
test on each Voronoi vertex and decide whether we add it to the set of collocation
points or not. A point is added if the orbital derivative is non-negative.
Voronoi vertices were used as potential new collocation points since they are
equidistant to three or more previous grid points, and thus lie “in between” the
grid points. Hence, we avoid collocation points too close to each other, which would
result in a (nearly) singular interpolation matrix of the linear system (9).
4.1. Voronoi Diagrams. A Voronoi diagram is a geometric structure that divides a d-dimensional space into cells based on the distance between sets of points
in the space [25]. Many algorithms for computing Voronoi diagrams have been
proposed, however, we are going to explain the structure of Voronoi diagrams via
a very simple but less efficient algorithm using perpendicular hyperplanes. Let
S = {s1 , s2 , . . . , sn } ⊂ Rd be a set of n arbitrarily distributed and distinct sites
(points) in Rd . The perpendicular bisector algorithm works as follows: for each
pair of sites in S we construct a hyperplane perpendicular to the line segment joining these sites, which intersects the line segment in the middle. At the end of
this process, we will have intersections of finitely many hyperplanes which build up
cells with a convex polygon structure, known as Voronoi regions. The boundaries
of each region are called Voronoi edges and the intersections of Voronoi edges are
called Voronoi vertices. For more details see [2, 16, 13].
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Figure 1. The Voronoi diagram for a set of sites (green o) with
a Voronoi region, Voronoi edge and Voronoi vertex (red *).
Mathematically, the Voronoi region of a point si in S is defined by
n
n
o
\
Vi =
x ∈ Rd | ∥x − si ∥2 < ∥x − sj ∥2 .
j=1,j̸=i

This means that for every point x ∈ Rd within a Voronoi region Vi the Euclidean
distance of x to the site si , which is also inside the region, is smaller than the Euclidean distance of x to any other site sj .
4.2. The refinement algorithm (GRA).
1. Fix a compact neighbourhood K ⊂ Rd and a small neighborhood E ⊂ K of
the equilibrium x0 as well as an RBF. Let n = 0 and start with an initial set
(0)
(0)
(0)
of collocation points X0 = {x1 , x2 , . . . , xN0 } ⊂ K \ E, not containing any
equilibrium.
2. Calculate a Lyapunov function vn using the RBF method with the collocation
(n)
(n)
(n)
points Xn = {x1 , x2 , . . . , xNn }.
3. Generate Voronoi vertices Yn = {y1 , y2 , . . . , yMn } ⊂ Rd for the collocation
points Xn . Exclude points in Yn which are equilibria, lie in E or outside K.
4. Run a test on each point yj ∈ Yn and check whether vn′ (yj ) < 0 (then yj ∈ Yn− )
or vn′ (yj ) ≥ 0 (then yj ∈ Yn+ ), where j = 1, . . . , Mn and Yn = Yn− ∪ Yn+ .
5. Define a new set of collocation points Xn+1 = Xn ∪ Yn+ .
6. n → n + 1, repeat the steps 2. to 5. until Yn+ = ∅.
Note that Yn+ is the set of Voronoi vertices where the orbital derivative is nonnegative, so they are added to the set of collocation points, while the orbital derivative at the vertices Yn− is already negative.
The algorithm terminates if all Voronoi vertices have negative orbital derivative.
However, this does not guarantee that the constructed function vn has negative
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orbital derivative everywhere. We address the problem in this paper by checking
the sign of the orbital derivative on a fine grid. If there are points with positive
orbital derivative, then we need to add collocation points, ideally one per “patch”
of such points. Therefore, we will employ data clustering methods to automatically
choose one point per patch.
5. Data clustering. Data clustering is the process of classifying a set of data
points into clusters which share a similarity criterion. The similarity criterion varies
according to the data types to be clustered. For example, if the data are points
in a d-dimensional space then the similarity criterion may use a distance function
to group them. However, biological data will be clustered according to similar
sequences or networks, whereas multimedia data such as images or videos may
define similarity based on similar music or photographs [1].
As a result, numerous algorithms have been designed to serve the different objectives
of clusterings.
We aim to partition the points x ∈ K where v ′ (x) > 0 into unique patches
(clusters), then find the center of each patch. Thus, we are concerned with clustering
algorithms that are used in partitioning technique, applied in off-line mode as crisp
approach.
The most representative off-line clustering techniques are k-means, fuzzy Cmeans, mountain and subtractive clustering [17, 19, 12]. This paper is concerned
with the modified algorithm that uses subtractive clustering, thus we will present
the steps of this clustering method only, for details see [20].
The subtractive clustering. The subtractive clustering method is a modified
version of the mountain clustering method proposed by Yager and Filev in 1993
[30]. The mountain clustering method is a simple and effective method to estimate
cluster centers by first forming a grid on the data space and then constructing a
density measure called the mountain function on each grid point (i.e. in the intersection of the grid lines) in which they are considered as potential cluster centers.
However, it becomes computationally expensive in higher dimensional spaces due
to the evaluation of the mountain function over all grid points [27].
Therefore, an alternative approach, the subtractive clustering, has been developed
by Chiu in 1994 [4] to solve this problem. The main concept of the subtractive
clustering method is that it considers the data points themselves (objects) as candidates to be cluster centers, but not the grid points as in the mountain method.
This means that the computation of the subtractive method is not proportional to
the dimension of the problem any longer, but to the size of the data set [19, 12].
The steps of the subtractive clustering algorithm:
1. Assume that each point in the data set {x1 , . . . , xn } is a candidate to be a
cluster center. Then, for each point xi , i = 1, . . . , m, calculate a density
function of the form


m
X
∥xi − xj ∥22
Di =
exp −
(16)
( R2 )2
j=1
where R > 0 is a constant representing the radius of the neighbourhood area.
2. Based on the density of the neighbouring data points, within the area determined by R, the algorithm selects the point xi with the largest density value
Di to be the first cluster center.
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3. All the data points in the neighbourhood of radius R of the first cluster center
will be eliminated in order to find the next potential cluster center.
4. The algorithm will iterate this process until a sufficient number of cluster
centers is obtained, and all the points are assigned to the cluster with nearest
center. The values of the radius R usually lie within [0.2, 0.5] as reported in
the literature [23]. Note that, if the radius is too small, then too many cluster
centers will be generated and if it is too big, then the algorithm will generate
few cluster centers.
6. The modified grid refinement algorithm (MGRA). The modified grid
refinement algorithm (MGRA) consists of two iterative steps performed in order
until a successful construction of a Lyapunov function is achieved. The steps are:
A The whole refinement process until it terminates.
B An extension process which links two refinement procedures by adding points
to the grid when the refinement fails to do so.
The extension step uses the subtractive clustering technique to find the cluster
(patch) centers. This task will be done by using the “subclust” MATLAB function,
a simple and effective tool which determines the cluster centers of any d-dimensional
data set in a single run.
The MGRA:
• 1A: A refinement process
Consider the last constructed function vn , before the termination of the GRA,
with the grid points Xn . If vn still has positive orbital derivative in some areas,
then
• 1B: An extension process
1. Fix a test grid Xtest ∈ K ⊂ Rd with a specified density htest , to check
the sign of the orbital derivative of vn at each point of Xtest .
2. Build an array P O containing all the points x ∈ Xtest with positive
orbital derivative, i.e., P O = {x ∈ Xtest | vn′ (x) > 0}, excluding the small
neighbourhood E of the equilibrium point.
3. Apply the subclust MATLAB function to P O with radius R, which finds
the clusters centers by the subtractive clustering technique, and returns
them in a set C. Note that, if no centers returned, we choose a smaller
radius.
4. Add the obtained centers to our existing grid points and define a new grid
Xn+1 = Xn ∪ C.
5. Calculate the function vn+1 using the RBF method with Xn+1 .
′
If vn+1
< 0, STOP
else
• 2A: A refinement process
′
If vn+1 still has areas where vn+1
≥ 0, let n ← n + 1 and perform steps 3.6. of the GRA, introduced in Section 4, to check if it adds more points and
continue until it terminates again at step n. If vn , the function constructed
with the final set of grid points Xn obtained after the termination of the
current refinement step, still has positive orbital derivative at some points in
K, then
• 2B: An extension process
We apply the extension algorithm again (steps 1.-5.).
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Again, iterate this process until we successfully construct a Lyapunov function on K.

7. Examples. For all calculations we have used a PC with a Intel(R) Core(TM)
i5-7200U CPU @ 2.50GHz 2.71GHz processor. The examples considered in this
section were solved with a regular grid in [5], and subsequently with the GRA and
MGRA, in detail, in [20]. Note that in all examples we use R = 0.2.
Example 7.1. Consider the 2-dimensional system
ẋ = −x − 2y + x3 ,
(17)
1
ẏ = −y + x2 y + x3 .
2
The system has an exponentially stable equilibrium at (0, 0) and we have used the
GRA to construct an approximant v of the Lyapunov function satisfying V ′ (x) =
−∥x∥22 . We have started the refinement
process with

 an initial set X0 of 16 collocation points, namely X0 = (x, y) ∈ R2 | x, y ∈ ±1, ± 31 . We have used the
RBF given by the Wendland function ψ(r) = ϕ6,4 (r) and K = [−1, 1]2 , but have
excluded the set E = [−0.1, 0.1]2 , so considering the set C = K \ E. The refinement
terminated without constructing a Lyapunov function. The steps of the MGRA are
as follows:
1A: 1st refinement process:
• The refinement started with N0 = 16 regular grid points and terminated
after 9 refinement steps with X9 = 93 points.
1B: 1st extension process
• Choose a grid Xtest = {(x, y) | x, y ∈ {0, ±htest , ±2 htest , . . . , ±1}} \
[−0.1, 0.1]2 with htest = 0.02, to check the sign of the orbital derivative
of the function v9 (x, y) over all the points (x, y) ∈ Xtest , which will in
turn produce the array P O1 of 74 points with positive orbital derivative
(green *) in Figure 2 (a).
• Run the subclust MATLAB function on P O1 with radius R = 0.2 which
returns 5 cluster centers C1 (black *) in Figure 2 (a).
• Then, we add the 5 centers to our existing grid points X9 and obtain a
new set of points X10 = X9 ∪ C1 = {xi }98
i=1 .
′
• Calculate the function v10 with X10 . The level set (red) of v10
(x, y) = 0
′
in Figure 2 (b), shows that there are still areas where v10 > 0.
2A: 2nd refinement process: We apply the GRA with X10 , which adds two more
points and stops with v11 , see Figure 3 (a).
The second extension step 2B adds 2 more points to the grid X11 , the grid
obtained from the 2nd refinement step, see Figure 3 (b). The third refinement step
3A successfully constructs a Lyapunov function v13 with 104 grid points. Moreover,
the negativity of the orbital derivative with the constructed function was checked
on a checking grid Xcheck ⊂ K, with hcheck = 10−2 . As we can see in Figure
4 (a) the function has no more patches with positive orbital derivative except for
the small excluded neighbourhood E = [−0.1, 0.1]2 of the equilibrium (0, 0). The
performance of the MGRA to solve this case is summarized in Table 1.
Example 7.2. The 2-dimensional system
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(a) The first extension step.

′ (x, y) = 0.
(b) The level set of v10

Figure 2. Example 7.1, system (17). (a) The points in P O1 (green
*) lie in the patches where v9′ (x, y) > 0, and the centers to be added
′
to X9 (black *), (b) the level set of v10
(x, y) = 0, where v10 is the
constructed function after adding the 5 centers and the red areas
′
are the patches remaining where v10
(x, y) > 0.

′ (x, y) = 0
(a) The level set of v11

(b) The second extension step.

Figure 3. Example 7.1, system (17). (a) The level set of
′
v11
(x, y) = 0 of the constructed function v11 with the set of grid
points X11 , obtained from the second refinement step. Again, the
′
(red) patches are the areas where v11
(x, y) > 0, (b) The points
in P O2 (green *) grouped into 2 clusters, and the cluster centers
(black *), calculated by the subtractive clustering method.
ẋ = −x(1 − x2 − y 2 ) − y,
ẏ = −y(1 − x2 − y 2 ) + x.

(18)
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′ (x, y) = 0
(a) The level set of v13

(b) The constructed
v13 (x, y).
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Lyapunov

function

Figure 4. Example 7.1, system (17). (a) The level set of
′
v13
(x, y) = 0 and the 104 grid points X13 (blue *), as we can
see there are no patches remaining at the end, (b) the constructed
Lyapunov function v13 (x, y) after the second refinement step.

1A
1B
2A
2B
3A

Steps
refinement
extension
refinement
extension
refinement

points
added
77
5
2
2
2

N
93
98
100
102
104

constructed
functions
v0 –v9
v10
v11
v12
v13

Time
Time
(computing)
(checking)
0.30 sec.
8.8 sec.
4.6 sec.
9.4 sec.
0.06 sec.
9.5 sec.
5 sec.
9.7 sec.
0.07 sec.
9.9 sec.
total=10.03 sec. total= 47.3 sec.

Table 1. Example 7.1, system (17). The steps of the MGRA
performed in sequence, with the number of points added after each
step as well as the total number of grid points N and the functions
vi in each step. The table also shows the time required, split into
the time for computing the coefficients of the function (solving the
linear system of size N ) and the time to check whether the function
vn′ is negative on the test grid Xtest .

has an exponentially stable equilibrium at x0 = (0, 0) with domain of attraction
B1 (0, 0).
We seek to construct an approximant v of the Lyapunov function satisfying
V ′ (x) = −1. Note that such a function exists in A(x0 ) \ {x0 }.
We set K = [−0.9, 0.9]2 , E = [−0.1, 0.1]2 and C = K \ E. We choose the RBF
given by the Wendland function ψ(r) = ϕ6,4 (r). We use the GRA with an initial
set of collocation points X0 = {(x, y) ∈ R2 | x, y ∈ {0, ±h, . . . , ±0.9}} \ E, h = 0.3,
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i.e. N0 = 48 regular points. For this system, the refinement terminates without
constructing a Lyapunov function. Thus, we will solve it with the MGRA.
1A: Refinement process
• The refinement algorithm started with a regular grid N0 = 48, then it
terminated after one refinement step with X1 , containing 60 grid points,
see Figure 5 (a).
1B: 1st extension process
• Fix a test grid Xtest = {(x, y) | x, y ∈ {0, ±htest , ±2 htest , . . . , ±0.9}} \
[−0.1, 0.1]2 with htest = 0.018, to check the sign of the orbital derivative of v1 , which will in turn build the array P O1 = {(x, y) ∈ Xtest ⊂
R2 | v1′ (x, y) > 0}, see green areas in Figure 5 (b).
• Running the subclust MATLAB function on P O1 with radius R = 0.2,
returns C1 = 8 cluster centers, black (*) in Figure 5 (b).
• We add the 8 centers to the previous grid points X1 to obtain a new set
of grid points X2 = X1 ∪ C1 = {xi }68
i=1 .
• Calculate the RBF function v2 with X2 . However, the level set of v2′ (x, y) =
0 shows that v2 has some areas where the orbital derivative is nonnegative.

(a) The level set of v1′ (x, y) = 0

(b) The first extension step.

Figure 5. Example 7.2, system (18). (a) The level set of
v1′ (x, y) = 0 of the constructed function v1 after the last refinement step, started with 48 points and ended up with 60 points,
where the (red) patches are the areas where v1′ (x, y) > 0. (b) The
points in P O1 (green *) grouped into 8 clusters, and the centers to
be added to X1 (black *).
The second refinement step 2A adds 20 more points, but still does not deliver
a valid Lyapunov function, see Figure 6 (a). The second extension step 2B adds
4 more points to the grid X5 , the grid obtained from the 2nd refinement step, see
Figure 6 (b). After the next refinement step 3A, we successfully construct a Lyapunov function with 96 points. This function has negative orbital derivative on a
checking grid Xcheck with hcheck = 10−2 . Table 2 summarizes the performance of
the MGRA and Figure 7 shows the final set of grid points as well as the constructed
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Lyapunov function.

(a) The level set of v5′ (x, y) = 0

(b) The second extension step.

Figure 6. Example 7.2, system (18). (a) The level set of
v5′ (x, y) = 0 of the constructed function v5 with the set X5 of grid
points obtained from the second refinement step. Again, the (red)
patches are the areas where v5′ (x, y) > 0, (b) The points in P O2
(green *) grouped into 4 clusters, and the cluster centers (black *),
calculated by the subtractive clustering method.

(a) The level set of v7′ (x, y) = 0

(b) The
v7 (x, y).

constructed

Lyapunov

function

Figure 7. Example 7.2, system (18). (a) The level set of
v7′ (x, y) = 0 and the grid points X7 = 96 (blue *): no patches
remain, (b) the constructed Lyapunov function v7 (x, y) with the MGRA.
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1A
1B
2A
2B
3A

Steps
refinement
extension
refinement
extension
refinement

points
added
12
8
20
4
4

constructed
functions
v0 –v1
v2
v3 –v5
v6
v7

N
60
68
88
92
96

Time
Time
(computing)
(checking)
0.05 sec.
4.2 sec.
2.2 sec.
4.6 sec.
0.11 sec.
6.0 sec.
3.1 sec.
6.3 sec.
0.04 sec.
6.7 sec.
total=5.5 sec. total=27.8 sec.

Table 2. Example 7.2, system (18). The steps of the MGRA
performed in sequence, with the number of points added after each
step as well as the total number of grid points N and the functions
vi in each step. The table also shows the time required, split into
the time for computing the coefficients of the function (solving the
linear system of size N ) and the time to check whether the function
vn′ is negative on the test grid Xtest .

Example 7.3. Consider the three-dimensional system
ẋ = x(x2 + y 2 − 1) − y(z 2 + 1),
ẏ = y(x2 + y 2 − 1) + x(z 2 + 1),

(19)

2

ż = 10z(z − 1),
which has an exponentially stable equilibrium at x0 = (0, 0, 0). We set K =
[−0.9, 0.9]3 , E = [−0.2, 0.2]3 and C = K \ E.
We choose the RBF given by the Wendland function ψ(r) = ϕ6,4 (cr) with c =
0.6. We start the GRA with the initial set of collocation points X0 = {(x, y, z) ∈
R3 | x, y, z ∈ {0, ±h, . . . , ±0.9}}\E, where h = 0.45, i.e. N0 = 124 points and we
approximate the Lyapunov function satisfying V ′ (x) = −∥x∥2 .
1A: Refinement process
• We started the refinement with N0 = 124 regular points and ended up
with 180 points after two refinement steps.
1B: 1st extension process
• We choose a grid Xtest = {(x, y, z) ∈ R3 | x, y, z ∈ {0, ±htest , . . . , ±0.9}}\E,
where htest = 0.03 to check the sign of the orbital derivative of v2 (x, y, z)
over all the points (x, y, z) ∈ Xtest . This will produce the array P O1 of
13, 908 points where v2′ (x, y, z) > 0, (red *) in Figure 8 (a).
• Passing the array P O1 into the subclust MATLAB function with R = 0.2,
returns C1 = 36 cluster centers.
• We add the 36 centers to our existing grid points and create a new set
X3 = X2 ∪ C1 = {xi }216
i=1 .
• Calculate the function v3 (x, y, z) with X3 , which still has areas with positive orbital derivative, see Figure 8 (b).
In this example, the next two refinement steps fail to add points, so two
further extension steps are necessary, before another refinement and extension
step concludes the algorithm with the successful construction of a Lyapunov
function with 462 grid points. The function has negative orbital derivative on
a checking grid Xcheck with hcheck = 0.018.
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(b) The level set of v3′ (x, y, z) = 0.

(a) The first extension step.

Figure 8. Example 7.3, system (19). (a) The level set of
v2′ (x, y, z) = 0 (green area) and the 13,908 points in P O1 where
v2′ (x, y, z) > 0 (red *); we can see some of the cluster centers as
(black *), (b) the level set of v3′ (x, y, z) = 0 after adding the 36
cluster centers to the grid points; the green patches denote the
points where v3′ (x, y, z) > 0.
The performance of the algorithm is presented in Table 3 and a plot of the
final set of grid points is shown in Figure 9.

1A
1B
2A
2B
3A
3B
4A
4B

Steps
refinement
extension
refinement
extension
refinement
extension
refinement
extension

points
added
56
36
0
22
0
44
168
12

N
180
216
216
238
238
282
450
462

constructed
functions
v0 –v2
v3
–
v4
–
v5
v6
v7

Time
(computing)
0.28 sec.
1 min. 20 sec.
0.4 sec.
1 min. 34 sec.
0.53 sec.
1 min. 44 sec.
1.1 sec.
3 min. 20 sec.
total=8 min.

Time
(checking)
5 min. 48 sec.
6 min. 55 sec.
–
7 min. 38 sec.
–
9 min. 0 sec.
14 min. 38 sec.
15 min. 0 sec.
total=59 min.

Table 3. Example 7.3, system (19). The steps of the MGRA
performed in sequence, with the number of points added after each
step as well as the total number of grid points N and the functions
vi in each step. The table also shows the time required, split into
the time for computing the coefficients of the function (solving the
linear system of size N ) and the time to check whether the function
vn′ is negative on the test grid Xtest .
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(a) The final extension step.

(b) The final set of grid points X7 = 462.

Figure 9. Example 7.3, system (19). (a) The points in P O4 ,
(red *), lie inside the patches where v6′ (x, y, z) > 0 and some of
the cluster centers, which will be added to the grid, are shown as
(black *), (b) the level set v7′ (x, y, z) = 0 of the orbital derivative
calculated with X7 = 462 grid points, after adding the 12 centers
obtained from the final extension step; no patches remain at the end.

To compare the different refinement strategies, we propose and compare three
different algorithms to compute a Lyapunov function on a given set C = K \ E.
Algorithm 1 uses a basic refinement strategy, Algorithm 2 is based on GRA and
Algorithm 3 is MGRA.
Algorithms
1 (a) Start with an initial grid of regular collocation points X0 = hZd ∩ C, set
m = 0.
(b) Compute the corresponding Lyapunov function vm to the collocation
points Xm
′
(c) Check if vm
(x) < 0 holds on a fine checking grid. If yes, then we have
constructed a valid Lyapunov function, if not, then let h ← h/2, m ←
m + 1 and repeat steps (b) and (c)
2 (a) Start with an initial grid of regular collocation points X0 = hZd ∩ C, set
m = 0.
(b) Perform the GRA, starting with the grid Xm until no more points are
added, denote the final function vn of GRA by wm
′
(c) Check if wm
(x) < 0 holds on a fine checking grid. If yes, then we have
constructed a valid Lyapunov function, if not, then let h ← h/2, m ←
m + 1 and repeat steps (b) and (c)
3 (a) Start with an initial grid of regular collocation points X0 = hZd ∩ C, set
m = 0.
(b) Perform the MGRA, starting with the grid X0 until no more points are
added, denote the final function of MGRA vn by wm
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′
(c) Check if wm
(x) < 0 holds on a fine checking grid. If yes, then we have
constructed a valid Lyapunov function, if not, then let h ← h/2, m ←
m + 1 and repeat steps (b) and (c)

System
starting grid
Final number
(h, number of points) Algorithm
of points
(17), h = 1, N0 = 8
1
1088
2
88
3
88
(17), h = 2/3, N0 = 16
1
624
2
624
3
104
(18), h = 0.6, N0 = 16
1
168
2
168
3
105

Time
Time
entire
final
algorithm checking
146 sec. 105 sec.
9 sec.
8 sec.
9 sec.
8 sec.
84 sec.
61 sec.
102 sec.
61 sec.
57 sec.
10 sec.
16 sec.
11 sec.
25 sec.
11 sec.
70 sec.
7 sec.

Table 4. A comparison of the three algorithms, using basic refinement (1), GRA (2) and MGRA (3). Starting with the same initial
grid, we list the final number of points, the overall computation
time, including the checking on Xtest , and separately the time to
check the final Lyapunov function on the finer grid Xcheck with
hcheck = 10−2 . The checking time is proportional to the number of
collocation points as the checking requires a large number of evaluations of the function.

We compare the performance of the three algorithms in Table 4 for three examples. For system (17) and the starting grid of 8 points, Algorithm 1 requires 4 steps
and computes a valid Lyapunov function with h = 1/16 and 1088 points. Algorithm
2 with GRA terminates after 7 refinement steps with a Lyapunov function with 88
collocation points. Algorithm 3 is identical with Algorithm 2, without the need of
an extension step, as GRA is successful.
For system (17) and the finer starting grid of 16 points, both Algorithms 1 and 2
terminate with the same collocation points. In more detail, Algorithm 2 performs 3
unsuccessful GRA steps, which all end without producing a Lyapunov function, as
the remaining patches with positive orbital derivative are not reached by the GRA.
So it takes more time for the same result as Algorithm 1. Algorithm 3 (MGRA),
however, performs extension and refinement steps from the inital grid X0 until a
Lyapunov function is computed with about 1/6 of the points of the other two, see
also Example 7.1.
For system (18) and the starting grid of 16 points we have a similar result:
Algorithm 2 computes the same Lyapunov function as Algorithm 1, but takes longer,
as the GRA steps all fail to compute a Lyapunov function; Algorithm 3, however,
computes a valid Lyapunov function with fewer points, but takes a longer time than
Algorithms 1 and 2.
The main factor in all algorithms is the time to check the Lyapunov function.
Hence, the GRA and MGRA, which require a larger number of checks, take longer
in the last two examples than Algorithm 1 with basic refinement. However, the
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advantage of the refinement methods is that they compute a Lyapunov function
with (potentially) fewer collocation points.
This is important since the number of points in the final grid of a Lyapunov
function is proportional to its evaluation time. For example, when plotting or
verifying a Lyapunov function, as explained in Section 8, many evaluations of the
Lyapunov function have to be performed. Hence, a Lyapunov function with fewer
points has huge advantages when using it, as shown in the column of the checking
time of the final Lyapunov function, i.e. showing that v ′ (y) < 0 for all y ∈ Xcheck
as shown in the last column.
Summarizing, Algorithm 1 results in the largest amount of collocation points.
Algorithm 2 either produces a Lyapunov function with fewer collocation points
than Algorithm 1, taking a longer time, or terminates without computing a valid
Lyapunov function and thus results in the same large amount of collocation points as
Algorithm 1, but takes longer. Algorithm 3 with MGRA produces a valid Lyapunov
function with the lowest number of collocation points in all cases, while sometimes
taking longer than the other two algorithms. In the examples, Algorithm 2 produced
the same result as either Algorithm 1 or Algorithm 3, however, it is possible that
it produces a different result.
It is common for the GRA to terminate without producing a Lyapunov function.
The advantage of MGRA, introduced in this paper, is that the construction is
successful with any starting grid, while the GRA depends sensitively on the choice
of the starting grid. As an example, we consider Table 5, which shows the GRA with
different starting grids for (17), see Example 7.1. For each starting grid with N0
points and distance h, the GRA was applied until it terminated. The final column
displays the number of collocation points in the final grid and whether or not GRA
was successful in constructing a Lyapunov function; unsuccessful construction is
indicated by “patches” of points with positive orbital derivative. Only two out of
the ten starting grids lead to a successful construction of a Lyapunov function. We
have managed to overcome this problem of guessing a suitable starting grid with
the MGRA presented in this paper.
So far, the negativity of the orbital derivative of the constructed functions has
been checked on a checking grid Xcheck of size hcheck = 10−2 . However, this does
not rigorously show that the constructed function has negative orbital derivative
everywhere. Hence, a rigorous verification of the constructed Lyapunov function,
obtained by the GRA, was proposed in [8]. This verification will also be applied to
the function constructed with the MGRA in this paper in Section 9 after explaining
the verification in Section 8.
8. The verification estimates. The motivation of deriving the verification estimates for the RBF construction method is that the constructed function v cannot
be guaranteed to have negative orbital derivative in the entire set. According to the
error estimate (14), the approximant v is a Lyapunov function, if the collocation
points are sufficiently dense. However, we cannot tell in advance how small the fill
distance h should be since this error estimate depends on unknown quantities such
as V . Moreover, we seek to use as few collocation points as possible, resulting in a
non-uniform grid with a possibly large fill distance.
Verification estimates that are based on Taylor approximation and rely on the
first and second derivatives of the orbital derivative have been introduced in [9].
They make use of the special form of the RBF approximant and its orbital derivative
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h
2/3
1/2
2/5
1/3
1/4
1/5
1/6
1/7
1/8
1/9

N0
16
24
36
48
80
120
168
224
288
360
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Nf inal
93 (patches)
88
104 (patches)
94 (patches)
86 (patches)
124 (patches)
168 (patches)
224 (patches)
288 (patches)
360

Table 5. The number of initial grid points N0 and the value of h,
which we have used to construct Lyapunov functions for Example
7.1, system (17) with GRA. In more detail, the collocation points
are {(x, y) ∈ R2 | x, y ∈ {−1, −1 + h, −1 + 2h, . . . , 1 − h, 1} \
[−0.1, 0.1]}. The last column shows the final number of points after
the termination of GRA. “Patches” means that after termination of
GRA there are still areas with positive orbital derivative remaining,
so no Lyapunov function was constructed.

(10) and (11), respectively. The other main ingredient of these verification estimates
is a checking grid Yod . Here, we will only introduce the verification estimates based
on the second derivatives.
In the following we consider two sets of points:
1. XN = {x1 , x2 , . . . , xN }, the collocation points for the calculation of the approximant v.
2. Yod = {y1 , y2 , . . . , yM }, used to check the sign and value of the orbital derivative of the constructed Lyapunov function on a different (usually finer but
not necessarily) grid than XN .
The checking grid Yod consists of vertices of a fixed triangulation. In [9] different
triangulations and thus configurations of points in Yod have been considered and it
turned out that, depending on whether the dimension d is odd or even, the standard
or the centered triangulation are preferable, i.e. result in fewer points in Yod . In
this paper we focus on even dimensions and thus use the standard triangulation,
for odd dimensions see [9].
We will introduce triangulations and define the standard triangulation.
Definition 8.1. A k-simplex is a set
( k
)
k
X
X
co(x0 , . . . , xk ) =
λi xi | 0 ≤ λi ,
λi = 1 ,
i=0
d

i=0

where x0 , . . . , xk ∈ R are pairwise distinct and are called the vertices.
A triangulation in Rd is a set T := {Tν : ν = 1, 2, ..., N } (or N = ∞) of dsimplices Tν , such that any two simplices in T intersect in a common face or are
disjoint. Note that a face of a d-simplex is a k-simplex, 0 ≤ k < d, so this means
that the intersection of two simplices in T is either empty or consists of the convex
combinations of the common vertices of the two simplices.
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We denote the set of all vertices of all simplices by VT and we say that T is a
triangulation of the set
[
DT :=
Tν .
ν

The standard triangulation TS (h1 ) with parameter h1 ∈ R+ consists of the simplices

σ
σ
, . . . , xzJ
TzJ σ := co x0zJ σ , xzJ
1
d
for all z ∈ Nd0 , all J ⊂ {1, 2, . . . , d}, and all σ ∈ Sd , where


i
X
J
zJ σ
:= R z +
xi
eσ(j) h1 for i = 0, 1, 2, . . . , d.

(20)

j=1

Here, Sd denotes the set of all permutations of the numbers 1, 2, . . . , d and e1 , e2 , . . . , ed
denotes the standard orthonormal basis of Rd . Further, the functions RJ : Rd → Rd
are defined for every J ⊂ {1, 2, . . . , d} by
RJ (x) :=

d
X
(−1)XJ (i) xi ei ,
i=1

where the characteristic function XJ (i) is equal to one if i ∈ J and equal to zero
if i ∈
/ J . Hence, RJ (x) puts a minus in front of the coordinates xi of x whenever
i ∈ J.
We cite Theorem 11 of [9] and focus on even dimensions d; note that the theorem
also holds for bounded sets C.
Theorem 8.2. Let C ⊂ Rd be a bounded set, v ∈ C 3 (Rd , R) and f ∈ C 2 (Rd , Rd ).
For d even let T = {Tν ∈ TS (h1 ) | Tν ⊂ C}, i.e. the simplices of the standard
triangulation with side length h1 that are fully contained in C. Let Yod = VT ⊂ h1 Zd
and C̃ = DT .
Then C̃ ⊂ C and


∂ 2 v ′ (x)
d2
′
′
max max
h21
(21)
v (x) ≤ max v (y) +
y∈Yod
4 x∈C̃ i,j=1,...,d ∂xi ∂xj
for all x ∈ C̃.
To estimate the second derivative of the orbital derivative in (21) we use the following Theorem 10 from [9], which makes use of the special form of the approximant
v.
Theorem 8.3 (The second derivative of the orbital derivative). Let f ∈ C 2 (Rd , Rd )
and v ∈ C 3 (Rd , R) be an RBF approximant of the form (10) with an RBF ψ ∈
d
C 4 (R+
0 , R). Let C̃ ⊂ R be a compact set and XN = {x1 , . . . , xN } ⊂ C̃ be a set of
N pairwise distinct points which are no equilibria.
Then the second derivative of the orbital derivative v ′ can be bounded by

∂ 2 v ′ (x)
≤ β [Ψ4,4 + 6Ψ3,2 + 3Ψ2,0 ] F 2
∂xi ∂xj
+ [2Ψ3,3 + 6Ψ2,1 ] F D1

+ [Ψ2,2 + Ψ1,0 ]F D2 ,
(22)
for all x ∈ C̃ and all i, j ∈ {1, . . . , d}, where
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• F := max ∥f (x)∥2 ,
x∈C̃

• D1 := max max

x∈C̃ j∈1,...,d

∂f (x)
∂xj

,

2
∂ f (x)
∂xi ∂xj
2

• D2 := max max
,
2
x∈C̃ i,j∈1,...,d


• Ψi,k := sup |ψi (r)| · rk ,
r∈[0,∞)
PN
• β := k=1 |βk |.
Expressions for Ψi,k for certain Wendland functions are given in [9].
9. Combination Method: MGRA and verification. In this section we add a
rigorous verification to the MGRA.
Fix a small neighborhood E of the equilibrium and a compact and convex set
E ⊂ K ⊂ Rd . Set C = K \ E. We first apply the MGRA until no more points are
added. Let XN ⊂ C be the set of grid points obtained after the MGRA. Then, the
steps of the combination method are:
1. Calculate the quantities F, D1 , D2 , Ψi,k , β, and substitute in (22).
2. Fix h1 , i.e., the density of the checking grid Yod .
3. Calculate the maximum value of the orbital derivative v ′ in Yod .
4. Use estimate (21) to show that v ′ (x) < 0 for all x ∈ C̃, and thus that the
constructed function v is a Lyapunov function.
5. If 4. fails, then either Xtest in the extension process or Yod are not fine
enough. Assuming the latter first, let h1 ← h1 /2, i.e. finer Yod , and go to 2.
If a prescribed number of refinements of h1 fail, then start the MGRA at the
last extension process with htest ← htest /2, i.e. finer Xtest and then go to 1.
We will now apply the combination method to the 2-dimensional examples solved
with the MGRA. The verification process has been applied to the examples solved
with regular grids in [20], and the ones solved with the GRA in [9].
Example 9.1. We verify the obtained Lyapunov function in Example 7.1. We
have F = 4.717, D1 = 5.657, and D2 = 9.2195; for P
the detailed calculations of these
104
quantities see [20]. We calculate the value of β = k=1 |βk | = 0.5429.
Hence, (22) gives

∂ 2 v ′ (x)
≤ 0.5429 157870.623 × (4.717)2
∂xi ∂xj
+ 19358.745 × 4.717 × 5.657

+ 1124.797 × 4.717 × 9.2195
= 2.2 × 106 .

(23)

We use Theorem 8.2 with d = 2 and the estimate (23) in (21). We obtain


∂ 2 v ′ (x)
h21 ,
v ′ (x) ≤ max v ′ (y) + max max
y∈Yod
x∈C̃ r,s=1,2 ∂xr ∂xs


≤ max v ′ (y) + 2.2 × 106 h21 .
y∈Yod

(24)

We have chosen the density of Yod to be h1 = 6.74 · 10−5 . Then checking the sign
of the orbital derivative over Yod = h1 Z2 ∩C gives max v ′ (y) = −0.0016. Therefore,
y∈Yod
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(24) yields
v ′ (x) ≤ −0.0016 + 2.2 × 106



6.74 × 10−5

2

,

= −0.0016 + 0.010 = −0.0084,
′

which shows that v (x) < 0, for all x ∈ C̃ = [−1, 1]2 \ (−0.1 − h1 , 0.1 + h1 )2 , i.e. the
function v13 from Example 7.1, constructed by the MGRA, is a Lyapunov function.
Example 9.2. Let us now verify that the constructed function v7 in Example 7.2
is indeed a Lyapunov function. We first calculate the quantities F = 3.57, D1 =
4.98, D2 = 5.69, for the detailed calculations of these quantities see [20], as well as
P96
β = k=1 |βk | = 1.7123.
We now use the verification estimates to determine the order of the checking grid
Yod . We calculate the second derivative of the orbital derivative by (22)
∂ 2 v ′ (x)
≤ 1.7123 × 2379065.026 = 4.1 × 106 .
∂xi ∂xj
We apply Theorem 8.2 with d = 2. Thus,


v ′ (x) ≤ max v ′ (y) + 4.1 × 106 h21 .

(25)

y∈Yod

We have chosen the density of Yod to be h1 = 7.47×10−5 . Then checking the sign of
the orbital derivative over Yod = h1 Z2 ∩ C gives max v ′ (y) = −0.0484. Therefore,
y∈Yod

(25) yields
v ′ (x) ≤ −0.0484 + 4.1 × 106



7.47 × 10−5

2

,

= −0.0484 + 0.023 = −0.0254.
′

Thus, v (x) < 0 for all x ∈ C̃ = [−1, 1]2 \ (−0.1 − h1 , 0.1 + h1 )2 , and the constructed
function v7 from Example 7.2 is a Lyapunov function.
The number N of collocation points for the computation of the Lyapunov function v is a major factor in the computation time of the verification for two reasons:
firstly, the verification estimate requires the evaluation of v ′ (y) at all points of Yod ,
PN
and each evaluation is a sum of N terms and, secondly, β = k=1 |βk | usually grows
if N grows, so that the bound on the second derivative in (22) is larger. Hence, to
keep the last term on the right-hand side in (21) of a similar size, h1 needs to be
smaller, i.e. Yod is a larger set. This underlines the fact that a Lyapunov function
with as few collocation points as possible has considerable advantages.
10. Conclusion. Summarizing, we have introduced the modified grid refinement
algorithm (MGRA). It overcomes the shortcomings of the previous grid refinement
algorithm (GRA), which is only successful with certain starting grids. In contrast,
the MGRA constructed a Lyapunov function successfully with any starting grid.
Determining the cluster centers with the subtractive clustering is relatively easy and
fast. Moreover, it is easily applicable to high dimensional systems as the subclust
MATLAB function needs only one step to determine the cluster centers for a data
set of arbitrary dimension.
For the MGRA we could have skipped the refinement procedures and just have
used the new extension procedures to refine the whole grid instead of placing points
only in specific patches. However, the process of determining the cluster centers is
not straightforward and requires more time, which makes it an undesirable method
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to refine the grid compared to the GRA described in Section 4. Therefore, this
refinement technique (extension process using cluster centers) should be used only
when the GRA fails to construct a Lyapunov function.
Compared to using a regular grid, the evaluation of the RBF approximant with
the MGRA is more efficient since it is able to reduce the required number of collocation points which in turn reduces the computational effort and time considerably
when evaluating or verifying the constructed Lyapunov function. Summarizing,
constructing Lyapunov functions with the MGRA leads to a successful construction
of a Lyapunov function with few collocation points and with any starting grid.
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