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a b s t r a c t
We show that the precision of an angular measurement or rotation (e.g., on the orientation of a qubit or
spin state) is limited by fundamental constraints arising from quantum mechanics and general relativity
(gravitational collapse). The limiting precision is r −1 in Planck units, where r is the physical extent of
the (possibly macroscopic) device used to manipulate the spin state. This fundamental limitation means
that spin states S 1 and S 2 cannot be experimentally distinguished from each other if they differ by a
suﬃciently small rotation. Experiments cannot exclude the possibility that the space of quantum state
vectors (i.e., Hilbert space) is fundamentally discrete, rather than continuous. We discuss the implications
for ﬁnitism: does physics require inﬁnity or a continuum?
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3 .

1. Introduction: fundamental limits on measurement
Gedanken experiments can reveal fundamental limitations on
measurements or other experimental procedures that arise from
the laws of physics, see e.g. [1–7]. The best known example of this
is the Heisenberg uncertainty principle, which is motivated by elementary considerations of particle scattering. Heuristic arguments
suggested that localization of a particle in position space would inevitable contribute to uncertainty in its momentum, and vice versa.
It was only later that the formal theory of quantum mechanics incorporated this uncertainty in the form of operator commutation
relations [x, p ] = i h̄.
More recently, it has been shown that discreteness of spacetime on length scales smaller than the Planck length cannot be
detected due to limitations on measuring devices which arise from
quantum mechanics and general relativity [8–10]. This suggests,
but does not prove, that models of quantum gravity that are consistent with what is currently known about low energy (long distance) physics will incorporate minimal length in some fundamental way. Examples are models which incorporate a minimal length
via a generalized uncertainty principle [11–14] or even string theory.
In this letter we deduce the existence of minimal rotations
which are analogous to minimal length. Speciﬁcally, we deduce
limits on the precision with which a rotation can be applied (e.g.,
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to a microscopic state), or a device can measure spin orientation.
These results suggest a fundamental discreteness in the structure
of Hilbert space itself [15,16].
The result described here was ﬁrst obtained in [15] using minimal length (the Planck length) as an input assumption. Consider
the rotation of a macroscopic device of size r. If the angle of rotation is suﬃciently small no part of the device is displaced by
more than the minimal length, and the device is not distinguishable from its unrotated conﬁguration. Thus rotations smaller than
r −1 in Planck units cannot be realized and measurements with better than this precision cannot be performed.
Below we give a more complete derivation of the result: we
consider the angular displacement operator ϕ (t ) − ϕ (0) and examine limits on related experimental procedures. This is analogous to
the approach used in [8] to deduce minimal length.
2. Angular measurements and rotations
In this section, we show that quantum mechanics and general relativity considered simultaneously imply the existence of a
bound on the precision of the measurement of an angle: i.e., no
operational procedure exists which can measure an angle less than
this fundamental angle. The key ingredients used to reach this
conclusion are the uncertainty principle from quantum mechanics, and gravitational collapse from general relativity in the form of
the hoop conjecture.
A dynamical condition for gravitational collapse is given by the
Hoop Conjecture [17]: if an amount of energy E is conﬁned at
any instant to a ball of size R, where R < G N E (G N is Newton’s
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constant), then that region will eventually evolve into a black hole.
Recent theoretical results [18–24] support the Hoop Conjecture:
even the scattering of extremely high energy particles cannot avoid
black hole formation if their impact parameter is less than of order
R given above. Henceforth, we use natural units where h̄ , c and
Newton’s constant (or l P ) are unity. We also sometimes neglect
numerical factors of order one.
Let us consider the Hamiltonian for a free particle on a circle of
radius r. The Hamiltonian is given by

H=

p 2ϕ
2mr 2

Hilbert space. We have shown that no experiment could rule this
out.
We note that canonical commutation relations such as [x, p ] =
i h̄ cannot be realized in a ﬁnite dimensional Hilbert space. This is
easy to verify by taking the trace of both sides of the equation: the
left hand side is traceless but the right hand side has trace proportional to the dimensionality [25]. However, this is primarily a technical issue because ﬁnite dimensional quantum systems continue
to obey the usual uncertainty relations. For example, a wavepacket
state realized in a discrete and ﬁnite setting (e.g., a space-time lattice with ﬁnite volume) cannot reduce its position uncertainty x
arbitrarily without increasing the corresponding momentum uncertainty  p, and vice versa. It is sometimes argued (erroneously)
that quantum mechanics must have an inﬁnite dimensional Hilbert
space because of the position-momentum commutation relation.
However in fact what is really known about quantum physics from
direct observation is not the commutation relation itself but the
uncertainty relation that it encodes. The uncertainty relation persists in a ﬁnite dimensional version of quantum mechanics (e.g.,
the Schrödinger evolution of states on a discrete space-time lattice).

(1)

,

where p ϕ is the angular momentum. The angular position of the
particle is given by the classical equation of motion

ϕ̇ =

∂H
= ω,
∂ pϕ

(2)

which admits the solution

ϕ (t ) = ωt + ϕ (0).

(3)

Passing to quantum mechanics, we can calculate the commutator of ϕ (t ) and ϕ (0) and obtain

[ϕ (0), ϕ (t )] = i

t
mr 2

3. Superpositions and spin states
The results of the previous section limit the precision with
which we can measure or manipulate the state of a single qubit
– the orientation of a spin:

(4)

,

where t is the time between the two measurements. From this we
obtain

|ϕ (0)||ϕ (t )| ≥

t
2mr 2

.

|ψ = cos θ |+ + e i φ sin θ |− .

Limits on the precision of (θ, φ) are actually limits on the precision
of Hilbert space (or state vector) coeﬃcients. These limits, together
with the Planck length short distance cutoff, imply that no experiment can exclude the possibility that Hilbert space is discrete and
ﬁnite dimensional, i.e.,

(5)

As measuring an angle requires two measurements, it is limited
by the greater of ϕ (0) and ϕ (t ), which is at least (t /2mr 2 )1/2 .
At ﬁrst sight, it appears that one could make this difference arbitrarily small by making m very large. However, in order to avoid
gravitational collapse, the size r of the object must scale proportionally to m so that r > m (the inequality holds up to factors of
order one). By causality r cannot exceed t. We thus ﬁnd

lP

|ϕ (t )| ≥ √

2r

,

(7)

|ψ =



cn |n

(8)

where 1. the values of the coeﬃcients cn are only deﬁned to some
ﬁnite accuracy – they are not continuous complex parameters, and
2. the sum itself is ﬁnite.
Physicists who simulate quantum phenomena on classical computers are already familiar with properties 1 and 2. What we describe above as fundamental consequences for quantum mechanics arising from gravity are approximations made out of necessity
in everyday computation. Any quantum phenomenon that can, in
principle, be reproduced to satisfactory approximation in computer
simulation is entirely consistent with properties 1 and 2.

(6)

where, leaving
natural units momentarily, l P is the Planck length

given by h̄G N /c 3 ∼ 1.6 × 10−35 m. The uncertainty in the measurement of ϕ can be reduced by making r large, but it cannot
approach zero without taking the rotational inertia of the device to
inﬁnity. Of course, more practical limitations resulting from material properties (e.g., causal bounds on rigidity) will intervene before
this limit can be taken.
We neglected interactions between the experimental apparatus
and the region of the universe outside the causal region of the
measurement. The possibility of interactions, and a more complicated Hamiltonian, were considered in [8] and shown not to alter
the conclusions.
Our result can be interpreted as a proof of the existence of a
minimal angle in full analogy to the minimal length related to the
Planck mass. This minimal angle could be called the Planck angle. Basically, it implies that no operational procedure can exclude
the quantization of space-time for distances or angles less than
the Planck length or the Planck angle. We emphasize that our result does not rely on a discretization of space-time; the angular
evolution of the object on the circle is given by standard quantum mechanics on a continuous space-time. However, given the
existence of a minimal length, one could speculate that space-time
has a short distance (high momentum) cutoff, and thus physics in a
bounded region of space-time is described by a ﬁnite dimensional

We can also pursue a quantum information approach to these
questions. Consider an experiment which takes place in a spacetime region of extent r. Given the short distance cutoff at the
Planck length, l p , the number of degrees of freedom relevant to
the experiment is itself ﬁnite. For a given r, the number of distinct conﬁgurations of the experimental apparatus (i.e., the number
of distinct quantum operators represented by the possible measurements) is bounded above. Thus the number of distinct spin
orientations (qubit states which are eigenstates of the measurement operator) that can be resolved is also bounded above. Physics
can therefore be described by a discretized Hilbert space in which
the angles (θ, φ) are discrete and take on only a ﬁnite (but presumably very large) number of values.
Holography (another aspect of quantum gravity) provides a
stronger bound on the scale of discreteness: the total entropy of
the measurement apparatus is bounded above (i.e., limiting its
conﬁgurations and accuracy of read out) by the boundary area
rather than the volume of the region in Planck units.
2
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We can illustrate the connection to holography [15] using a
composite state built from many qubits:

= ψ1 ⊗ ψ2 ⊗ ψ3 ⊗ · · · ⊗ ψn .

concerning the continuum originate in the mind’s perception of
the continuity of space-time.
There was a concerted effort beginning in the 20th century to
place inﬁnity and the continuum on a rigorous foundation using
logic and set theory. As demonstrated by Gödel, Hilbert’s program
of axiomatization using ﬁnitary methods (originally motivated, in
part, by the continuum in analysis) could not succeed. Opinions
are divided on modern approaches which are non-ﬁnitary. For example, the standard axioms of Zermelo-Fraenkel (ZFC) set theory
applied to inﬁnite sets lead to many counterintuitive results such
as the Banach-Tarski Paradox: given any two solid objects, the cut
pieces of either one can be reassembled into the other [28]. When
examined closely all of the axioms of ZFC (e.g., Axiom of Choice)
are intuitively obvious if applied to ﬁnite sets, with the exception
of the Axiom of Inﬁnity, which admits inﬁnite sets. (Inﬁnite sets
are inexhaustible, so application of the Axiom of Choice leads to
pathological results.) The Continuum Hypothesis, which proposes
that there is no cardinality strictly between that of the integers and
reals, has been shown to be independent (neither provable nor disprovable) in ZFC [29]. Finitists assert that this illustrates how little
control rigorous mathematics has on even the most fundamental
properties of the continuum.

(9)

Assume a fundamental uncertainty
in the state of each of the
qubits, so that ψ and ψ  are indistinguishable when |ψ − ψ  | < .
Now consider the composite state


= ψ1 ⊗ ψ2 ⊗ ψ3 ⊗ · · · ⊗ ψn .

(10)

If uncertainties for each qubit are independent, the resulting uncertainty in the composite state
is

| −

 2

| ∼n

2

(11)

and requiring that this be less than unity implies the holographic
bound

n <

−2

∼ r2

(12)

where r is the size of the system. In other words, the requirement of a small aggregate uncertainty in the composite state
due to the individual qubit uncertainties
is equivalent to the
holographic upper bound on the entropy or number of degrees of
freedom n in a ﬁnite region of space of size r.
To summarize, the observation that only a ﬁnite amount of
quantum information can be encoded in a ﬁnite region provides
an upper limit on the precision of a measurement conducted in
that region. However, we can go further: the measured state of a
qubit can only be determined to some limited precision, and this is
consistent with a ﬁnite (rather than inﬁnite, as is usually assumed)
set of possible orientations (θ, φ) for each qubit in the universe.

David Deutsch [31]:
The reason why we ﬁnd it possible to construct, say, electronic calculators, and indeed why we can perform mental arithmetic, cannot be
found in mathematics or logic. The reason is that the laws of physics
“happen to” permit the existence of physical models for the operations of arithmetic such as addition, subtraction and multiplication.
This suggests the primacy of physical reality over mathematics, whereas usually the opposite assumption is made. From this
perspective, the parts of mathematics which are simply models
or abstractions of “real” physical things are most likely to be free
of contradiction or misleading intuition. Aspects of mathematics
which have no physical analog (e.g., inﬁnite sets, the continuum)
are prone to problems in formalization or mechanization. Physics
– i.e., models which can be compared to experimental observation,
actual “effective procedures” – does not ever require inﬁnity, although it may be of some conceptual convenience. Hence it seems
possible, and the ﬁnitists believe, that the Axiom of Inﬁnity and its
equivalents do not provide a sound foundation for mathematics.

4. Finitism: does physics require a continuum?
Our intuitions about the existence and nature of a continuum
arise from perceptions of space and time [26]. But the existence of
a fundamental Planck length suggests that space-time may not be
a continuum. In that case, our intuitions originate from something
(an idealization) that is not actually realized in Nature.
Quantum mechanics is formulated using continuous structures
such as Hilbert space and a smoothly varying wavefunction, incorporating complex numbers of arbitrary precision. However beautiful these structures may be, it is possible that they are idealizations that do not exist in the physical world. The introduction of
gravity limits the precision necessary to formulate a model of fundamental quantum physics. Indeed, any potential structure smaller
than the Planck length or the minimal angle considered here cannot be observed by any device subject to quantum mechanics,
general relativity, and causality. Our results suggest that quantum
mechanics combined with gravity does not require a continuum,
nor any concept of inﬁnity.
It may come as a surprise to physicists that inﬁnity and the
continuum are even today the subject of debate in mathematics
and the philosophy of mathematics. Some mathematicians, called
ﬁnitists, accept only ﬁnite mathematical objects and procedures
[30]. The fact that physics does not require inﬁnity or a continuum
is an important empirical input to the debate over ﬁnitism. For
example, a ﬁnitist might assert (contra the Platonist perspective
adopted by many mathematicians) that human brains built from
ﬁnite arrangements of atoms, and operating under natural laws
(physics) that are ﬁnitistic, are unlikely to have trustworthy intuitions concerning abstract concepts such as the continuum. These
facts about the brain and about physical laws stand in contrast to
intuitive assumptions adopted by many mathematicians. For example, Weyl (Das Kontinuum [26,27]) argues that our intuitions

Declaration of competing interest
The authors declare that they have no known competing ﬁnancial interests or personal relationships that could have appeared to
inﬂuence the work reported in this paper.
Acknowledgements
The work of X.C. is supported in part by the Science and
Technology Facilities Council (grants numbers ST/T00102X/1, ST/
T006048/1 and ST/S002227/1).
References
[1] L.J. Garay, Quantum gravity and minimum length, Int. J. Mod. Phys. A
10 (1995) 145–166, https://doi.org/10.1142/S0217751X95000085, arXiv:gr-qc/
9403008 [gr-qc].
[2] C.A. Mead, Possible connection between gravitation and fundamental length,
Phys. Rev. 135 (1964) B849–B862, https://doi.org/10.1103/PhysRev.135.B849.
[3] T. Padmanabhan, Limitations on the operational deﬁnition of space-time events
and quantum gravity, Class. Quantum Gravity 4 (1987) L107–L113, https://doi.
org/10.1088/0264-9381/4/4/007.
3

X. Calmet and S.D.H. Hsu

Physics Letters B 823 (2021) 136763

[4] J.C. Baez, S.J. Olson, Uncertainty in measurements of distance, Class. Quantum Gravity 19 (2002) L121–L126, https://doi.org/10.1088/0264-9381/19/14/
101, arXiv:gr-qc/0201030 [gr-qc].
[5] Y.J. Ng, H. van Dam, Measuring the foaminess of space-time with gravity wave interferometers, Found. Phys. 30 (2000) 795–805, https://doi.org/10.1023/
A:1003745212871, arXiv:gr-qc/9906003 [gr-qc].
[6] S. Hossenfelder, Minimal length scale scenarios for quantum gravity, Living Rev.
Relativ. 16 (2013) 2, https://doi.org/10.12942/lrr-2013-2, arXiv:1203.6191 [grqc].
[7] G.W. Gibbons, The maximum tension principle in general relativity, Found.
Phys. 32 (2002) 1891–1901, https://doi.org/10.1023/A:1022370717626, arXiv:
hep-th/0210109 [hep-th].
[8] X. Calmet, M. Graesser, S.D.H. Hsu, Minimum length from quantum mechanics and general relativity, Phys. Rev. Lett. 93 (2004) 211101, https://doi.org/10.
1103/PhysRevLett.93.211101, arXiv:hep-th/0405033 [hep-th].
[9] X. Calmet, M. Graesser, S.D.H. Hsu, Minimum length from ﬁrst principles, Int. J. Mod. Phys. D 14 (2005) 2195–2200, https://doi.org/10.1142/
S0218271805008005, arXiv:hep-th/0505144 [hep-th].
[10] X. Calmet, On the precision of a length measurement, Eur. Phys. J. C 54
(2008) 501–505, https://doi.org/10.1140/epjc/s10052-008-0538-1, arXiv:hepth/0701073 [hep-th].
[11] M. Maggiore, The algebraic structure of the generalized uncertainty principle,
Phys. Lett. B 319 (1993) 83–86, https://doi.org/10.1016/0370-2693(93)90785-G,
arXiv:hep-th/9309034 [hep-th].
[12] A. Kempf, G. Mangano, R.B. Mann, Hilbert space representation of the minimal
length uncertainty relation, Phys. Rev. D 52 (1995) 1108–1118, https://doi.org/
10.1103/PhysRevD.52.1108, arXiv:hep-th/9412167 [hep-th].
[13] F. Scardigli, Generalized uncertainty principle in quantum gravity from micro
- black hole Gedanken experiment, Phys. Lett. B 452 (1999) 39–44, https://
doi.org/10.1016/S0370-2693(99)00167-7, arXiv:hep-th/9904025 [hep-th].
[14] F. Scardigli, R. Casadio, Generalized uncertainty principle, extra dimensions and
holography, Class. Quantum Gravity 20 (2003) 3915–3926, https://doi.org/10.
1088/0264-9381/20/18/305, arXiv:hep-th/0307174 [hep-th].
[15] R.V. Buniy, S.D.H. Hsu, A. Zee, Is Hilbert space discrete?, Phys. Lett. B 630
(2005) 68, arXiv:hep-th/0508039.
[16] R.V. Buniy, S.D.H. Hsu, A. Zee, Discreteness and the origin of probability in
quantum mechanics, Phys. Lett. B 640 (2006) 219, arXiv:hep-th/0606062.

[17] K.S. Thorne, Nonspherical gravitational collapse: a short review, in: J.R. Klauder
(Ed.), Magic Without Magic, San Francisco, 1972, pp. 231–258.
[18] R. Penrose, 1974, unpublished.
[19] P.D. D’Eath, P.N. Payne, Gravitational radiation in high speed black hole collisions. 1. Perturbation treatment of the axisymmetric speed of light collision,
Phys. Rev. D 46 (1992) 658–674.
[20] P.D. D’Eath, P.N. Payne, Gravitational radiation in high speed black hole collisions. 2. Reduction to two independent variables and calculation of the second
order news function, Phys. Rev. D 46 (1992) 675–693.
[21] P.D. D’Eath, P.N. Payne, Gravitational radiation in high speed black hole collisions. 3. Results and conclusions, Phys. Rev. D 46 (1992) 694–701.
[22] D.M. Eardley, S.B. Giddings, Classical black hole production in high-energy collisions, Phys. Rev. D 66 (2002) 044011.
[23] S.D.H. Hsu, Quantum production of black holes, Phys. Lett. B 555 (2003) 92–98.
[24] X. Calmet, B. Carr, E. Winstanley, Quantum Black Holes, Springer Briefs in
Physics, 2014.
[25] T.S. Santhanam, A.R. Tekumalla, Quantum mechanics in ﬁnite dimensions,
Found. Phys. 6 (1976) 583–587, https://doi.org/10.1007/BF00715110.
[26] H. Weyl, Das Kontinuum, Veit and Co., Leipzig, Reprinted 1987, 2 edn., de Gryter and Co., Berlin, 1932; English translation: the Continuum: a Critical Examination of the Foundation of Analysis, Thomas Jefferson University Press,
1987. Translated by Stephen Pollard and Thomas Bole. Corrected re-publication,
Dover, 1994.
[27] S. Feferman, The signiﬁcance of Hermann Weyl’s Das Kontinuum, Lecture for
the conference Proof Theory: History and Philosophical Signiﬁcance, held at
the University of Roskilde, Denmark Oct. 31-Nov. 1, 1997, https://math.stanford.
edu/~feferman/papers/DasKontinuum.pdf.
[28] S. Banach, A. Tarski, Sur la décomposition des ensembles de points en parties
respectivement congruentes, Fundam. Math. 6 (1924) 244–277, https://doi.org/
10.4064/fm-6-1-244-277.
[29] P. Cohen, The independence of the continuum hypothesis, Proc. Natl. Acad.
Sci. USA 50 (6) (1963) 1143–1148; Proc. Natl. Acad. Sci. USA 51 (1) (1964)
105–110.
[30] F. Ye, Strict Finitism and the Logic of Mathematical Applications, Springer,
Netherlands, 2011.
[31] D. Deutsch, Quantum theory, the Church-Turing principle, and the universal
quantum computer, Proc. R. Soc. Lond. A 400 (1985) 97–117.

4

