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ABSTRACT
It was shown recently that stochastic quantization can be made into a well defined quantization scheme on (pseudo-)Riemannian manifolds
using second order differential geometry, which is an extension of the commonly used first order differential geometry. In this paper, we show
that restrictions to relativistic theories can be obtained from this theory by imposing a stochastic energy–momentum relation. In the process,
we derive non-perturbative quantum corrections to the line element as measured by scalar particles. Furthermore, we extend the framework
of stochastic quantization to massless scalar particles.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0057720

I. INTRODUCTION
Stochastic quantization is a quantization scheme comparable to canonical quantization and path integral quantization that is employed

in the theory of stochastic mechanics.1–10 Stochastic mechanics is a theory of Newtonian mechanics coupled to a fluctuating Gaussian back-
ground field. Due to the coupling to this background field, particles follow stochastic processes instead of deterministic trajectories. The
evolution of the probability density of these processes is governed by complex diffusion equations.

Processes described by complex diffusion equations generically have a single well defined position but two independent well defined
velocities. If one imposes there to be a single well defined velocity, one obtains a real diffusion equation that is better known as the heat
equation. The process described by the heat equation is the well known dissipative Brownian motion. This dissipative Brownian motion
breaks time reversal symmetry. If, on the other hand, time reversibility is imposed as a constraint, the governing complex diffusion equation
is the Schrödinger equation. The resulting process is often called a conservative Brownian motion or a Nelson process.

The derivation of the Schrödinger equation for a Newtonian system coupled to a time reversible Gaussian background field is the central
result of stochastic mechanics. The stochastic quantization scheme that is employed in stochastic mechanics is built upon five fundamental
principles: diffeomorphism invariance, gauge invariance, time reversal symmetry, the principle of least action, and the background hypothesis.

The background hypothesis states that all variables in the theory must be promoted to random variables and the trajectories to time
reversible semi-martingale processes. The quadratic variation for these stochastic processes is fixed by the background hypothesis. For massive
scalar particles, the condition on the quadratic variation takes the form

d[[Xμ, Xν]] = h̵
m

hμν(X) dτ, (1.1)

where we denote the quadratic variation with a double bracket [[Xμ, Xν]] instead of a single bracket to avoid confusion with the commutator.
Furthermore, h is a positive definite metric tensor, obtained from the metric tensor g with Lorentzian signature. The construction of this
positive definite metric can be found in Ref. 27 and is discussed in the Appendix. We note that the condition on the quadratic variation
imposes the stochastic part of X to be a scaled Brownian motion by the Lévy characterization. Furthermore, we remark that this relation is the
equivalent of the canonical commutation relation imposed in the canonical quantization scheme.

Stochastic quantization is closely related to the path integral formulation, as it can be regarded as a local construction scheme for
path integrals. In imaginary time, this is achieved by the Feynman–Kac theorem,13 which maps the path integral formulation to the

J. Math. Phys. 62, 122301 (2021); doi: 10.1063/5.0057720 62, 122301-1

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/jmp
https://doi.org/10.1063/5.0057720
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0057720
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0057720&domain=pdf&date_stamp=2021-December-1
https://doi.org/10.1063/5.0057720
http://orcid.org/0000-0001-9200-1593
mailto:F.Kuipers@sussex.ac.uk
https://doi.org/10.1063/5.0057720


Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

stochastic formulation. Stochastic quantization extends this stochastic formulation to a real time description. An extension of the
Feynman–Kac theorem to the real time path integral is given by the Feynman–Itô theorem.14,15 Although this theorem does not have an
immediate stochastic interpretation, the real time path integral has been related explicitly to the stochastic quantization framework.16

The mathematical advantage of the stochastic quantization scheme over the path integral formulation resides in the fact that stochastic
integrals are better understood than path integrals. This is an important motivation for the study of stochastic quantization. For similar
reasons, the framework is used as an important tool in constructive approaches to quantum field theory.9,15 The study of constructive
approaches to quantum field theory bears relevance, as the absence of a mathematically rigorous framework of relativistic quantum field
theory lies at the heart of several issues in quantum field theory. One of which is the non-renormalizability of gravity as a quantum
theory.

A second motivation for the study of stochastic mechanics is of a foundational nature. The philosophy governing stochastic quantization
is closely related to the quantum foam introduced by Wheeler.17 However, in stochastic quantization, the quantum foam is considered to be
the source rather than the consequence of quantum mechanics.

Stochastic mechanics is a classical probabilistic interpretation of quantum theory. The theory is classical in the sense that the quantum
configuration space is a covering space over the classical configuration space. This covering is crucial for the treatment of spin and discretized
spectra (cf. e.g., Ref. 9). The theory is probabilistic in the sense that there exists a structure of a probability space (Ω, Σ,P), a measurable
configuration space (M,B(M), μ), and random variables X : (Ω, Σ,P)→ (M,B(M)) such that μ = P ○ X−1. The random variables are
elements of an Lp-space. As usual in quantum mechanics, one considers the L2-space, which has the important properties that it is a Hilbert
space and that it is self-dual.

In the stochastic quantization framework, the physical configuration space is a measurable covering space of the classical configura-
tion space. The L2-space containing the wave functions is built on top of this. Although this L2-space is crucial for mathematical analysis,
global existence of the wave functions is not required in a stochastic formulation. The wave function represents the best possible prediction
of a system, given the measurements of the system at earlier times, but is not a physical object. Measuring a system amounts to condition-
ing the stochastic process. Collapse of the wave function thus occurs due to updating the filtration to which the process is adapted. We
remark that we consider measurements where the interaction between the measurement device and the system is negligible. For microscopic
systems, such measurements are unachievable. However, these interactions are unrelated to the wave function collapse in the stochastic
interpretation.

We clarify the discussion in previous paragraph by making a comparison to stock markets: the shares in a stock market have a well defined
value at any point in time. However, if one does not observe the value for a certain amount of time, one can only give a probabilistic description
of the value of the stock, which is modeled by a probability distribution. Once one decides to observe the market, this probability distribution
collapses to a delta distribution. According to stochastic mechanics, the situation in quantum mechanics is similar. A difference between
the two pictures is that quantum mechanics is governed by a time-reversible Brownian motion, while stock markets are usually modeled
by a dissipative Brownian motion. As a consequence, quantum mechanics is modeled by a complex wave function, while the probability
distributions in stock markets take the shape of a Gaussian profile.

We stress that the stochastic picture is not in conflict with the superposition principle. The superposition principle holds in the stochastic
interpretation as particles move between different layers in the covering space. Before measuring a particle, the observers can only give a prob-
abilistic prediction on which layer they will measure the particle and thus what values of spin or other discretized spectra they will measure.
This leads to the superposition principle in the description given by the observer. Furthermore, we emphasize that stochastic mechanics is
agnostic about the question whether the quantum fluctuations are fundamental or can be derived from a more fundamental deterministic
theory. However, the Bell experiments suggest that the stochasticity is fundamental.

Finally, stochastic quantization has received attention, since it can be used as a computational framework in quantum field theory.
Stochastic quantization provides an alternative mathematical model that can be used to calculate observables in quantum theories. For certain
problems, this could simplify the calculations, while other problems are more easily solved using standard quantum field theory methods.
Stochastic quantization should therefore be regarded as complementary to other approaches. In this respect, the reformulation due to Parisi
and Wu18 and Damgaard et al.19,20 has achieved considerable success in numerical calculations. This reformulation has also been related to
quantum gravity inspired theories.21–23

The general formalism of stochastic quantization is a well defined approach to quantum mechanics for non-relativistic scalar particles
on Rn charged under scalar and vector potentials. Extensions have been made to Riemannian manifolds.8,9,24–27 In addition, particles with
spin have been discussed in this framework (cf. e.g., Refs. 9, 24, and 28). Furthermore, field theoretic extensions have been developed (see e.g.,
Refs. 7 and 29–36). We note that the field theoretic framework is more evolved in the Parisi–Wu formulation. Furthermore, it is worth noticing
that many standard quantum mechanics problems have been discussed in the stochastic quantization framework (see e.g., Refs. 7, 9, 10, and
37–41). Finally, the ideas governing stochastic quantization have been incorporated in models of quantum gravity.42,43 For a more complete
review of stochastic quantization, we refer to Refs. 7, 9, 10, and 12.

Most successes of stochastic quantization are of a non-relativistic nature. Although a relativistic version has been treated in the literature
(cf. Refs. 7, 27, 29, 30, and 33–36), it is not as well established as the non-relativistic theory. In this paper, we remedy this and show that
stochastic quantization can be made into a relativistic quantization scheme. Here, we build on our previous work,12 where stochastic quanti-
zation was extended to (pseudo-)Riemannian geometry. In this paper, we restrict this general framework to a special class of theories, namely,
the relativistic theories defined on Lorentzian manifolds. More concretely, we discuss the stochastic quantization of a single relativistic spinless
particle on a curved space–time charged under scalar and vector potentials.

J. Math. Phys. 62, 122301 (2021); doi: 10.1063/5.0057720 62, 122301-2

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/jmp


Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

A difficulty that arises when one tries to extend stochastic quantization to (pseudo-)Riemannian manifolds is that there exists a single
well defined position X but two independent well defined velocities

v+(X(τ), τ) = lim
h↓0

1
h
E[X(τ + h) − X(τ)∣X(τ)],

v−(X(τ), τ) = lim
h↓0

1
h
E[X(τ) − X(τ − h)∣X(τ)], (1.2)

which are often re-expressed as v = 1
2(v+ + v−) and u = 1

2(v+ − v−). We note that the definition of the velocity vectors requires to take
conditional expectations. Without this conditional expectation, there is no notion of velocity, as the stochastic process is almost surely nowhere
differentiable.

Furthermore, we note that these velocity vectors are not vectors in the usual geometrical sense, i.e., they do not transform as vectors under
coordinate transformations. Therefore, stochastic quantization cannot be easily embedded in differential geometry, which is the mathematical
corner stone of general relativity. This issue was resolved for semi-martingale processes on smooth manifolds with a connection by extending
the ordinary first order geometry to a second order geometry (cf. Refs. 11, 44, and 45). In second order geometry, the (co)tangent spaces
are extended to second order (co)tangent spaces. This allows us to interpret v± as vectors in these second order spaces. Consequently, the
stochastic processes discussed in this paper are diffeomorphism invariant. We refer to Ref. 12 for a more detailed exposition of stochastic
quantization in the context of second order geometry.

This paper is organized as follows: in Sec. II, we discuss relativistic massive theories. In Sec. III, we extend stochastic quantization to
massless theories. In Sec. IV, we discuss the notion of off-shellness in stochastic quantization, and in Sec. V, we conclude this paper.

II. MASSIVE SCALAR PARTICLES
We consider the classical relativistic action

S(x) = −[∫ m
√
−gμν(x) vμ vν + q Aμ(x) vμ]dτ (2.1)

defined on an (n = (d + 1))-dimensional Lorentzian manifold M. Following standard procedures, we rewrite this action in the form

S(x) = ∫ [
e
2
(e−2gμν(x) vμ vν −m2) − q Aμ(x) vμ]dτ, (2.2)

where e is an einbein field along the worldline of the particle. As we will consider the equations of motion of massive particles under the gauge
fixing condition e = m−1, this action is equivalent to the action

S(x) = ∫ [
m + λ

2
gμν(x) vμ vν + λ

2
− q Aμ(x) vμ]dτ, (2.3)

where λ is a Lagrange multiplier that must be gauge fixed to λ = 0 in the equations of motion. Its equation of motion is algebraic and reproduces
the energy–momentum relation

gμνv
μvν = −1. (2.4)

We will thus consider the classical Lagrangian

Lc(x, v) = m + λ
2

gμν(x) vμ vν + λ
2
− q Aμ(x) vμ. (2.5)

If the gauge symmetries of the classical action are to be preserved, the stochastic quantization of this Lagrangian is given by (cf. Refs. 10 and
12)

L(X, V , U) = m + λ
2

gμν(X)(Vμ Vν +Uμ Uν) + λ
2
− q Aμ(X)Vμ, (2.6)

where (X, V , U) is a stochastic process on the second order tangent bundle T̂M. X represents the position, V represents the current velocity,
and U represents the osmotic velocity. The corresponding action is given by

S(X) = E[∫ L(X, V , U) dτ], (2.7)

where τ is the proper time. The equation of motion for λ yields the stochastic energy–momentum relation
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E[gμν(VμVν +UμUν)] = −1, (2.8)

or, equivalently (cf. Ref. 12),

E[gμν(dXμdXν + d○X̂μd○X̂ν) + h̵
m
∇μ(d○X̂μ)dτ − h̵2

6m2 R dτ2] = −dτ2. (2.9)

We note that the geometrical line element remains gμνdxμdxν = −dτ2. However, a quantum particle traveling through this geometry does
not measure the same length, as it fluctuates around its classical path. Due to these quantum fluctuations, the line element as measured by
a quantum particle obtains a quantum correction as given in Eq. (2.9). For a single scalar particle adapted to its own natural filtration, the
osmotic integral vanishes (cf. Ref. 12). This allows us to re-express the quantized energy–momentum relation as

E[gμν dXμdXν + (1 − h̵2

6m2 R)dτ2] = 0. (2.10)

It follows that scalar quantum particles fluctuate around a quantum corrected path, where the quantum correction is given by the term h̵2

6m2 R.
Minimizing the action leads to the stochastic differential equations in the sense of Stratonovich (cf. Ref. 12),

m gμν(d2Xν + Γν
ρσ dXρdXσ) = − h̵2

12m
∇μR dτ2 − q(∇μAν −∇νAμ)dXνdτ, (2.11)

and condition (2.10). When supplemented with the background hypothesis,

d[[Xμ, Xν]] = h̵
m

hμν(X) dτ, (2.12)

these equations can be solved for the appropriate boundary conditions. The result is a stochastic process X(τ) parameterized by the proper
time. Observables of the theory can be determined from this stochastic process using the standard definitions of the characteristic and moment
generating functional,

ΦX(J) = E[e
i
h̵ ∫ Jμ(τ)Xμ(τ) dτ], (2.13)

MX(J) = E[e
1
h̵ ∫ Jμ(τ)Xμ(τ) dτ]. (2.14)

We remark that in contrast to the path integral framework, these expressions do not average over the action. The averaging over the action
effectively takes place when the system of equations (2.10)–(2.12) is solved.

If a probability density ρ(x, τ) associated with the stochastic process X exists, one can construct the wave function

Ψ(x, τ) =
√

ρ(x, τ) e
i
h̵ S(x,τ), (2.15)

with Hamilton’s principal function defined by

S(x, τ) = E[∫
τ

τi

L(X, V , U) dt∣X(τ) = x]. (2.16)

One can then show that this wave function must evolve according to a generalization of the Schrödinger equation (cf. Ref. 12 and references
therein),

ih̵
∂

∂τ
Ψ = − h̵2

2m
[(∇μ + i

q
h̵

Aμ)(∇μ + i
q
h̵

Aμ) − 1
6
R]Ψ. (2.17)

We remark that the wave function is not always well defined on the configuration space, as this space might not be simply connected. This is
the essence of Wallstrom’s criticism.46,47 However, if the process is lifted to the universal cover of the configuration space, the wave function
Ψ becomes well defined.9

As there is no explicit dependence on the affine parameter τ, one can solve Eq. (2.17) by separation of variables such that

Ψ(x, τ) = Φα(x) exp( i m α
2 h̵

τ), (2.18)

where α is a dimensionless parameter. If we gauge fix τ to be the proper time, we impose condition (2.8). Under this constraint, the expectation
of the energy becomes −m

2 , which implies α = 1. We conclude that
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Ψ(x, τ) = Φ(x) exp( i m
2 h̵

τ), (2.19)

where Φ(x) solves the generalization of the Klein–Gordon equation given by

[(∇μ + i
q
h̵

Aμ)(∇μ + i
q
h̵

Aμ) − 1
6
R − m2

h̵2 ]Φ = 0. (2.20)

We remark that the function Ψ(x, τ) and the relativistic Schrödinger equation (2.17) are not constructed in the traditional approaches to
the quantization of relativistic theories. However, their construction is not forbidden in these approaches, while their construction seems
necessary in the stochastic approach. The reason for this is that the probability density is defined on the space M × T, where M is the
space–time manifold and T is the proper time monoid. Moreover, the wave function Ψ(x, τ) is defined on the universal cover of M × T.

An important feature of relativistic theories is that the theory is invariant under proper time reparametrizations. Therefore, one can
always perform separation of variables. Consequently, it is sufficient to consider the Klein–Gordon equation for the wave function Φ(x) in
any relativistic quantum theory, as it determines the dynamics of the function Ψ(x, τ) completely up to a phase factor. This phase factor is
given in Eq. (2.19) and is a genuine prediction of stochastic quantization.

III. MASSLESS SCALAR PARTICLES
Following similar arguments as in Sec. II using the gauge fixing e = 1, we obtain the stochastic Lagrangian

L(X, V , U) = λ
2

gμν(X)(Vμ Vν +Uμ Uν) − q Aμ(X)Vμ, (3.1)

where the Lagrange multiplier must be gauge fixed to λ = 1 in the equations of motion. The equation of motion for the Lagrange multiplier
yields the stochastic energy–momentum relation

E[gμν(VμVν +UμUν)] = 0, (3.2)

which can be rewritten as

E[gμν dXμdXν − h̵2

6
R dτ2] = 0. (3.3)

Minimizing the action leads to stochastic differential equations in the sense of Stratonovich given by

gμν(d2Xν + Γν
ρσ dXρdXσ) = − h̵2

12m
∇μR dη2 − q(∇μAν −∇νAμ)dXνdη (3.4)

and constraint (3.3). We note that η is an affine parameter that has the dimension of time per unit mass. The background hypothesis in the
massless case under the gauge fixing λ = 1 takes the shape

d[[Xμ, Xν]] = h̵ hμν(X) dη. (3.5)

The system of equations (3.3)–(3.5) can be solved for the appropriate boundary conditions. The result is a stochastic process X(η) para-
meterized by the parameter η. Observables of the theory can be determined from this stochastic process using the characteristic and moment
generating functional.

The derivation of the Schrödinger equation in the massless case is similar to the derivation in the massive case, which can be found in
Ref. 12 and references therein. If a probability density ρ(x, η) associated with the stochastic process X exists, one can construct the wave
function

Ψ(x, η) =
√

ρ(x, η) exp{ i
h̵
E[∫

η

ηi

L(X(t), V(t), U(t), t) dt∣X(η) = x]} (3.6)

that evolves according to a generalization of the Schrödinger equation
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ih̵
∂

∂η
Ψ = − h̵2

2
[(∇μ + i

q
h̵

Aμ)(∇μ + i
q
h̵

Aμ) − 1
6
R]Ψ. (3.7)

As there is no explicit dependence on the affine parameter η, one can solve by separation of variables such that

Ψ(x, η) = Φα(x) exp( i h̵ α
2

η), (3.8)

where α has the dimension of inverse length squared. If we impose condition (3.2), the kinetic energy becomes 0. This imposes α = 0. We
conclude that

Ψ(x, η) = Φ(x), (3.9)

where Φ(x) solves the generalization of the Klein–Gordon equation given by

[(∇μ + i
q
h̵

Aμ)(∇μ + i
q
h̵

Aμ) − 1
6
R]Φ = 0. (3.10)

We remark that the vanishing phase factor in Eq. (3.9) is expected, as massless particles are restricted to d-dimensional submanifolds of M.

IV. OFF-SHELL MOTION
Let us consider the Lagrangian (2.5) for a massive particle in the simple case that gμν = ημν and q = 0. The on-shell condition (2.10) is

then given by
E[ημν dXμdXν] = −dτ2. (4.1)

Moreover,
dXμ(τ) = vμ(τ) dτ + 1

2
(dWμ

+(τ) + dWμ
−(τ)), (4.2)

where W± are independent Brownian motions (cf. e.g., Ref. 12 and references therein). Consequently,

E[ημν dXμdXν] = E[ημν(vμvνdτ2 + vμ(dWν
+ + dWν

−)dτ

+ 1
4
(dWμ

+(τ) + dWμ
−(τ))(dWν

+ + dWν
−))]

= ημν v
μvν dτ2, (4.3)

where we used that
E[dWμ

±] = 0, (4.4)

E[dWμ
+dWν

−] = E[dWμ
+]E[dWν

−], (4.5)

E[dWμ
+dWν

+] = −E[dWμ
−dWν

−]. (4.6)

The first equation follows from the fact that W± is a martingale, the second from the stochastic independence of the forward and backward
processes W+ and W−, and the third from the time reversibility of the semi-martingale X.

Under the expectation value, the particle moves on-shell, i.e.,

ημν v
μvν = −1. (4.7)

However, without the expectation value, this relation is not satisfied. Therefore, the expected trajectory of a particle is on-shell, but the actual
trajectory of a particle can be off-shell. As dWμ

±(τ) ∼ N(0, h̵
m dτ), it is easy to see that the quantum fluctuations dominate in the regime

c dτ ≲ h̵
m c

, (4.8)

which corresponds to length scales less than the de Broglie wavelength. On these length scales the event {ημνdXμdXν ≥ 0} becomes very likely.
Therefore, according to stochastic mechanics, particles have a high probability of traveling faster than light on length scales less than the
de Broglie wavelength, while the probability of traveling faster than light over length scales larger than the de Broglie wavelength quickly
decays to 0. According to the stochastic interpretation, this is the reason why particles are not localized within their de Broglie wavelength.
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We remark that this interpretation is given in a position representation, where the process (X, V , U) is adapted to the natural filtration of X.
In other words, we perform position measurements only. As is the case in other quantization schemes, stochastic quantization predicts an
uncertainty relation between position and momentum measurements.

We note that this result is similar in the path integral approach. However, there is a difference in the interpretation: in the stochastic
approach, there is a single well defined stochastic trajectory, while the path integral approach considers the statistical ensemble of the sample
paths of the stochastic trajectory. These sample paths are virtual, and in this approach„ there is no notion of the real trajectory. From the
perspective of modern probability theory, the path integral can, in principle, be derived from the stochastic integral if both are well defined.
Consequently, it is unlikely that the two interpretations can be distinguished experimentally, as their physical predictions are equivalent.

V. CONCLUSION
In this paper, we have shown that stochastic quantization can be made into a well defined quantization scheme for relativistic theories.

Furthermore, we have extended the framework such that it includes massless particles. We point out that stochastic quantization is a local
quantization scheme and that the motion of particles in this framework is governed by stochastic differential equations. In this framework,
the Schrödinger equation and Klein–Gordon equation are derived from first principles. Finally, we have discussed the interpretation of off-
shellness in the stochastic framework. We conclude that stochastic quantization is an interesting framework with important implications for
the mathematical and philosophical foundations of quantum theory.
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APPENDIX: CONSTRUCTION OF THE BROWNIAN METRIC

The background field hypothesis was introduced in Ref. 9 for massive particles as

d[[Xμ, Xν]] = h̵
m

gμν(X) dτ. (A1)

If gμν has a definite signature, this condition has a semi-martingale solution, but for an indefinite signature, there exist no semi-martingale
satisfying this condition. The extension of this condition to manifolds with indefinite signatures and, in particular, with a Lorentzian signature
has been the subject of several studies (see e.g., Refs. 7, 27, 29, 30, and 33–36). In this paper, we adopt the approach discussed in Ref. 27.

We reformulate the background hypothesis as

d[[Xμ, Xν]] = h̵
m

hμν(X) dτ, (A2)

where hμν is a positive definite tensor that is sometimes called the Brownian metric. Its inverse hμν is defined by the relation

hμνhνρ = δρ
μ. (A3)

Moreover, it is related to the kinetic metric gμν through the compatibility condition

gμνhμρhνσ = gρσ , (A4)

where gμν is the inverse of the kinetic metric gμν. If the kinetic metric gμν has a definite signature, the compatibility condition yields a unique
solution for the Brownian metric gμν = hμν, but for a Lorentzian signature, there is a family of positive definite solutions hμν. In this paper, we
work in the (− + ⋅ ⋅ ⋅ +) convention and set

hμν = gμν + 2 uμuν (A5)

with time-like vector uμ = (1, 0, . . . , 0), which is uniquely defined and satisfies the given conditions.
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We remark that in order to obtain a covariant stochastic theory, we have adopted the Schwartz–Meyer second order geometry framework
discussed in Refs. 11, 44, and 45. In a local coordinate system, second order vectors can be expressed as

V = vμ ∂μ + vμν ∂μ∂ν, (A6)

where vμν is the second order part of the vector v. As discussed in Ref. 12, the background hypothesis fixes the second order part of the velocity
vectors such that

v
μν
± = ±

h̵
2m

gμν dτ, (A7)

which is defined in terms of the kinetic metric. Consequently, the kinetic equations (2.10), (2.11), and (2.17) are independent of the Brownian
metric, as was already observed in Ref. 27.

Finally, we notice that the constructions in this appendix can be generalized straightforwardly to the massless case discussed in Sec. III.
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