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Abstract 

Labyrinthine unit cells have existed for many years and have been central to the design of 

numerous metamaterial solutions. However, the literature does not present a reproducible 

analytical model to predict their behaviour both in transmission and reflection, thus limiting 

design optimization in terms of bandwidth of operation and space occupied. In this work, we 

present an analytical model based on the transfer matrix method for phase shift and intensity 

of transmission/reflection-based labyrinthine unit cells. We benchmark our analytical model 

by comparing it with finite element method (FEM) simulations – using commercial software – 

and experimental measurements. Finally, we present a preliminary discussion on the 

limitations of our approach and the perspectives opened by it. 

 

 

 

 

 

 

 



1. Introduction 

Physicists and engineers have been interested in controlling, directing, and manipulating sound 

waves for a long time. Traditionally, phased arrays have been used to generate these 

functionalities [1-4]. However, in these devices, the distribution of their sources in an active 

way needs to be driven individually using electrical techniques, leading to major drawbacks 

such as high cost and complexity. Acoustic metamaterials offer new possibilities to achieve 

these functionalities. They are man-made, specially fabricated materials featuring properties 

never found in nature. Such metamaterials usually gain their properties from their structure 

rather than their constitutive materials, through techniques such as the controlled fabrication of 

small inhomogeneities to achieve effective macroscopic behaviour [5-8]. These innovative 

engineered materials, emerging recently with rich physics and plenty of extraordinary 

capabilities in various wave manipulations, have intrigued scientists and engineers for more 

than 10 years now, paving the way for many applications of acoustic and elastic wave 

engineering [9-13]. 

As a subcategory of acoustic metamaterials, acoustic metasurfaces demonstrate the 

advantageous features of a planar profile and subwavelength thickness compared to bulky 

meta-structures, and thus possess additional capabilities and flexibilities in sound wave 

manipulation. Metasurfaces have been demonstrated capable of many forms of wave 

manipulation and thus have drawn significant attention from both the physics and engineering 

communities [14-23]. Many geometries have been used by researchers to manufacture acoustic 

metasurfaces, such as labyrinthine structures [14,17-18], helical structures [20], multi-splits 

[19,21] and Helmholtz resonators [15,16,22,23]. 

Labyrinthine structures have recently attracted extensive research attention due to their abilities 

to exhibit high refractive indexes, multiple vibration modes, and extraordinary acoustic 

properties. These structures enable the effective speed of acoustic waves to be slowed down 

due to path elongation by means of folded narrow channels, and may be suitable for achieving 

broadband control of acoustic waves with a single structural unit. However, so far, the literature 

has not presented a reproducible analytical model to predict their behaviour both in 

transmission and reflection, which limits design optimization in terms of bandwidth of 

operation and space occupied. 

In this work, we develop an analytical model based on the transfer matrix method for the phase 

shift of transmission/reflection labyrinthine unit cells. The labyrinthine structure channel has 

been divided into two kinds of short pipes, as proposed by Yong Li et al. [17]. However, our 

analytical development led us to a different matrix. We present the amplitude and phase shift 

for two different labyrinthine structures, full reflection and transmission/reflection, in the 

frequency range of 830 Hz–4630 Hz, which covers the peak sensitivity of human hearing. We 

validate our model with finite element method (FEM) simulations – using commercial software 

– and experimental measurements. The model presented here can serve as an efficient tool for 

designing an acoustic metasurface that provides the desired precision in the acoustic field. 

2. Full reflection coefficient of a closed labyrinthine unit 

We consider a specific labyrinthine structure for full reflection with a width of 𝑎𝑥, height 𝑎𝑦, 

and thickness 𝑡, and consisting of 𝑚 and 𝑛 identical bars in the upper and lower boundary, 

respectively. The space of the zigzag channel can be controlled by changing these parameters 

(𝑚, 𝑛). The width and length of these identical bars is 𝑤 and 𝑙, respectively. The labyrinthine 



structure channel width can be expressed as 𝑑 =
𝑎𝑥

(𝑚+𝑛)
− 𝑤 and the length of the bars 

 𝑙 = 𝑎𝑦 − 2𝑡 − 𝑑. Fig. 1 shows a schematic of this specific labyrinthine structure unit for 𝑚 =

2 and 𝑛 = 2. 

 

Fig. 1. Schematic of labyrinthine structure unit for full reflection coefficient 

The labyrinthine channel is divided into two types of regions. Those of the first type – A, C, E 

and G in Fig. 1 – have a geometric size along the 𝑦 axis that is much smaller than the working 

wavelength. Therefore, it is possible in these regions to simplify the analytical derivation by 

considering plane wave propagations only. Those of the second type – B, D, F, and H – have 

geometric sizes comparable to 𝑎𝑦. Therefore, the waves propagating in these regions can be 

expressed as a summation of the normal modes. In our model, we consider an incident plane 

wave travelling in the opposite direction to the 𝑥 axis and the reflected wave travelling in the 

direction of the 𝑥 axis, as shown in Fig. 1. The pressure, 𝑝, and the velocity component, 𝑢, are 

connected via the relationship 𝑖𝑘0𝜌0𝑐0𝑢 = 𝜕𝑝/𝜕𝑥, where 𝑘0, 𝜌0, and 𝑐0 are wave number, 

density, and velocity in air, respectively. The harmonic factor 𝑒−𝑖𝜔𝑡  with 𝜔 = 𝑘0𝑐0 is omitted. 

As mentioned previously, the pressure field and the velocity component in the regions 

A (−𝑤 ≤ 𝑥 ≤ 0 𝑎𝑛𝑑 𝑡 ≤ 𝑦 ≤ 𝑡 + 𝑑), and C (−2𝑤 − 𝑑 ≤ 𝑥 ≤ −𝑤 − 𝑑 𝑎𝑛𝑑 𝑡 + 𝑙 ≤ 𝑦 ≤ 𝑡 +
𝑙 + 𝑑) can be expressed as a plane wave only: 

𝑝𝐴(𝑥, 𝑦) = 𝐴+𝑒𝑖𝑘0(𝑥+𝑤) + 𝐴−𝑒−𝑖𝑘0𝑥                                              (1) 

𝑢𝐴(𝑥, 𝑦) =
1

𝜌0𝑐0

[𝐴+𝑒𝑖𝑘0(𝑥+𝑤) − 𝐴−𝑒−𝑖𝑘0𝑥]                                       (2) 

𝑝𝐶(𝑥, 𝑦) = 𝐶+𝑒𝑖𝑘0(𝑥+2𝑤+𝑑) + 𝐶−𝑒−𝑖𝑘0(𝑥+𝑤+𝑑)                                    (3) 

𝑢𝐶(𝑥, 𝑦) =
1

𝜌0𝑐0

[𝐶+𝑒𝑖𝑘0(𝑥+2𝑤+𝑑) − 𝐶−𝑒−𝑖𝑘0(𝑥+𝑤+𝑑)]                             (4) 

The pressure and velocity component in region B ( −𝑤 − 𝑑 ≤ 𝑥 ≤ −𝑤 𝑎𝑛𝑑 𝑡 ≤ 𝑦 ≤ 𝑡 + 𝑑 +
𝑙) can be expressed in terms of the normal modes as 

𝑝𝐵(𝑥, 𝑦) = ∑ ∅𝑛(𝑦)

∞

𝑛=0

[𝐵𝑛
+𝑒𝑖𝑘𝑥𝑛(𝑥+𝑤+𝑑) + 𝐵𝑛

−𝑒−𝑖𝑘𝑥𝑛(𝑥+𝑤)]                          (5) 

𝑢𝐵(𝑥, 𝑦) = ∑ ∅𝑛(𝑦)

∞

𝑛=0

𝑘𝑥𝑛

𝑘0𝜌0𝑐0

[𝐵𝑛
+𝑒𝑖𝑘𝑥𝑛(𝑥+𝑤+𝑑) − 𝐵𝑛

−𝑒−𝑖𝑘𝑥𝑛(𝑥+𝑤)]                  (6) 

where ∅𝑛(𝑦) is the transverse eigenmode and can be expressed as ∅𝑛(𝑦) =

√2 − 𝛿0𝑛 𝑐𝑜𝑠[𝑘𝑦𝑛(𝑦 − 𝑡)], and satisfies the orthogonality ∫ ∅𝑛(𝑦)∅𝑚(𝑦)𝑑𝑦 = 𝜎𝛿𝑚𝑛, with 

𝛿𝑚𝑛 representing the Kronecker delta and σ being the cross section of the channel. Here, the 



wave number along the y direction can be expressed as 𝑘𝑦𝑛 =
𝑛𝜋

(𝑙+𝑑)
  (n=0, 1, 2,….) and 𝑘𝑥𝑛 =

√𝑘0
2 − 𝑘𝑦𝑛

2  . The symbols 𝐴+, 𝐴−, 𝐶+, 𝑎𝑛𝑑 𝐶− denote the coefficients in the thin channel, and 

𝐵𝑛
+𝑎𝑛𝑑  𝐵𝑛

− denote the coefficients of the nth modes. The signs (+) and (−) refer to the 

propagating coefficients in the direction of and opposite direction of the x axis, respectively. 

The total pressure field in the incident region ( 𝑥 ≥ 0 𝑎𝑛𝑑 0 ≤ 𝑦 ≤ 𝑎𝑦) can be expressed as 

𝑝(𝑥, 𝑦) = 𝑝𝑖 + 𝑝𝑟 = 𝑒−𝑖𝑘0𝑥 + ∑ 𝑅𝑛𝜓𝑛(𝑦)𝑒𝑖𝑘𝑥𝑛
′ 𝑥

∞

𝑛=0

                                (7) 

where 𝜓𝑛(𝑦) = √2 − 𝛿0𝑛 cos (𝑘𝑦𝑛
′ 𝑦), is the transverse eigenmode, with the wave number 

along the y direction, 𝑘𝑦𝑛
′ =

𝑛𝜋

(𝑙+𝑑+2𝑡)
 and 𝑘𝑥𝑛

′ = √𝑘0
2 − 𝑘𝑦𝑛

′2 . In equation (7), 𝑅𝑛 represents the 

reflection coefficient of the nth mode. 

Now, considering the continuity of pressure and volume velocity at the interface between 

region A and B at 𝑥 = −𝑤 and between regions B and C at 𝑥 = −𝑤 − 𝑑, we obtain the 

following equations: 

𝐴+ + 𝐴−𝑒𝑖𝑘0𝑤 = ∑ ∅𝑛(𝑦)

∞

𝑛=0

[𝐵𝑛
+𝑒𝑖𝑘𝑥𝑛𝑑 + 𝐵𝑛

−]                                   (8) 

𝐴+ − 𝐴−𝑒𝑖𝑘0𝑤 = ∑ ∅𝑛(𝑦)

∞

𝑛=0

𝑘𝑥𝑛

𝑘0

[𝐵𝑛
+𝑒𝑖𝑘𝑥𝑛𝑑 − 𝐵𝑛

−]                                (9) 

𝐶+𝑒𝑖𝑘0𝑤 + 𝐶− = ∑ ∅𝑛(𝑦)

∞

𝑛=0

[𝐵𝑛
+ + 𝐵𝑛

−𝑒𝑖𝑘𝑥𝑛𝑑]                                  (10) 

𝐶+𝑒𝑖𝑘0𝑤 − 𝐶− = ∑ ∅𝑛(𝑦)
𝑘𝑥𝑛

𝑘0

∞

𝑛=0

[𝐵𝑛
+ − 𝐵𝑛

−𝑒𝑖𝑘𝑥𝑛𝑑]                              (11) 

Before the next step, we multiply Eq. (9) and (11) by ∅𝑚(𝑦) and integrate both sides of the 

equations along the boundaries in the 𝑦 direction. After utilizing the orthogonality of ∅𝑚(𝑦), 

the coefficients 𝐵𝑛
+ and 𝐵𝑛

− can be obtained as below: 

𝐵𝑛
+ = [(𝐶+𝑒𝑖𝑘0𝑤 − 𝐶−)

𝑘0𝑑

𝑘𝑥𝑛(𝑙 + 𝑑)
Φ𝑛,2

− (𝐴+ − 𝐴−𝑒𝑖𝑘0𝑤)
𝑘0𝑑

𝑘𝑥𝑛(𝑙 + 𝑑)
Φ𝑛,1𝑒

𝑖𝑘𝑥𝑛𝑑]
1

(1 − 𝑒2𝑖𝑘𝑥𝑛𝑑)
                             (12) 

𝐵𝑛
− = [(𝐶+𝑒𝑖𝑘0𝑤 − 𝐶−)

𝑘0𝑑

𝑘𝑥𝑛(𝑙 + 𝑑)
Φ𝑛,2𝑒

𝑖𝑘𝑥𝑛𝑑

− (𝐴+ − 𝐴−𝑒𝑖𝑘0𝑤)
𝑘0𝑑

𝑘𝑥𝑛(𝑙 + 𝑑)
Φ𝑛,1]

1

1 − 𝑒2𝑖𝑘𝑥𝑛𝑑
                                            (13) 

with                       Φ𝑛,1 =
1

𝑑
∫ ∅𝑛(𝑦)𝑑𝑦

𝑡+𝑑

𝑡

  and    Φ𝑛,2 =
1

𝑑
∫ ∅𝑛(𝑦)𝑑𝑦

𝑡+𝑙+𝑑

𝑡+𝑙

   

Substituting the coefficients 𝐵𝑛
+ and 𝐵𝑛

− into Eq. (8) and Eq. (10), and averaging the pressure 

field, we obtain the following equations: 



𝐶+𝑒𝑖𝑘0𝑤 − 𝐶− =
(1 + 𝛼)

𝛽
𝐴+ +

(1 − 𝛼)

𝛽
𝐴−𝑒𝑖𝑘0𝑤                                (14) 

𝐶+𝑒𝑖𝑘0𝑤 − 𝐶−
(𝛼1 + 1)

(𝛼1 − 1)
= 𝐴+

𝛽

(𝛼1 − 1)
− 𝐴−

𝛽

(𝛼1 − 1)
𝑒𝑖𝑘0𝑤                      (15) 

where 

𝛼 = ∑
𝑘0𝑑

𝑘𝑥𝑛(𝑙 + 𝑑)

1 + 𝑒2𝑖𝑘𝑥𝑛𝑑

(1 − 𝑒2𝑖𝑘𝑥𝑛𝑑)

∞

𝑛=0

(Φ𝑛,1)
2
                                     (16) 

𝛼1 = ∑
𝑘0𝑑

𝑘𝑥𝑛(𝑙 + 𝑑)

1 + 𝑒2𝑖𝑘𝑥𝑛𝑑

(1 − 𝑒2𝑖𝑘𝑥𝑛𝑑)

∞

𝑛=0

(Φ𝑛,2)
2
                                     (17) 

𝛽 = ∑
𝑘0𝑑

𝑘𝑥𝑛(𝑙 + 𝑑)

2𝑒𝑖𝑘𝑥𝑛𝑑

(1 − 𝑒2𝑖𝑘𝑥𝑛𝑑)

∞

𝑛=0

Φ𝑛,1Φ𝑛,2                                    (18) 

To obtain 𝐶−, we subtracted Eq. (14) from Eq. (15). To obtain 𝐶+, we rearranged Eq. (14) 

before subtracting it from Eq. (15). In this way, a transfer matrix could be constructed to 

connect the coefficients between regions A and C as follows: 

[𝐶
+

𝐶−] = 𝑀1 [𝐴
+

𝐴−]                                                             (19) 

where 𝑀1 is the transfer matrix 

𝑀1 =

[
 
 
 
 
(1 + 𝛼)(𝛼1 + 1) − 𝛽2

2𝛽
𝑒−𝑖𝑘0𝑤

(1 − 𝛼)(𝛼1 + 1) + 𝛽2

2𝛽

(1 + 𝛼)(𝛼1 − 1) − 𝛽2

2𝛽

(1 − 𝛼)(𝛼1 − 1) + 𝛽2

2𝛽
𝑒𝑖𝑘0𝑤

]
 
 
 
 

             (20) 

Since (Φ𝑛,1)
2
≈ (Φ𝑛,2)

2
, we assume that 𝛼 = 𝛼1. Therefore, the transfer matrix 𝑀1 reduces to 

the following: 

𝑀1 =

[
 
 
 
 
(𝛼 + 1)2 − 𝛽2

2𝛽
𝑒−𝑖𝑘0𝑤

1 − 𝛼2 + 𝛽2

2𝛽

𝛼2 − 1 − 𝛽2

2𝛽

𝛽2 − (𝛼 − 1)2

2𝛽
𝑒𝑖𝑘0𝑤

]
 
 
 
 

                          (21) 

The transfer matrix from regions C to E is the same as the matrix 𝑀1. Therefore, the coefficients 

in region G can be expressed as 

[𝐺
+

𝐺−] = (𝑀1)
3 [𝐴

+

𝐴−]                                                           (22) 

Considering the continuity of pressure and volume velocity at the interface between region G 

and H at 𝑥 = −4𝑤 − 3𝑑, and following the same procedure as before, we obtain the 

following equation: 

𝐻𝑛
+𝑒𝑖𝑘𝑥𝑛𝑑 − 𝐻𝑛

− = (𝐺+ − 𝐺−𝑒𝑖𝑘0𝑤)
𝑑

(𝑙 + 𝑑)

𝑘0

𝑘𝑥𝑛
 Φ𝑛,2                            (23) 



Since there is a hard boundary, the velocity at �̆� = −4𝑤 − 4𝑑 should be zero, which in the 

form of an equation becomes 𝑢𝐻(�̆�, 𝑦) = 0. Therefore, the relation between the coefficients 

𝐽𝑛
+ and 𝐽𝑛

− can be obtained as below: 

𝐻𝑛
+ − 𝐻𝑛

−𝑒𝑖𝑘𝑥𝑛𝑑 = 0                                                         (24) 

Combining Eq. (23) and Eq. (24), the coefficients 𝐻𝑛
+ and 𝐻𝑛

− can be expressed as 

𝐻𝑛
+ = (𝐺+ − 𝐺−𝑒𝑖𝑘0𝑤)

𝑑

(𝑙 + 𝑑)

𝑘0

𝑘𝑥𝑛
 Φ𝑛,2

𝑒𝑖𝑘𝑥𝑛𝑑

(𝑒2𝑖𝑘𝑥𝑛𝑑 − 1)
                         (25) 

𝐻𝑛
− = (𝐺+ − 𝐺−𝑒𝑖𝑘0𝑤)

𝑑

(𝑙 + 𝑑)

𝑘0

𝑘𝑥𝑛
 Φ𝑛,2

1

(𝑒2𝑖𝑘𝑥𝑛𝑑 − 1)
                         (26) 

Substituting the coefficients 𝐻𝑛
+ and 𝐻𝑛

− into the pressure continuity equation between region 

G and H at 𝑥 = −4𝑤 − 3𝑑, and averaging the pressure field, the coefficients in region G can 

be expressed as 

𝐺+

𝐺−
= −

(1 − 𝛼)

(1 + 𝛼)
𝑒𝑖𝑘0𝑤                                                                     (27) 

Considering the continuity of pressure and volume velocity between the incident region and 

region A at 𝑥 = 0, and following the same procedure as above, a transfer matrix can be 

constructed to connect the incident region coefficient and region A coefficients as follows: 

[𝐴
+

𝐴−] = 𝑀2 [
1
𝑅0

]                                                            (28) 

where  

𝑀2 =

[
 
 
 
 (1 −

𝛽′

2
)𝑒−𝑖𝑘0𝑤

𝛽′

2
𝑒−𝑖𝑘0𝑤

1 +
𝛼′

2
−

𝛼′

2 ]
 
 
 
 

                                         (29) 

where 

𝛼′ =
𝑎𝑦

𝑑
− ∑

𝑘0

𝑘𝑥𝑛
′

(Ψ𝑛
′ )2  

∞

𝑛=0

 and   𝛽′ =
𝑎𝑦

𝑑
+ ∑

𝑘0

𝑘𝑥𝑛
′

(Ψ𝑛
′ )2  

∞

𝑛=0

                    (30) 

with                                                        Ψ𝑛
′ =

1

𝑑
∫ 𝜓𝑛(𝑦)𝑑𝑦

𝑡+𝑑

𝑡

 

Finally, by combining Eq. (22), Eq. (27), and Eq. (28), the reflection coefficient can be 

expressed as 

𝑅0 = −
(1 + 𝛼)𝑚11 + (1 − 𝛼)𝑒𝑖𝑘0𝑤𝑚21

(1 + 𝛼)𝑚12 + (1 − 𝛼)𝑒𝑖𝑘0𝑤𝑚22
                                     (31) 

with 

𝑀 = (𝑀1)
3𝑀2 = [

𝑚11 𝑚12

𝑚21 𝑚22
]                                                (32) 

For a general case of a labyrinthine structure with 𝑚 and 𝑛 identical bars, the matrix M can 

be written as 

𝑀 = (𝑀1)
(𝑚+𝑛−1)𝑀2                                                        (33) 



3. The transmission and reflection coefficient of an open labyrinthine unit 

In this section, we consider a labyrinthine structure unit for transmission and reflection, 

consisting of 𝑚 and 𝑛 identical bars in the upper and lower boundary, respectively. To describe 

the geometrical parameters 𝑎𝑥 , 𝑎𝑦 , 𝑡, 𝑤 in Fig. 2, we will use the definitions in the previous 

section. For this structure, however, we will use a different expression for the channel width d, 

which is given by 𝑑 =
𝑎𝑥

𝑚+𝑛−1
−

𝑚+𝑛

𝑚+𝑛−1
𝑤. Fig. 2 shows a schematic of labyrinthine structure 

unit for transmission and reflection with 𝑚 = 2 and 𝑛 = 2. 

 

Fig. 2. Schematic of labyrinthine structure unit for the transmission and reflection coefficient 

The labyrinthine structure channel is divided into two regions, as described for the full 

reflection structure, which means that only the plane wave is considered for the thin channels 

and a summation of normal mode is employed for the long channels. Therefore, the pressure 

field and velocity component in these regions, along with the incident region, can be expressed 

as defined above. For the transmitted region, (𝑥 ≤ −4𝑤 − 3𝑑 and 0 ≤ 𝑦 ≤ 𝑎𝑦), the pressure 

field can be expressed as the following: 

𝑝𝑡 = ∑ 𝑇𝑛𝜓𝑛(𝑦)𝑒−𝑖𝑘𝑥𝑛
′ (𝑥+4𝑤+3𝑑)

∞

𝑛=0

                                           (34) 

where 𝑇𝑛 represents the transmission coefficient of the nth mode. 

Following the same procedure for the full reflection case, the transfer matrix connecting the 

coefficients between region K and the incident region can be expressed as 

[𝐺
+

𝐺−] = 𝑁 [
1
𝑅
]                                                               (35) 

where 

𝑁 = (𝑀1)
3𝑀2 = [

𝑛11 𝑛12

𝑛21 𝑛22
]                                                 (36) 

Considering the continuity of pressure and volume velocity between region G and the 

transmitted region at 𝑥 = −4𝑤 − 3𝑑, the coefficients in region G can be expressed as the 

following:  

𝑇 = −(𝐺+ − 𝐺−𝑒𝑖𝑘0𝑤)
𝑑

𝑎𝑦
                                                   (37) 

and 

G+

G−
= −

δ2

δ1
eik0w                                                             (38) 



where 

𝛿1 = 1 + ∑
𝑑𝑘0

𝑎𝑦𝑘𝑥𝑛
′

∞

𝑛=0

 (𝛹𝑛
")

2
   and      𝛿2 = 1 − ∑

𝑑𝑘0

𝑎𝑦𝑘𝑥𝑛
′

∞

𝑛=0

 (𝛹𝑛
")

2
                 (39) 

with                                                      𝛹𝑛
" =

1

𝑑
∫ 𝜓𝑚(𝑦)𝑑𝑦

𝑡+l+𝑑

𝑡+𝑙

 

Combining Eq. (35) with Eq. (38), the reflection coefficient can be written as 

𝑅 = −
𝑛11𝛿1+𝑛21𝛿2𝑒𝑖𝑘0𝑤

𝑛12𝛿1 + 𝑚22𝛿2𝑒𝑖𝑘0𝑤
                                                (40) 

Substituting the reflection coefficient R into Eq. (35) and combining with Eq. (37), the 

transmission reflection can be written as 

𝑇 =
𝑛21𝑛12 − 𝑛11𝑛22

(𝑛12𝛿1𝑒−𝑖𝑘0𝑤 + 𝑛22𝛿2)
 
2𝑑

𝑎𝑦
                                              (41) 

4. Numerical simulations 

Numerical simulations were carried out by the finite element solver in the commercial software 

COMSOL Multiphysics. An acrylic plastic material was assigned in the simulation from 

COMSOL’s material library, and the boundary condition associated to the solid’s boundaries 

in the model was the sound hard wall. For our simulations, we inserted the metamaterial 

structure in a waveguide, so that both the input and the output waves are plane waves. A study 

in the frequency domain was made in the selected frequency range of 830 Hz–4630 Hz, and 

the total acoustic pressure field and sound pressure level resulting at the output at a specific 

checkpoint were recorded. Then, the transmitted pressure field was obtained by subtracting two 

pressure fields with and without the metamaterial. 

5. Experiments 

A metasurface sample consisting of 10x10 labyrinthine structure units for 

transmission/reflection, with four bars (m=2 and n=2), was fabricated from thermoplastics 

(polylactic acid, also known as PLA), using a 3D printer (Stratasys F170). The PLA surface 

finish could be defined by the layer resolution, which is 250 μm. The labyrinthine structure 

units have the same geometrical parameters of the structure unit used in the model and 

simulation. Therefore, the metasurface sample has a height of 25 mm and a base of 125x145 

mm. Fig. 3 shows a photograph of the metasurface sample for transmission/reflection. 

 

Fig. 3. Photograph of the metasurface for transmission/reflection with 10x10 

labyrinthine structure units 



A commercial loudspeaker (JVC CS-J520X) for cars was used as a source. Its emission has 

previously been characterized outdoors in the range of interest and found to be equivalent to a 

standard reference source. A plastic tube was made with a diameter close to the diameter of the 

loudspeaker, and the metasurface sample was fixed to one of its ends, with the loudspeaker to 

the other end (see Fig. 4). The length of the plastic tube must be long enough to ensure that the 

plane waves are fully developed before reaching the metasurface sample. Measurements were 

taken using a B&K 4138 microphone, designed for measuring in confined spaces with a very 

high frequency response of 6 Hz–140 kHz, and connected to a conditional amplifier (B&K 

NEXUS 2690-0S2). The microphone was positioned in front of the metasurface sample at 100 

mm, and the signal was acquired using a Picoscope 2200b and acquisition software developed 

for the purpose. Fig. 4 shows the laboratory arrangement used for the measurements of the 

sound field transmitted. 

 

Fig. 4. Photograph of the experimental setup showing the plastic tube, loudspeaker, 

metasurface, microphone, and a computer with acquisition software developed 

for the purpose 

6. Results and discussion 

For both cases, full reflection and reflection/transmission, the labyrinthine structure unit 

dimension was fixed to be 𝑎𝑥 = 25 mm and 𝑎𝑦 = 12.5 mm to ensure the subwavelength 

property of the structure. The bar width, 𝑤, and wall structure thickness, 𝑡, were fixed to be 1 

mm to facilitate the labyrinthine structure unit fabrication. A program compiled in MATLAB 

was developed to calculate the theoretical transmission and reflection coefficient (amplitude 

and phase) predicted by Eq. (31), Eq. (40), and Eq. (41). To validate our theoretical prediction, 

commercial software based on the finite element method – COMSOL Multiphysics – was 

employed for the simulations, using the same geometrical parameters of the model. 

The amplitude and phase shift of the theoretical (solid lines) and simulated (dash-dot lines) 

reflection coefficient, at the frequency range of 830 Hz–4630 Hz, for the full reflection 

structure case, with 𝑚 = 2 and 𝑛 = 2, are shown in Fig. 5 (a) and 5 (b), respectively. It can be 

seen from Fig. 5(b) that the phase shift shows good agreement between the simulations and the 

theoretical results, especially above the frequency of 2230 kHz. At frequencies up to 3230 Hz, 

the simulation results of the amplitude of the reflection coefficient is very close to the 

theoretical results; see Fig. 5(a). The maximum difference can be observed at frequencies above 

3630 Hz, where a difference of 0.02% can be observed between the analytical theory and the 

COMSOL simulations. 



    

Fig. 5. Closed labyrinthine structure unit. (a) Amplitude and (b) phase shift of reflection 

coefficient from full reflection labyrinthine structure unit, of a total of 4 bars (𝑚 =
2 and 𝑛 = 2), as a function of frequency. Solid and dash-dot lines represent the 

theoretical and simulated results, respectively 

The transmission and reflection coefficient amplitude (Fig. 6a and 7a) and phase shift (Fig. 6b 

and 7b) of the transmission/reflection labyrintine structure unit, at the frequency range of 830 

Hz – 4630 Hz, with 𝑚 = 2 and 𝑛 = 2, are shown in Fig. 6 and Fig. 7, respectively. The solid 

and dash-dot lines, shown in these figures, represent the theoretical and simulated results, 

respectivly. 

    

Fig. 6. Transmission of the open labyrinthine structure unit. (a) Amplitude and (b) phase 

shift of the transmission coefficient, of a total of 4 bars (𝑚 = 2 and 𝑛 = 2), as a 

function of frequency. Solid and dash-dot lines represent the theoretical and 

simulated results, respectively 

    

Fig. 7. Reflection of the open labyrinthine structure unit. (a) Amplitude and (b) phase 

shift of the reflection coefficient of a total of 4 bars (𝑚 = 2 and 𝑛 = 2), as a 

function of frequency. Solid and dash-dot lines represent the theoretical and 

simulated results, respectively. 



In Fig. 6(b) and Fig. 7(b), the phase shift of the simulation results shows the same behaviour 

as the analytical results obtained with our model. Up to 3030 kHz, the phase shift of the 

simulation results for the transmission case is in close agreement with the analytical results. 

The maximum value of the difference between them in this range of frequencies is 2.6 degrees. 

Above 3030 Hz, the difference between the analytical and the simulation results is even 

smaller, as it does not exceed 0.7 degrees. For the reflection case, the maximum value of the 

difference between the simulation and theoretical results is about 0.7 degrees in the frequency 

range of 2030 kHz–4030 kHz. Out of that range, the difference reaches 4 degrees. The 

amplitude for both reflection and transmission shows a small difference between the simulation 

and the theoretical results; see Fig. 6(a) and Fig. 7(a). In particular, the COMSOL simulations 

predict a value for the transmission coefficient that is 6% lower and a value for the reflection 

coefficient that is approximately 12% higher than our model. The reason for this will be the 

subject of further investigation. 

A measurement campaign was run to validate our model. A labyrinthine structure unit, with 

𝑚 = 2 and 𝑛 = 2, for transmission with the same geometrical parameters of the model and 

simulation, was designed, manufactured, and tested over a range of frequency of 830 Hz–4630 

Hz. Measurements of the amplitude and phase of the transmission coefficient were carried out. 

The results are shown in Fig. 8 in comparison with the results for the model and simulation. 

 

Fig. 8. (a) Amplitude and (b) phase shift of the transmission coefficient of a 

transmission/reflection labyrinthine structure unit of a total of 4 bars, (𝑚 = 2 and 

𝑛 = 2), as a function of frequency. Solid and dash-dot lines represent the 

theoretical and numerical results, respectively. The black markers represent the 

experimental results. 

It can be seen from Fig. 8(a) and 8(b) that, at most frequencies, the experimental results of the 

amplitude and phase are very close to both the model and simulation. This confirms the 

validation of our model. There are, however, frequencies where the measurements differ 

significantly from the prediction, even after repeats of the experiment. Further research is 

necessary to investigate this discrepancy and validate with measurements the predictions 

relative to the closed labyrinthine structure. 

7. Conclusions 

An analytical model based on the transfer matrix method for the phase shift of a full reflection 

and transmission/reflection labyrinthine structure unit has been developed in this study. A 

numerical simulation based on the finite element method using COMSOL Multiphysics has 

also been developed, and the phase shift agrees well with the analytical prediction. Further 

investigation is needed to understand the small differences (not greater than 6% in 

transmission) observed in the amplitude results. In particular, the role of thermo-viscous losses 

in the FEM simulations needs to be clarified. The analytical model has been further validated 



by carrying out a measurement campaign. In this case, the agreement with the analytical 

predictions is within 10% for most frequencies. Further experimental investigations will be run 

to validate the reflection coefficient also in the case of a closed labyrinthine structure. 

The model presented here can serve as an efficient tool for designing an acoustic metasurface 

that provides a desired precision in the acoustic field and opens the door for more automated 

wavefront manipulation and engineering of acoustic waves. 
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