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Abstract

This paper presents a novel disturbance observer-based adaptive neural network control for a hydraulic knee exoskeleton
with valve deadband and output constraint. Adaptive neural networks are employed to approximate the unknown
nonlinearities of the hydraulic actuator, i.e., the valve deadband and the unmodeled dynamics caused by the valve leakage.
A disturbance observer is designed and integrated into the controller to compensate for the external disturbance and
the equivalent interactive force acted on the piston rod of the hydraulic actuator. Under the framwork of backstepping
technique, both the state feedback and output feedback controllers of the exoskeleton are designed. The velocity of
the piston rod is estimated via a high gain observer in the output feedback control design. By utilizing the barrier
Lyapunov function method and the proposed control, the output constraints are handled and the semi-globally uniformly
boundedness of the closed-loop system is also guaranteed. Comparative simulation results demonstrate the tracking
performance of the proposed control approach.
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1. Introduction

In the past two decades, the powered exoskeleton robot-
s for increasing human strength and rehabilitation therapy
have received a great deal of attention [1, 2, 3]. Many types
of exoskeletons equipped with various actuators, such as
hydraulic actuator [4], electrical motor [5], series elastic ac-
tuator (SEA) [6], and pneumatic muscle actuator [7], are
developed for a wide range of application scenarios. The
Berkeley exoskeleton (BLEEX) [8] and Sarcos exoskele-
ton [9] are emblematic hydraulic actuated exoskeleton-
s. Their researches are launched by the EHPA program,
which is sponsored by the U.S. Defense Advanced Research
Projects Agency to increase the capabilities of soldiers. In
[10], an electrical motor driven hybrid assistive leg is de-
veloped for both performance augmenting and rehabilita-
tive purposes according to the wearer’s motion intention.
An ankle-foot orthosis actuated by an SEA is designed
in Massachusetts Institute of Technology for treating the
drop foot gait pathology [11]. In [12], an artificial pneu-
matic muscles based lower limb orthosis is developed for
rehabilitation training and motor adaptation. In Kana-
gawa Institute of Technology, an exoskeleton suit driven
by pneumatic rotary actuators is developed to help nurs-
es to move patients [13]. Among the aforementioned ac-
tuators, the hydraulic actuator has the characteristics of
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high power-to-weigh ratio and thus is an ideal choice for
exoskeletons for human power augmentation and walking
assistance [14]. However, the dynamics of the hydraulic
actuator suffer from strong nonlinearities, including un-
known deadband between the orifice opening of the valve
and its control voltage, the compressible property of the
hydraulic fluid, the flow leakage of the cylinder, the friction
between the chamber and the piston rod, and the exter-
nal disturbance from the environment. Furthermore, since
there exists physical interaction between the exoskeleton
and the pilot (i.e. the wearer), the dynamics of the ex-
oskeleton present highly complexity. These nonlinearities
pose challenges to the control design of the hydraulic ex-
oskeleton.

In the matter of hydraulic exoskeleton control, sever-
al control schemes have been developed in the literature
[15, 16, 17]. In [18], a positive feedback sensitivity ampli-
fication controller is developed for the BLEEX. The con-
troller increases the sensitivity of the system to its wearer’s
force without installing any sensor between the exoskele-
ton and the wearer. In [19], force control of an under-
actuated hydraulic exoskeleton is addressed. A gain tun-
ing based adaptive robust controller is designed to tackle
the nonlinearities of the actuators. In [20], a hybrid con-
trol scheme which consists of position control and follow-
ing control is presented for a lower extremity exoskeleton.
A general PID strategy is utilized in the position control
to govern the exoskeleton to track the human trajectory.
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Adaptive robust control is developed in [21] to perform
the human-robot interaction of a 1-DOF exoskeleton. The
modeling uncertainties and unknown nonlinear dynamics
are handled by adaptive robust algorithms. Position track-
ing of a biomimetic exoskeleton is considered in [22], where
computed-torque control is used for feedforward compen-
sation of the unmodeled dynamics. It should be noted that
most of the above controllers did not take the nonlinear-
ities of the hydraulic system, such as the valve deadband
and flow leakage, into consideration, which will lead to
poor transient response and deteriorate the control per-
formance.

To cope with the unknown deadband effect and sys-
tem uncertainties, many algorithms have been reported
[23, 24, 25]. Mohanty et al. [26] developed a direct/indirect
adaptive robust control scheme for a hydraulic manipula-
tor, where the valve deadband is handled via parameter es-
timation. As indicated in [27], the nonlinearities of param-
eters of the the deadband cannot be linearly parameterized
globally. Lu et al. [28] and Deng et al. [29] dealt with the
nonlinear effect of the deadband by inverse compensation.
This method causes fluctuation in the control, which will
leads to an infinite rate of the controller [30]. Besides, in-
telligent control approach, such as neural networks (NNs),
is also attractive for systems with deadband and uncertain-
ties due to its universal approximation property. In [31], a
modified NN is presented to approximate the deadband of
a hydraulic positioning system. Truong et al. [32] studied
the adaptive tracking control of an industrial robot, where
RBF NN is used to approximate the unknown dynamics
caused by deadzone. In [33], decentralized adaptive con-
trol of robot manipulators is considered. The parametric
and dynamic uncertainty in every subsystem is approxi-
mated by RBF NNs. In [34], boundary control of a string
system is developed, where RBF NN is used to handle the
effect of the input deadzone. Zhang et al. [35] proposed a
fixed-time controller for an uncertain robot and He et al.
[36] considered the position tracking problem of a robotic
manipulator. Both the uncertainties and the input dead-
zone are approximated by RBF NN in [35] and [36]. All
efforts above show that NN is a good choice for systems
with unmodeled dynamics and unknown deadband.

External disturbances may lead uncertainties into the
exoskeleton, which can cause instability to the human-
robot system and even threaten the safety of the wear-
er [37]. It is of crucial importance to observe the dis-
turbance and guarantee the system stability at the same
time [38]. In [39], the output-feedback control of an un-
manned aerial vehicle is addressed. State observer and dis-
turbance observer are presented to estimate the unknown
state variables and external disturbance, respectively. In
[40], sliding mode control for an underactuated robotic
system is proposed. An optimal gain matrix is chosen for
a high-order disturbance observer to improve its estima-
tion performance. In [41], fault estimation for system with
partially decoupled disturbances is studied. An unknown
input observer is constructed to decouple the partial dis-

turbances and attenuate the disturbance that cannot be
decoupled. In [42], path-following control scheme of an un-
deractuated underwater robot is presented. The unmea-
sured velocity, internal model uncertainty, and external
disturbance are recovered by an extended state observer.
In [43], the neural tracking control of a MIMO system is
investigated. By integrating NN with disturbance observ-
er, the developed control scheme can ensure semi-globally
uniformly ultimately bounded of all signals. Motivated
by this fact, RBF NN with approximation capability and
disturbance observer with estimating both external distur-
bance and interactive force are integrated into the control
system by back-stepping technique in this paper.

Output constraint is another critical problem in the
exoskeleton due to the inherent physical limitations [44].
The violation of the output constraint may result in po-
tential hazards to the wearer’s limbs. In a bid to cope
with the system constraints, a number of techniques have
been reported [45]. Invariant set theory is used in [46] to
handle the actuator constraint. Predictive control is em-
ployed to deal with the system with hard constraints on
both controls and states [47]. Variable structure control
[48], non-overshooting control [49], and extremum seeking
control [50] are other notable methods. In addition, barri-
er Lyapunov functions (BLF) was first proposed in [51] to
tackle the problem of output constraint and have received
remarkable attention [52], [53]. The BLF would grow to
infinity when its arguments approach some limits. The de-
sired constraint will not be transgressed if the BLF is kept
bounded [51].

Inspired by the observation above, this paper focuses
on the control design of an uncertain hydraulic knee ex-
oskeleton, including valve deadband, unmodeled dynamic-
s, external disturbance, and output constraint. Different
from the previous work in [18]–[22], the valve deadband
and flow leakage in this paper are addressed simultane-
ously. RBF NNs are utilized to approximate the unknown
valve deadband and the local parameter linearization in
[27]–[29] is not required. A disturbance observer is pre-
sented and inserted into the BLF based control design to
eliminate the effect of the external disturbance and interac-
tive force by back-stepping technique. Moreover, the time
derivative of virtual control laws arising from the back-
stepping method, which brings computational explosion
issues in [25], [26], and [35]–[37], can be canceled by the
proposed observer. The primary contributions of this pa-
per include:

1) The tricky problems of valve deadband, unmodeled
dynamics, external disturbance, and output constrain-
t of the hydraulic exoskeleton are all considered and
handled by the proposed disturbance observer based
adaptive NN controller with both state feedback and
output feedback.

2) The output constraint of exoskeleton is not violated
by integrating a BLF into the control design.
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3) With the designed observer, the inherent complexi-
ty explosion issue in the back-stepping technique is
averted.

The rest of this paper includes the following contents.
The preliminaries and system modeling are presented in
Section II. In Section III, the observer based RBF NN
controller with state feedback and output feedback is de-
signed, and the stability of the closed-loop system is ana-
lyzed. Simulation results are provided in Section IV. Fi-
nally, the conclusion is summarized in Section V.

2. System Description and Problem Formulation

2.1. System Description

The schematic of a hydraulic knee exoskeleton is de-
picted in Fig. 1. A hydraulic cylinder with piston rod is
installed between the thigh and the shank of the exoskele-
ton mechanical leg to actuate the knee joint. The cylinder
is governed by the high pressure hydraulic fluid under the
control of the valve, where the orifice opening is regulated
by its input voltage. By using the Newton’s second law,
the dynamics of the exoskeleton hydraulic system can be
described as [25]

mẍp = PbAb − PsAs − cẋp − Fd(t)− Fe(t), (1)

where m represents the mass acted on the piston rod, xp

is the rod displacement, P∗ and A∗, ∗ = b, s denote the
pressures and piston areas of the rod chamber and non-rod
chamber, respectively. c represents the combined damping
and viscous friction coefficient on the piston rod, Fd(t)
denotes the external disturbance acted on the piston rod
and Fe(t) is the equivalent interactive force between the
exoskeleton and the pilot.

Figure 1: Hydraulic knee exoskeleton.

The pressure dynamics of the two hydraulic chambers
is given as [54]{

Ṗb = βe

Vb+Abxp
(Qb −Abẋp −Qli(t)−Qle1(t))

Ṗs = βe

Vs−Asxp
(Asẋp −Qs +Qli(t)−Qle2(t))

(2)

where βe is the effective bulk modulus of the hydraulic
fluid, V∗ and Q∗, ∗ = b, s are the initial volumes and flow
rates of the rod chamber and non-rod chamber, respec-
tively. Qli(t) is the internal flow leakage of the cylinder,
Qle1(t) and Qle2(t) are the external flow leakages of the
two chambers.

Owing to the fact that the bandwidth of the valve is
much higher than the walking frequency, the valve dynam-
ics can be ignored. According the flow/signal property
curve of the valve [55], the valve has the property of linear
flow gain. Therefore, the flow rates Qb and Qs in equation
(2) are linearly proportional to the orifice opening of the
valve xn [54]

Qb =

{
kvxn, ẋp > 0,

τkvxn, ẋp < 0,
Qs =

{
kv

τ xn, ẋp > 0,
kvxn, ẋp < 0,

(3)

where kv is the flow/signal gain of the valve, and τ ,
Ab/As is the flow factor that is defined as the area ra-
tio between the pistons of the non-rod chamber and rod
chamber. Generally, the actual orifice opening xn due to
the spool movement can be modeled as a static mapping of
the control-voltage command u to the valve with deadband
[26]. As shown in Fig. (2), the deadband nonlinearity of
the hydraulic valve can be expressed as

xn = E(u) =

 u− b̄, if u ≥ b̄,
0, if −b < u < b̄,
u+ b, if u ≤ −b,

(4)

where b̄ and b are the unknown deadband widths for the
positive and negative spool displacements, respectively.

Figure 2: The deadband nonlinearity of the valve.

Define the state variables as x1 , xp, x2 , ẋp, x3 ,
(PbAb − PsAs)/m, the entire system consisting of (1)–(4)
can be expressed in the state space form as

ẋ1 = x2,

ẋ2 = x3 − c
mx2 − fd(t)− fe(t),

ẋ3 = f(x1, x2) + g(x1)B(u) + h(t),

(5)

where

fd(t) =
Fd(t)

m
, fe(t) =

Fe(t)

m
, (6)
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f(x1, x2) = − A2
bβex2

m(Vb +Abx1)
− A2

sβex2

m(Vs −Asx1)
, (7)

g(x1) =
Abβekv

m(Vb +Abx1)
+

Asβekv
mτ(Vs −Asx1)

, (8)

h(t) = −Abβe[Qli(t) +Qle1(t)]

m(Vb +Abx1)

− Asβe[Qli(t)−Qle2(t)]

m(Vs −Asx1)
, (9)

B(u) =

{
E(u), ẋ1 > 0,

τE(u), ẋ1 < 0.
(10)

2.2. Problem Formulation

The control objective of the hydraulic exoskeleton is
to regulate the voltage of the valve u so that the angle
of the exoskeleton joint can track the pilot’s trajectory as
closely as possible. However, in the state space model (5),
the system output is the displacement of the piston rod xp

rather than the joint angle. Fortunately, from Fig. (1), we
can calculate the joint angle of the exoskeleton, denoted
by q, as follows

q = q1 + q3 + q2(x1), (11)

where q1 and q3 are constants which correspond to the
mechanical lengths of d1 to d4, and q2 is related to the rod
displacement x1 with the following relationship

q2(x1) = arccos
d5

2 + d6
2 − (d7 + x1)

2

2d5d6
, (12)

where di, i = 5, · · · , 7 are known constants.
Based on equation (11) and (12), we can conclude from

Fig. (1) that the joint angle of the hydraulic exoskeleton
q can be uniquely calculated by the rod displacement x1,
and vice verse. Consequently, the control objective of the
exoskeleton can be transferred to track the desired rod
displacement with the one-to-one mapping between x1 and
q. The following assumptions and lemmas are used for
helping the control design.

Assumption 1: The unknown external disturbance fd(t)
and equivalent force fe(t) are bounded, i.e., there exist
constants f̄d ∈ R+ and f̄e ∈ R+, such that |fd(t)| ≤ f̄d
and |fe(t)| ≤ f̄e, ∀ t ∈ [0,+∞].

Assumption 2: The desired trajectory is known, con-
tinuous and bounded.

Lemma 1: Consider the continuous smooth function
Θ(t), if ϱ1 ≤ ||Θ(t)|| ≤ ϱ2, ∀ t ∈ [t1, t2], then Θ̇(t) is
bounded.

Proof: According to the Lagrange mean value theorem,
it is concluded that Θ(t)−Θ(0) = Θ̇(ε)t with ε ∈ (t0, t1).
Since ϱ1 ≤ ||Θ(t)|| ≤ ϱ2, ϱ1 − ϱ2 ≤ Θ(t)−Θ(0) ≤ ϱ2 − ϱ1
is bounded, it can be obtained that Θ̇(t) is bounded.

Lemma 2: [56]. For any positive constant vector s ∈
Rn and x ∈ Rn, if |x| < |s| is satisfied, then the following
inequality holds

ln
sT s

sT s− xTx
≤ xTx

sT s− xTx
. (13)

Lemma 3: [57]. For a neural network with radial ba-
sis function Πi(X̂h) = exp[−(X̂h − bi)

T (X̂h − bi)]/[c
2
i ], if

the input vector X̂h = Xh − r̄M , where r̄ is a positive
constant and M is a bounded vector, the following rela-
tionship holds:

Π(X̂h) = Π(Xh) + r̄Πt (14)

where Πt is a bounded vector function.
Remark 1: In general, the desired trajectory of the

exoskeleton is the joint angle of the wearer, which can be
measured by angle sensors on the human leg in practice. In
addition, the angle of one’s joint cannot change suddenly.
Assumption 2 is thus reasonable.

Remark 2: The hydraulic actuator can provide large
force and is easy to install in the exoskeleton by virtue of its
large power-to-size ratio. The hydraulic exoskeleton can be
used for rehabilitation and walking assistance. This paper
focuses on the control design of the hydraulic exoskeleton.
The purpose of the exoskeleton can be properly chosen by
the wearer.

3. Control Design and Stability Analysis

In this section, we will design a controller for system (5)
by integrating RBF NN with disturbance observer in the
framework of BLF. Both state feedback and output feed-
back control schemes are developed based on the backstep-
ping technique. For state feedback control, we assume all
the states are known to the controller. For output feedback
control, we consider the velocity of the rod displacement
is unmeasurable and estimated by introducing a high-gain
observer. Meanwhile, the stabilities of both the state and
output feedback control systems are analysed.

3.1. State Feedback Control Design

According to the backstepping recursive design pro-
cess, the controller is developed through the following step-
s.

Step 1. Define state errors as z1 = x1 − x1d,
z2 = x2 − α1,
z3 = x3 − α2,

(15)

where x1d
△
= xpd is the desired rod displacement converted

by the desired joint angle using the one-to-one mapping in
(11) and (12), α1 and α2 are the virtual controllers. The
first state error z1 is derived with respect to time as

ż1 = ẋ1 − ẋ1d = x2 − ẋ1d = z2 + α1 − ẋ1d. (16)
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Considering the barrier Lyapunov function as

V1 =
1

2
ln
( k2b
k2b − z21

)
, (17)

where kb > 0 is a prospective error tolerance of the output
constraint. The time derivative of V1 is

V̇1(t) =
z1ż1

k2b − z21
=

z1(z2 + α1 − ẋ1d)

k2b − z21
. (18)

Choosing α1 as

α1 = −k1z1 + ẋ1d. (19)

where k1 > 0 is the control gain. Substituting (19) into
(18) leads to

V̇1(t) = − k1z
2
1

k2b − z21
+

z1z2
k2b − z21

. (20)

Step 2. Taking the derivative of z2 with respect to time
and considering the system dynamics in (5), we obtain

ż2 = ẋ2 − α̇1

= x3 −
c

m
x2 − fd(t)− fe(t)− α̇1

= z3 + α2 −
c

m
x2 − fd(t)− fe(t)− α̇1. (21)

Since the external disturbance fd(t) and the interactive
force fe(t) are unknown, a disturbance observer is designed
to estimate them. By utilizing the observer, the derivation
of the virtual control α1 is also canceled to reduce the
complexity of the backstepping technique. Let

D = −(fd(t) + fe(t) + α̇1), (22)

then (21) can be rewritten as

ż2 = z3 + α2 −
c

m
x2 +D. (23)

Considering Assumption 1 and using Lemma 1, we can
obtain

|Ḋ| ≤ η, (24)

where η > 0 is a positive constant. We introduce the fol-
lowing auxiliary variable Z to facilitate the observer design

Z = D − kdz2. (25)

Differentiating Z with respect to time and considering (23)
results in

Ż = Ḋ − kd[z3 + α2 −
c

m
x2 +D]. (26)

In order to estimate D, the auxiliary variable Z should be
estimated first. According to (26), the updating law of the
estimate of Z, denoted by Ẑ, is designed as

˙̂Z = −kd[z3 + α2 −
c

m
x2 + D̂], (27)

where D̂ is the estimate of D. Inspired by (25), D̂ can be
calculated as

D̂ = Ẑ + kdz2. (28)

Let D̃ = D − D̂ and Z̃ = Z − Ẑ, we have

Z̃ = D − kdz2 − (D̂ − kdz2) = D − D̂ = D̃. (29)

Calculating the time derivative of D̃ yields

˙̃
D =

˙̃Z = Ż − ˙̂Z = Ḋ − kdD̃. (30)

The virtual controller a2 is chosen as

a2 = −k2z2 −
z1

k2b − z21
− D̂ +

c

m
x2 (31)

where k2 > 0 is a positive control gain. Substituting (31)
into (23) results in

ż2 = −k2z2 −
z1

k2b − z21
+ z3 + D̃. (32)

Considering the second Lyapunov function candidate as

V2 = V1 +
1

2
z22 +

1

2
D̃2. (33)

Its time derivative is given by

V̇2 = V̇1 + z2ż2 + D̃
˙̃
D. (34)

Substituting (20), (30), and (32) into (34) yields

V̇2 = − k1z
2
1

k2b − z21
+

z1z2
k2b − z21

+ D̃(Ḋ − kdD̃)

+z2(−k2z2 −
z1

k2b − z21
+ z3 + D̃)

= − k1z
2
1

k2b − z21
− k2z

2
2 + z2z3 + z2D̃

+D̃(Ḋ − kdD̃). (35)

Step 3. The time derivative of z3 is

ż3 = ẋ3 − α̇2

= f(x1, x2) + g(x1)E(u) + h(t)− α̇2

= f(x1, x2) + g(x1)u+ g(x1)δu+ h(t)− α̇2,

(36)

where δu = B(u) − u is the deadband error. As δu and
h(t) are unknown, to avoid calculating the time derivative
of α2, a radial basis function neural network is utilized to
approximate them. The controller u is designed as

u =
1

g(x1)

(
− k3z3 − f(x1, x2)− ŴT

h Π(Xh)
)

(37)

where k3 > 0 is the positive gain. The neural network
updating law of Ŵh is

˙̂
Wh = Φh

(
Π(Xh)z3 − σhŴh

)
, (38)

where Ŵh is the weight vector of the neural network, Φh is
a positive-define gain matrix, Π(Xh) is the basis function

5



vector defined in Lemma 3, Xh is the input vector of the
neural network, and σh > 0 is a small constant. ŴT

h Π(Xh)
is used to approximate W ∗T

h Π(Xh)

W ∗T
h Π(Xh) = g(x1)δu+ h(t)− α̇2 + ϵh, (39)

where W ∗T
h is the ideal neural network weights, ϵh is ap-

proximation error of the neural network and Xh = [x1, x2,
z1, ż1, α1, α2]

T . Now, substituting (37) and (39) into (36),
we obtain

ż3 = −k3z3 +W ∗T
h Π(Xh)− ϵh − ŴT

h Π(Xh)

= −k3z3 − W̃T
h Π(Xh)− ϵh (40)

where W̃h = Ŵh − W ∗
h . Considering the third Lyapunov

function candidate as

V3 = V2 +
1

2
z23 +

1

2
W̃T

h Φ−1
h W̃h. (41)

Its time derivative is

V̇3 = V̇2 + z3ż3 + W̃T
h Φ−1

h
˙̃Wh

= V̇2 + z3ż3 + W̃T
h Φ−1

h (
˙̂
Wh − Ẇ ∗

h )

= V̇2 + z3ż3 + W̃T
h Φ−1

h
˙̂
Wh. (42)

Combining (35), (38), and (40), it yields that

V̇3 = − k1z
2
1

k2b − z21
− k2z

2
2 + z2z3 + z2D̃

+D̃(Ḋ − kdD̃)

+z3(−k3z3 − W̃T
h Π(Xh)− ϵh)

+W̃T
h Φ−1

h

(
Φh

[
Π(Xh)z3 − σhŴh

])
= − k1z

2
1

k2b − z21
− k2z

2
2 − k3z

2
3

+z2D̃ + D̃Ḋ − kdD̃
2

+z2z3 − z3ϵh − W̃T
h σhŴh (43)

Considering Lemma 2, (24), and the following facts

z2D̃ ≤ 1

2
z22 +

1

2
D̃2

D̃Ḋ ≤ 1

2
D̃2 +

1

2
|Ḋ|2

z2z3 − z3ϵh ≤ 1

2
z22 + z23 +

1

2
ϵ2h

−W̃T
h Ŵh = −W̃T

h

(
W̃h +W ∗

h

)
= −W̃T

h W̃h − W̃T
h W ∗

h

≤ −W̃T
h W̃h +

1

2

(
W̃T

h W̃h +W ∗T
h W ∗

h

)
≤ −1

2
W̃T

h W̃h +
1

2
W ∗T

h W ∗
h

we can get

V̇3 ≤− k1 ln
( k2b
k2b − z21

)
− (k2 − 1)z22 − (k3 − 1)z23 +

1

2
ϵ2h

− (kd − 1)D̃2 − 1

2
σh(||W̃h||2 − ||W ∗

h ||2) +
1

2
|η|2

≤− ρsV3 + Cs

Figure 3: Strategy of disturbance observer based state feedback
control.

where

ρs = min

{
2k1, 2k2 − 2, 2k3 − 2, 2kd − 2,

σh

λmax(Φ
−1
h )

}

Cs =
1

2
ϵ2h +

1

2
|η|2 + 1

2
σh||W ∗

h ||2 (44)

To ensure the stability of the system, the parameters
are chosen to satisfy: k1 > 0, k2 > 1, k3 > 1, kd > 1. Now,
we are in the position of addressing the boundedness of the
system errors. Multiplying (44) by eρst yields

d

dt

(
V3(t)e

ρst
)
≤ Cse

ρst (45)

Integrating the above inequality, one can obtain

V3(t) ≤
(
V3(0)−

Cs

ρs

)
e−ρst +

Cs

ρs
≤ V3(0) +

Cs

ρs
(46)

Thus, for z1, we have

1

2
ln

( k2b
k2b − z21

)
≤ V3(0) +

Cs

ρs
(47)

|z1| ≤
√
k2b

(
1− e[2(V3(0)+

Cs
ρs

)]
)

(48)

Similarly for z2, z3, W̃h, and D̃, we obtain

|z2| ≤

√
2(V3(0) +

Cs

ρs
), |z3| ≤

√
2(V3(0) +

Cs

ρs
), (49)

|D̃| ≤

√
2(V3(0) +

Cs

ρs
), ||W̃h|| ≤

√√√√2(V3(0) +
Cs

ρs
)

λmin(Φ
−1
h )

. (50)
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The control strategy of disturbance based state feedback
control is shown in Fig. 3. The main results of state
feedback control are given in the following theorem.

Theorem 1: Considering the hydraulic exoskeleton sys-
tem (5) in the presence of unknown valve deadband, flow
leakage, external disturbance, and output constraint, the
proposed state feedback RBF NN control law (37), the NN
updating law (38), and the disturbance observer (27) can
guarantee semi-globally uniform boundedness of the closed
loop signals z1, z2, z3, D̃, and W̃h by taking Assumption 1
and 2 into consideration. Furthermore, the error variables
will converge to the compact sets defined in (48)–(50).

3.2. Output Feedback Control Design

The state feedback controller needs the information of
all the state variables xi, including the rod displacement
and its velocity. However, the velocity x2 is not easy to
directly measure. In this section, a high gain observer is
presented to estimate x2, and the involved output feedback
control of the knee exoskeleton is addressed. In the light
of [58], the estimate of x2 is designed as x̂2 = ω2

ε where ω2

is described as

εω̇1 = ω2,

εω̇2 = −β1ω2 − ω1 + x1, (51)

where ε is a small constant. According to [58], there exist
positive constants nt and γ1 such that when t > nt, |x̃2| <
εγ1. x̃2 is the state estimate error defined as

x̃2 = x2 −
ω2

ε
= (x2 − α1)− (

ω2

ε
− α1)

= z2 − ẑ2 = z̃2 (52)

Thus, recalling the backstepping process in full state feed-
back control, (23) can be rewritten as

ż2 = z3 + α2 −
c

m
x̂2 +D. (53)

The auxiliary variable used to facilitate the disturbance
observer design is described as

Zhgo = D − kdẑ2. (54)

The time derivative of Zhgo is

Żhgo = Ḋ − kd[z3 + α2 −
c

m
x̂2 +D]. (55)

Its updating law is designed as

˙̂Zhgo = −kd[z3 + α2 −
c

m
x̂2 + D̂], (56)

therefore, the unknown compound disturbance, D̂, can be
calculated as

D̂ = Ẑhgo + kdẑ2. (57)

Considering D̃ = D − D̂ and Z̃hgo = Zhgo − Ẑhgo, we
obtain

Z̃hgo = D − kdẑ2 − (D̂ − kdẑ2) = D − D̂ = D̃. (58)

Differentiating D̃ with regard to time yields

˙̃
D =

˙̃Zhgo = Żhgo − ˙̂Zhgo = Ḋ − kdD̃. (59)

We design the virtual controller a2 as

a2 = −k2ẑ2 −
z1

k2b − z21
− D̂ +

c

m
x̂2 (60)

where k2 > 0 is a positive control gain. Substituting (60)
into (53) leads to

ż2 = −k2ẑ2 −
z1

k2b − z21
+ z3 + D̃. (61)

Taking the time derivative of z3, we have

ż3 = f(x1, x2) + g(x1)B(u) + h(t)− α̇2

= f(x1, x̂2) + f(x1, x̃2) + g(x1)u+ g(x1)δu

+h(t)− α̇2 (62)

We design the output feedback controller and the neural
updating law as

u =
1

g(x1)

(
− k3z3 − f(x1, x̂2)− ŴT

h Π(X̂h)
)
, (63)

˙̂
Wh = Φh

(
Π(X̂h)z3 − σhŴh

)
, (64)

where X̂h = [x1, x̂2, z1, ż1, α1, α2]
T . ŴT

h Π(X̂h) is used to
approximate W ∗T

h Π(Xh)

W ∗T
h Π(Xh) = f(x1, x̃2) + g(x1)δu+ h(t)− α̇2 + ϵh. (65)

Considering the second Lyapunov function candidate as

V4 = V1 +
1

2
z22 +

1

2
z23 +

1

2
D̃2 +

1

2
W̃T

h Φ−1
h W̃h. (66)

Differentiating (66) yields

V̇4 = V̇1 + z2ż2 + z3ż3 + D̃
˙̃
D + W̃T

h Φ−1
h

˙̂
Wh. (67)

Substituting (20), (53), (60) and (62)–(65) into (67), we
have

V̇4 =− k1z
2
1

k2b − z21
+

z1z2
k2b − z21

+ z2

(
z3+

(−k2ẑ2 −
z1

k2b − z21
− D̂ +

c

m
x̂2)−

c

m
x̂2 +D

)
+ z3

(
− k3z3 +W ∗T

h Π(Xh)− ϵh − ŴT
h Π(X̂h)

)
+ D̃(Ḋ − kdD̃)

+ W̃T
h Φ−1

h

(
Φh

(
Π(X̂h)z3 − σhŴh

))
=− k1z

2
1

k2b − z21
− k2z2ẑ2 − k3z

2
3 + z2D̃ + z2z3 − z3ϵh

+ D̃Ḋ − kdD̃
2 + z3

(
W ∗T

h Π(Xh)− ŴT
h Π(X̂h)

)
+ W̃T

h

(
Π(X̂h)z3 − σhŴh

)
7



Substituting ẑ2 = z2 − z̃2 into the above equation and
applying Lemma 3, it can be rewritten as

V̇4 =− k1z
2
1

k2b − z21
− k2z2(z2 − z̃2)− k3z

2
3 + z2D̃ + z2z3

− z3ϵh + D̃Ḋ − kdD̃
2 + W̃T

h

(
Π(X̂h)z3 − σhŴh

)
+ z3

(
W ∗T

h

(
Π(X̂h)− r̄Πt

)
− ŴT

h Π(X̂h)
)

=− k1z
2
1

k2b − z21
− k2z

2
2 − k3z

2
3 + k2z2z̃2 + z2D̃ + z2z3

− z3ϵh + D̃Ḋ − kdD̃
2 + W̃T

h

(
Π(X̂h)z3 − σhŴh

)
+ z3

(
− W̃T

h Π(X̂h)−W ∗T
h r̄Πt

)
=− k1z

2
1

k2b − z21
− k2z

2
2 − k3z

2
3 − kdD̃

2

+ k2z2z̃2 + z2z3 − z3ϵh + z2D̃ + D̃Ḋ

− W̃T
h σhŴh − z3W

∗T
h r̄Πt

Using Lemma 2, (24), and considering the relationships

k2z2z̃2 + z2z3 − z3ϵh ≤ z22 +
1

2
k22 z̃

2
2 + z23 +

1

2
ϵ2h

z2D̃ + D̃Ḋ ≤ 1

2
z22 + D̃2 +

1

2
|Ḋ|2

−W̃T
h Ŵh ≤ −1

2
W̃T

h W̃h +
1

2
W ∗T

h W ∗
h

−z3W
∗T
h r̄Πt ≤ 1

2
z23 +

1

2
||r̄Πt||2||W ∗T

h ||2

we have

V̇4 ≤− k1 ln
( k2b
k2b − z21

)
− (k2 −

3

2
)z22 − (k3 −

3

2
)z23

− (kd − 1)D̃2 − 1

2
σh||W̃h||2 +

1

2
ϵ2h +

1

2
|η|2

+
1

2
k22 z̃

2
2 +

1

2
σh||W ∗

h ||2 +
1

2
r̄2||Πt||2||W ∗T

h ||2

Considering x̃2 = z̃2 in (52) and using |x̃2| < εγ1 yields

V̇4 ≤− k1 ln
( k2b
k2b − z21

)
− (k2 −

3

2
)z22 − (k3 −

3

2
)z23

− (kd − 1)D̃2 − 1

2
σh||W̃h||2 +

1

2
ϵ2h +

1

2
|η|2

+
1

2
k22ε

2γ2
1 +

σh + r̄2||Πt||2

2
||W ∗

h ||2

≤− ρoV3 + Co

where

ρo = min

{
2k1, 2k2 − 3, 2k3 − 3, 2kd − 2,

σh

λmax(Φ
−1
h )

}

Co =
1

2
ϵ2h +

1

2
|η|2 + 1

2
k22ε

2γ2
1

+
σh + r̄2||Πt||2

2
||W ∗

h ||2 (68)

To ensure the stability of the system, the parameters are
chosen to satisfy: k1 > 0, k2 > 3

2 , k3 > 3
2 , kd > 1. Similar

to the proofs from (45) to (50), we can also get the results
for V4, zi, i = 1, 2, 3., D̃, and W̃h as follows

V4(t) ≤
(
V4(0)−

Co

ρo

)
e−ρot +

Co

ρo
≤ V4(0) +

Co

ρo
(69)

|z1| ≤
√
k2b

(
1− e[2(V4(0)+

Co
ρo

)]
)

(70)

|z2| ≤

√
2(V4(0) +

Co

ρo
), |z3| ≤

√
2(V4(0) +

Co

ρo
), (71)

|D̃| ≤

√
2(V4(0) +

Co

ρo
), ||W̃h|| ≤

√√√√2(V4(0) +
C0

ρ0
)

λmin(Φ
−1
h )

. (72)

The control strategy of disturbance based output feedback
control is shown in Fig. 4. Thus, we can conclude the
following theorem for the output feedback control.

Figure 4: Strategy of disturbance observer based output feedback
control.

Theorem 2: Considering the hydraulic exoskeleton sys-
tem (5) in the presence of unknown valve deadband, flow
leakage, external disturbance, and output constraint, the
proposed output feedback RBF NN control law (63), the
NN updating law (64), and the disturbance observer (56)
can guarantee semi-globally uniform boundedness of the
closed loop signals z1, z2, z3, D̃, and W̃h by taking As-
sumption 1 and 2 into consideration. Furthermore, the
error variables will converge to the compact sets defined
in (70)–(72).

Remark 3: If Co is equal to zero, the exponential sta-
bility of the system is achieved. However, Co = 1

2ϵ
2
h +

1
2 |η|

2+ 1
2k

2
2ε

2γ2
1 +σh+r̄2||Πt||2

2 ||W ∗
h ||2, where k2 and σh are
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control parameters to stabilize the system, ϵh is composed
of the NN approximation error and η is the bound of the
disturbance. Their associated signals are all bounded and
positive due to the quadratic terms. Thus, the system is
stable instead of asymptotically stable.

4. Simulation Studies

Simulation studies are performed in this section to il-
lustrate the effectiveness of the proposed controllers. The
desired joint angle is first transferred to the desired rod dis-
placement according the one-to-one mapping. The desired
joint angle is chosen as qd = 0.6∗π/4∗sin(2πt)∗180/π+90
degree. The lengths of the exoskeleton mechanical rods are
set to d1 = 5 cm, d2 = 25 cm, d3 = 8 cm, d4 = 6 cm, and
the lengths of the piston rod is set to d5 = 12 cm. The
mapping between the desired joint and the desired piston
rod is demonstrated in Fig. 5 by solving the equations
(11) and (12). In the following simulations, the desired
piston rod curve in Fig. 5 (the blue one) will be used for
the desired trajectory of system (5).
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Figure 5: Desired joint angle and desired rod displacement.

The parameters of the hydraulic system are given in
Table 1. The external disturbance and interactive force
related terms are chosen as fd = 1.2 sin(2πt)+2 cos(2πt)+
3rand(1)+0.5 and fe = 2 sin(2πt)+8 cos(2πt)+1, respec-
tively. The output constraint is chosen as kb = 0.05. The
unknown valve deadband is set as b = b̄ = 1.5.

To verify the effectiveness of the proposed controllers,
we considered the state feedback control (37), the out-
put feedback control (63), and the two controllers with-
out the disturbance observer under the output constraint.
The control parameters are chosen as k1 = 20, k2 = 60,
k3 = 100, and kd = 5. RBF NNs with eleven nodes are
employed with the centers evenly distributed in the span
of input [−1.5, 1.5]. The initial weight Ŵh is set to zero
with parameters Φh = 120 and σh = 0.01. The parame-
ters of the high-gain observer are chosen as ε = 0.002, and
ω1(0) = ω2(0) = 0.

The tracking performance of the aforementioned con-
trol schemes is shown in Fig. 6. From the figure we can
conclude that all the four controllers track the desired rod
displacement successfully without violating the predefined
constraint. This relies mainly on the fact that the BLF will
grow to infinity when its arguments are close to the set con-
straint. The tracking errors of the controllers are shown in

Table 1: Parameters of the exoskeleton hydraulic system

Symbol Value
m 10 kg
c 1000
Ab 7 cm2

As 3 cm2

βe 0.9× 109 N/m
2

γ 7/3
Vb 92 cm3

Vs 7 cm3

Fig. 7. It can be obtained that the state feedback control
has the smallest tracking error because of the controller
has the knowledge of all the states. The output feedback
control has larger tracking error since the velocity of the
rod displacement is not available for the controller. With-
out the disturbance observer, the tracking performance of
the two controllers is deteriorated substantially. This is
because the effect of the disturbance is not well handled.
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Figure 6: Position tracking profiles of constrained controllers.
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Figure 7: Tracking error profiles of constrained controllers.
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Figure 8: Position tracking profiles of unconstrained controllers.
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Figure 9: Tracking error profiles of unconstrained controllers.

The tracking performance of the state feedback and
output feedback without the output constraint is also in-
vestigated using the same parameters in the simulation.
Although the trajectory tracking in Fig. 8 seems to be
achieved, the output constraint of tracking errors of the
two controllers is violated before settling as shown in Fig.
9. It is demonstrated that without the helping of BLF,
the output constraint cannot be guaranteed.

5. Conclusion

In this paper, disturbance observer based RBF NN
control is proposed for a hydraulic knee exoskeleton with
valve deadband and output constraint. Both state feed-
back and output feedback controllers are developed and
tested. Comparative simulation results have demonstrat-
ed that the constrained control schemes have good per-
formance of trajectory tracking and disturbance rejection.
The future work is to study the control design of the hy-
draulic exoskeleton with other constraints, such as input
saturation and mechanical backlash.
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