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PHYSICAL REVIEW A, VOLUME 61, 033603
Time-dependent tunneling of Bose-Einstein condensates

O. Zobay and B. M. Garraway
Sussex Centre for Optical and Atomic Physics, University of Sussex, Brighton BN1 9QH, United Kingdom

~Received 10 August 1999; published 10 February 2000!

The influence of atomic interactions on time-dependent tunneling processes of Bose-Einstein condensates is
investigated. In a variety of contexts the relevant condensate dynamics can be described by a Landau-Zener
equation modified by the appearance of nonlinear contributions. Based on this equation it is discussed how the
interactions modify the tunneling probability. In particular, it is shown that for certain parameter values, due to
a nonlinear hysteresis effect, complete adiabatic population transfer is impossible however slowly the reso-
nance is crossed. The results also indicate that the interactions can cause significant increase as well as
decrease of tunneling probabilities that should be observable in currently feasible experiments.

PACS number~s!: 03.75.Fi, 03.75.Be, 05.30.Jp, 42.50.Vk
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I. INTRODUCTION

Since the first experimental preparation of Bose-Einst
condensates~BECs! in dilute atomic gases the study of the
dynamical properties has been a very active field of resea
It has become apparent that atomic interactions play a cru
role in the prediction or explanation of a wide range of o
servable phenomena, including, e.g., free condensate ex
sion, collective excitations, nonlinear atom optics, solito
and vortices@1,2#. The recent experiment of Ref.@3# has
drawn attention to a further dynamical process, namely tim
dependent tunneling. This work investigated the dynamic
a BEC that was accelerated by gravity in the periodic pot
tial formed by two counterpropagating vertical laser beam
In this way, Bloch oscillations of the condensate were
duced, and each time the lower turning point of the osci
tion was reached a fraction of the atoms tunneled int
continuum Bloch band. The regular output of atom puls
spectacularly proved the macroscopic coherence of the
tially prepared condensate.

In the experiment of Ref.@3# the influence of atomic in-
teractions mainly showed up as a degradation in the inter
ence when condensates with high densities were studied
a further consequence, long-time dephasing of the pulse
put was predicted. However, another interesting ques
arising in this context concerns the problem of how t
atomic interactions affect the individual tunneling proces
that are fundamental to the dynamics of the system.
purpose of this paper is to work out essential aspects of
question by studying the modification of the tunneling pro
ability in the single process. To this end, the condens
dynamics is modeled in terms of a mean-field descript
provided by the Gross-Pitaevskii equation. If the perio
potential is sufficiently weak and its period short compa
to the condensate extension this equation can be simpl
by means of a two-mode expansion. Thereby, the two mo
represent the tunneling and the Bragg-scattered compon
of the condensate wave function. In this way one arrives
set of equations similar to the familiar Landau-Zener pro
lem @4#. In the present case, however, the equations a
contain nonlinear terms that characterize the effect of
interactions. It should be emphasized that these equat
which are central to our investigation, are applicable not o
to the description of Bloch band tunneling but on a broa
1050-2947/2000/61~3!/033603~7!/$15.00 61 0336
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scope. They can also model processes such as popul
transfer between different hyperfine states by variable ex
nal fields @5# or the motion of BECs on coupled potenti
surfaces~which might be of interest in practical applica
tions!. These processes, as well as Bloch band tunneling,
examples of coherent output coupling from BECs@6#, so that
the present work also relates to this context. Furthermor
extends recent studies of nonlinear Josephson oscillat
that are based on a similar set of equations that contain
explicit time dependence@7–9#. This latter set of equations i
relevant not only in the context of Bose condensation bu
other areas of physics as well, e.g., polaron dynamics, n
linear optics, biophysics, and molecular physics@8,10#, so
that the present study might also be of interest in some
these fields.

The paper is organized as follows. In Sec. II the mode
set up and the ‘‘nonlinear Landau-Zener equations’’ me
tioned above are derived. Section III first gives a brief qua
tative discussion of how the nonlinearity affects the tunn
ing probability. We then discuss the main result of o
investigation that shows that for certain parameter values
tunneling probability does not vanish however slowly t
system evolves. In other words, a complete adiabatic po
lation transfer is impossible under such circumstances. T
effect, which would not be possible in linear two-level cros
ing models, is a direct consequence of the discrete s
trapping transition@10#. Using a phase-space representat
of the problem the tunneling probability for very slow pro
cesses can be determined. Subsequently, we discuss
population transfer for fast and slow resonance crossing
ing numerical methods and simple analytical models. In S
IV the predictions of the two-mode system are compared
the numerical solution of the Gross-Pitaevskii equation
scribing Bloch-band tunneling. These studies also show
significant modifications of the tunneling probability due
nonlinear effects should be observable in currently feas
experiments. A short conclusion is given in Sec. V.

II. THE MODEL

The Gross-Pitaevskii equation for a condensate w
function c(r ,t) undergoing Bloch band tunneling in a per
odic optical potential is given by

i\ċ5Hlinc1gucu2c ~1!
©2000 The American Physical Society03-1
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with @11,12#

Hlin52
\2¹2

2m
1~VT1Vopt2Fz!. ~2!

The atomic mass is denotedm, and g54p\2aN/m is the
nonlinearity parameter witha the s-wave scattering length
andN the number of atoms in the sample. The condensa
assumed to be tightly confined in the radial direction by
trapping potentialVT , the z dependence of which is ne
glected. The periodic optical potential is given byVopt
5V0 cos(2kLz), with the laser wave vectorkL , whereas the
potential inducing the Bloch oscillations is characterized
the accelerating forceF. Such a potential may be produce
by tilting the standing wave@3# or by frequency-shifting the
counterpropagating laser fields@13#. We want to discuss the
condensate time evolution under the following two con
tions. First, the condensate has an initial momentump0 well
defined on the scale set by the lattice wave vector 2kL , i.e.,
l z@l5p/kL with l z the axial extension of the BEC. Th
time evolution starts with the BEC well separated from a
tunneling resonances, i.e., avoided crossings between B
bands. These resonances occur for condensate mom
around (2l 11)\kL , l 50,61, . . . . Forconcreteness we tak
p050 in the following@apart from the example of Fig. 5~b!#.
The condensate is studied as it passes through the reson
at \kL . The second condition is that the optical potential
sufficiently weak, i.e.,V0!\2kL

2/2m. In this case, the cross
ing of the resonance can be described in terms of a coup
to a single state with a momentum shifted by22\kL . The
wave functionc(r ,t) is expanded in terms of the origina
and the Bragg-scattered contribution, i.e.,

c5ei (kL1Ft/\)zf1S z2
\kL

m
t2

Ft2

2mDb1~ t !

1ei (2kL1Ft/\)zf2S z1
\kL

m
t2

Ft2

2mDb2~ t !, ~3!

with t50 corresponding to the point of exact resonance
b151, b250, initially. The two envelope functionsf6

~whose radial motion is frozen due to the tight confineme!
are normalized to one. It is assumed thatf2 is very similar
to f1 , the shift in position between the two being negligib
at all timest relevant for the tunneling process, i.e., we s
*d3rf2(z)f1(z22\kLt/m)'1. This approach is valid if
the nonlinear effects are not too large and the tunneling p
cess is sufficiently short. Expression~3! is then inserted into
Eq. ~1! thereby discarding second derivatives off6 ~slowly
varying envelope approximation!. By projecting the resulting
equation onto the instantaneous wave functio
ei (6kL1Ft/\)zf6 and switching to a rotating frame wher
a6(t)5exp@i*tv(t8)dt8#b6(t), v(t)5\kL

2/2m1F2t2/2m\
2«t/222g, we obtain the ‘‘nonlinear Landau-Zener equ
tions’’

i ȧ15«ta11Va21gua1u2a1 ,

~4!
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i ȧ25Va11gua2u2a2 ,

with

«5
2FkL

m
, V5

V0

2\
, g52

g

\E d3r uf~r !u4. ~5!

In the following, V.0 is assumed. As mentioned in th
Introduction similar equations can be derived in other co
texts, e.g., for population transfer between different hyp
fine ground states with variable external fields@5#. In Sec. IV
it is shown that Eqs.~4! allow an accurate prediction o
tunneling probabilities in realistic situations.

Significant insight into the system behavior can be o
tained by noting that Eqs.~4! may be derived from the
Hamilton function@7,10#

H~N1 ,Q!5DN112VAN1~12N1!cosQ

1g~N1
2 2N111/2!, ~6!

with N15ua1u2 and Q5arg(a1a2* ) as canonical variables
andD5«t. The dynamics induced by this Hamilton functio
for fixed, time-independentD is discussed in detail in Refs
@7,8,10#. In the present context the stationary statesS
5(NS ,QS) of H(N1 ,Q) are of particular interest becaus
they take over the role of the adiabatic eigenstates in
linear problem (g50). From]H/]Q50 it follows that they
always haveQS50 or p. The condition]H/]N150 then
shows thatNS5ns11/2 is obtained as a real-valued solutio
of the equation

ns
41

D

g
ns

31S V2

g2
1

D2

4g2
2

1

4D ns
22

D

4g
ns2

D2

16g2
50.

~7!

If ugu/V<2, there are exactly two stationary statesS2 and
S1 having Q50 and p, respectively, for all values ofD.
They correspond to the high- and low-energy eigenstate
the linear problem. Forugu/V.2 two further stationary
states appear in the vicinity ofD50 as discussed in mor
detail in Sec. III.

III. TUNNELING PROBABILITIES FOR THE NONLINEAR
LANDAU-ZENER MODEL

A. Overview and qualitative discussion

In the study of the tunneling probability for the nonline
Landau-Zener model we are interested in the long-time
lution of Eqs. ~4!, provided the system is prepared att→
2` in the high- or low-energy stationary state. We choo
the low-energy statea1 in the following, i.e.,a1(t→2`)
51, and the tunneling probability is thusPT5ua1(t→`)u2.
In the linear case (g50) the tunneling probability is inde
pendent of whether the system starts in the low- or the hi
energy state. In the nonlinear case the same still holds tru
the sign of the nonlinearity is changed as well, i.e., the t
neling probability for a system starting in ‘‘1 ’’ is the same
as for one initially in ‘‘2 ’’ and having a nonlinearity param
3-2
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TIME-DEPENDENT TUNNELING OF BOSE-EINSTEIN . . . PHYSICAL REVIEW A61 033603
eter 2g. The whole range of dynamical phenomena p
dicted by Eqs.~4! ~for both signs ofg) can thus be observe
with a condensate of repulsive interactions by using b
initial conditions. Due to the scaling properties of Eqs.~4!
PT can be considered a function ofV/«2 andg/V, only. An
overview of the dependence ofPT on these parameters
given in Fig. 1 that shows results obtained from the num
cal solution of Eqs.~4!. In the linear problem the numerica
calculation ofPT is facilitated by transforming froma1 ,a2

onto the basis of the instantaneous ‘‘dressed’’ eigenstate
this basis the oscillations of the system trajectory around
asymptotic limit for t→` are suppressed and after a re
tively short propagation time the value ofPT can be read off
from the population of the eigenstates. This approach is g
eralized to the nonlinear case by computing the canon
action of the trajectories as determined by the Hamil
function ~6!. This action plays the role of the adiabatic i
variant and, in the linear case, is equivalent to the eigens
population. Various aspects of the behavior ofPT are dis-
cussed below.

For the linear problem the tunneling probability is give
exactly by the well-known Landau-Zener formulaPT
5exp(22pV2/«) @4#. A qualitative understanding of how th
nonlinear terms influencePT can be obtained by noting tha
they give rise to an effective detuningDe f f5«t1g(2ua1u2
21) between the statesa1 anda2 . Unless the resonance
traversed too rapidly the system remains in the vicinity
S1(«t) and the populationua1(t)u2 closely follows its
steady-state valueNS,15ns,1(«t)11/2. A rough estimate of
the tunneling probability can be obtained from the rateR

5Ḋe f f(t50) at which the point of zero detuning is crosse
As a first approximation it follows from the linear Landa
Zener formula thatPT'exp(22pV2/R). As for smallD,

ns,1'2D/@2~2V1g!#1VD3/@2~2V1g!4#, ~8!

one thus finds

PT'expH 22p
V2

«
~11g/2V!J . ~9!

Although not quantitatively accurate this formula indicat
two trends confirmed by the detailed investigation:~i! non-
linear effects become significant as soon asg becomes com-

FIG. 1. Tunneling probabilityPT as a function ofV2/« for
various values ofg/V.
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parable toV ~as one might expect! and ~ii ! PT is decreased
~increased! for g.0 (g,0) as compared to the linear cas
Interestingly, the expansion ofns,1 also shows that the third
order correction toDe f f renders the tunneling transition su
perlinear~sublinear! for g.0 (g,0) in the terminology of
Ref. @14#, i.e., the resonance is effectively crossed fas
~slower! than the linear approximation predicts@15#. The re-
sults of Ref.@14# indicate that the approximation~9! should
underestimate the nonlinear effects onPT . This is indeed
observed in the present case ifV/«2 is not too small and
g/V sufficiently larger than22.

B. Nonlinear hysteresis effects in the tunneling probability

The above discussion already indicates the significanc
the stationary-state behavior for an understanding of the
neling probability. The breakdown of the expansion forns,1
at g/V522 now suggests that at this point a qualitati
change in the system behavior may occur. Indeed, forg/V
,22, as D is increased from large negative values, tw
further stationary states ofH(N1 ,Q), S18 andU1 , emerge
at a detuning2Dc,0 @see Fig. 2~a!#. They both have the
same phaseQ5p as S1 and populationsNS8,1,NU,1

,NS,1 . The point S18 is stable, whereasU1 is unstable.
With growing D, U1 approachesS1 . At Dc they coalesce
and onlyS18 remains~besidesS2). We thus observe a typica
nonlinear hysteresis phenomenon. How does this scen
affect the tunneling process? As long asg/V.22, for «
→0 the system will stay arbitrarily close toS1 over the
whole evolution of the system so thatPT→0. For g/V,

FIG. 2. ~a! CoordinateN1 of stationary states as a function ofD
for g/V,22. ~b! Schematic phase-space plot in the vicinity
Dc . The system trajectory eventually has to switch onto the orbiC.
~c! Asymptotic probabilityPT

(`) as a function of2g/V.
3-3
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22, however, the hysteresis effect gives rise to a differ
behavior that is sketched in Fig. 2~b!. For small« the system
will again remain close toS1 , initially. However, asU1

approachesS1 it eventually has to switch from its trajector
in the vicinity of S1 onto a large orbitC encirclingS18 @16#.
Subsequently, the system evolution is quasiadiabatict
→`. The final tunneling probability is thus determined b
the canonical action of the orbitC, which is an adiabatic
invariant in this case. We thus conclude that in the lim
V2/«→` the tunneling probability is given by

PT
(`)5PT~V2/«→`!5

1

2p R
C!

Q dN1 , ~10!

with C! the orbit passing throughU15S1 at D5Dc and
encircling S18 . For small«.0 the orbitC, onto which the
system switches, completely enclosesC!. Therefore,PT

(`)

can be expected to be a~at least local! minimum of the
tunneling probability. In Fig. 2~c! PT

(`) is shown as a func-
tion of 2g/V. It becomes apparent that, even for mod
values of2g/V, PT

(`) is not small compared to 1. The abov
discussion is confirmed by the numerical simulation of E
~4!. In particular, it is found that for fixed2g/V,22, PT
is a monotonically decreasing function ofV2/« ~cf. Fig. 1!.
As V2/«→`, it tends to the value given by Eq.~10! which is
thus a global lower bound on the tunneling probability. F
thermore, for small«, the canonical action along the syste
trajectory abruptly changes aroundDc , as expected.

C. Rapid passage through resonance

Having discussed the asymptotic limit of the tunneli
probability we now study more closely its behavior for sm
values ofV2/«, i.e., rapid passage through the resonance
this case some insight may be gained from a perturba
analysis of Eqs.~4! with V the small parameter. In a rotatin
frame with a15ã1exp(2i«t2/22 igt), a25ã2 , Eqs. ~4!
read

i ȧ̃15Vã2 exp~ i«t2/21 igt !1g~ uã1u221!ã1 , ~11!

i ȧ̃25Vã1 exp~2 i«t2/22 igt !1guã2u2ã2 . ~12!

These equations are now iterated in the standard way
initial conditionsã1

(0)(2`)51, ã2
(0)(2`)50 up to third or-

der. This yields

ã2
(3)~ t !52 iVE

2`

t

dt1 E~ t1!

1 iV3E
2`

t

dt1E
2`

t1
dt2E

2`

t2
dt3 E~ t1!E* ~ t2!E~ t3!

2gV3E
2`

t

dt1U E
2`

t1
dt2E~ t2!U2E

2`

t1
dt2 E~ t2!

1O~V5!

[VT11V3T31O~V5!, ~13!

with E(t)5exp(2i«t2/22 igt). The first integral converge
for t→`, whereas the other two diverge. This behavior is
03360
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be expected because, e.g., in the linear problem (g50), al-

though the moduli ofã6 converge, their phases contain log
rithmically divergent terms. Their influence is reflected in t
divergence of theV3 contributions. A convergent approxi
mation of PT up to orderV4 can nevertheless be obtaine

from ã2
(3)(t→`). Writing PT'12uã2

(3)(t→`)u251
2V2uT1u222V4 Re(T1* T3)1O(V6), it is found that the ex-
pression Re(T1* T3) converges; all divergent contributions i
theV3 integrals are contained in Im(T1* T3). Determining the
limits t→` of the relevant expressions the approach fina
yields

PT5122p
V2

«
12p2

V4

«2
2NgV4

«2.5
1O~V6!. ~14!

The first three terms are familiar from the expansion of
Landau-Zener formulaPT5exp(22pV2/«) for the linear
problem. The fourth term represents the first nonvanish
contribution of the nonlinearity. The numerical coefficientN
is equal to Re@e2 ip/4A128p*2`

` dtuF(t)u2F(t)#'15.751
with F(t)5*2`

t dt1exp(2it1
2).

At this point it has to be emphasized that it is not claim
that Eq. ~14! is rigorously valid as an expansion ofPT
aroundV5g50. Nevertheless, it yields the following usefu
information.~i! For very rapid passage through resonance
nonlinear interactions do not influence the tunneling pro
ability. Their contributions arise only in higher order inV
~see Fig. 3!. ~ii ! Equation~14! correctly predicts that forg
.0 (g,0) PT is diminshed~increased!. ~iii ! Quantitatively,
Eq. ~14! gives a good approximation ofPT , in particular for
negativeg, and could be used, e.g., atg/V5210 to esti-
mate PT for V2/«,0.04 ~cf. Fig. 3!. For positive g the
agreement is not as good. In the interesting regime 1,g/V
,10, V2/«,0.04, the nonlinear effects are underestima
by a factor of about 2@see result of Eq.~14! for g/v510 in
Fig. 3#. This is because the influence of higher-order terms
g, which are neglected in Eq.~14!, is more relevant for posi-
tive g.

FIG. 3. Numerical calculation~full curves! of PT and approxi-
mation according to Eq.~14! ~dashed curves! for g/V5
210.0,0.0,5.0. The result of Eq.~14! for g/V510.0 is given by the
long-dashed curve that is close to the numerical one forg/V55.0.
3-4
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D. Slow passage through resonance

To examine the tunneling probability for slow passa
through resonance in more detail, we again use the idea
under these circumstances the system stays close to th
stantaneous stationary stateS1 . A simple analytically trac-
table model is obtained if in Eqs.~4! ua1u2 is replaced by the
stationary-state populationNS,1(t) of the linear system, i.e.,
ua1u2'1/22D/@4(D2/41V2)1/2# with D5«t. The tunnel-
ing probabilityPT

( l ) for this system can be estimated with th
help of the semiclassical theory of nonadiabatic transiti
@14,17–19#, which is based on the study of the quasiene
function Q(t)5@De f f

2 (t)/41V2#1/2. Thereby, De f f5«t
1g(2ua1u221). If tk are the zeroes~or complex crossing
points! of Q(t) in the upper complex half plane, the tunne
ing probability can be approximated asPT

( l )

5u(kGk exp(iDk)u2 with Dk52*0
tkQ(t)dt and Gk5

22i limt→tk
(t2tk)VḊe f f(t)/Q

2(t). As briefly shown in the

Appendix, forugu/V&1, PT
( l ) is well approximated by

PT
( l )5exp~2I 8!@2 cos~2pgV/3«!21#2, g.0,

PT
( l )5exp~2I 8!, g,0, ~15!

with I 852V2$p2g@ 2
3 12 ln(A3 ugu/V/2)#%/«. Comparison to

the solution of Eqs.~4! shows that the formula forg.0
gives a useful approximation toPT well before the first mini-
mum of PT

( l ) , i.e., if V2/«&V/4g ~see Fig. 4!. For negative
g Eqs.~15! typically underestimate the nonlinear effects, b
they yield a rough first estimate for2g/V less than abou
0.25. More interestingly, however, Eqs.~15! show a genera
behavior that is observed for the tunneling probability of t
nonlinear problem as well~see Fig. 1!. If g,0, PT

( l ) is a
monotonically decreasing function ofV2/«, whereas forg
.0 it is oscillating. This behavior is a consequence of
structure of the complex crossing points of the quasiene
For g.0 three crossing points contribute toPT

( l ) , thus caus-
ing interference effects, whereas forg,0 there is only one.
With a theory similar to the one of Ref.@17# not available for

FIG. 4. Tunneling probability forg/V560.25. Full curves,
exact results obtained from Eqs.~4!; short-dashed curves, approx
mation according to Eqs.~15!. The long-dashed curves show th
tunneling probability withua1u2 in Eqs. ~4! replaced by the exac
stationary-state population as determined from Eq.~7!. For larger
ugu/V the discrepancy between the approximations and the e
result is even more pronounced. The thick line showsPT for g
50.
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nonlinear systems, the study of this model problem gives
idea of how these features in the behavior ofPT may come
about and shows that they appear in a broader class of
tems. Numerical studies of the original Eqs.~4! indicate,
however, that at fixedg/V.0 the minima ofPT approxi-
mately occur at positionskCV2/« with k51,2, . . . , andC a
decreasing function ofg/V. This is in clear contrast to the
behavior of Eqs.~15!; furthermore, the first minimum ap
pears at a much larger distance fromV2/«50 than indicated
by these equations. One might assume that it is possibl
improve on the above results by studying Eqs.~4! with ua1u2

replaced by the exact stationary-state populationNS,1(t) as
determined from Eq.~7!. Unfortunately, the analytical theor
of Ref. @17# is not applicable in this case as no compl
crossing points appear. The numerically obtained tunne
probability has the same qualitative features as discus
above; quantitatively, however, the approximation to the
actPT is not as good as one might intuitively expect~cf. Fig.
4!.

IV. BLOCH BAND TUNNELING WITH BOSE-EINSTEIN
CONDENSATES

In this section the prospects of experimentally observ
the nonlinear effects discussed in Sec. III are examined w
a focus on Bloch band tunneling. To this end a on
dimensional simulation of Eq.~1! for a sodium condensate i
studied. For the calculation, a condensate extension ol z
5160 mm and a period of the optical potentiall50.5 mm
are used. WithV5104 s21 higher-order momentum compo
nents are detuned by an amount of at least 40V from the
‘‘ 6 ’’ modes when the resonance is crossed. The two con
tions for the applicability of approximations~3!,~4! which
are given in Sec. II, are thus well fulfilled. When the wa
packet reaches the tunneling resonance at 3\kL that follows
the initial one at\kL the two momentum components1 and
2 have a detuning of 40V, i.e., the tunneling process is we
defined. ForV2/«'1 the acceleration is of the order 1
ms22. The numerical simulations show that on the time sc
of passing through the resonance~less than 1022 s in the
examples! the spreading of the initial wave packet as well
the spatial shift between the two modes is small. The cru
parameterg takes on the value 10216nc m3s21, with nc the
condensate density. In our example a ratio ofg/V51 can be
reached for a BEC withN553106 atoms and a radius of 10
mm. All the parameter values given are well within the rea
of currently feasible experiments@2#.

The numerical simulations of Eq.~1! are performed with a
standard split-step algorithm~see, e.g.,@20#!. Thereby, the
initial state is taken as the ground state of the Gro
Pitaevskii equation for a harmonic potential yielding the
quired value ofl z . The main results of these calculations a
shown in Figs. 5. In these diagrams the fractional populat
P1 of the initial momentum component is displayed as
function of t5tm«/4\2kL

2 , i.e., time measured in units o
the temporal distance between two resonance crossings.
point t50 corresponds to zero detuning between the t
relevant momentum modes. Numerically,P1(t) is deter-
mined from the Fourier transform ofc(z,t). Experimentally,

ct
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it could be obtained by switching the periodic potential off
t and observing the subsequent condensate evolution. In
5~a! condensates with various values ofg/V are started at
rest, with the acceleration chosen such that the stan
Landau-Zener formula~disregarding the atomic interaction!
predicts a tunneling probability of 0.01. Having passed
resonance,P1 quickly settles down to oscillations around
well-defined mean value that may be regarded as the tun
ing probability. These mean values depend somewhat se
tively on the initial conditions. For example, they may va
within an interval of width 0.02 if the initial velocity is
changed by several60.01\kL /m. Nevertheless, they com
pare reasonably well to the asymptotic tunneling probabi
PT ~indicated in Fig. 5 with filled circlesd) obtained from
Eqs. ~4! for the corresponding parameter values. Typica
the values forPT are smaller than the results obtained fro
the Gross-Pitaevskii equation by approximately 0.01–0.
Most importantly, however, it is seen that forg/V51.5 the
tunneling probability is increased by almost an order of m
nitude compared to the caseg/V50.01. These results show
thatPT is very sensitive to atomic interactions in experime
tally relevant situations. Figure 5~b! illustrates that one can
also observe a significant decrease in the tunneling prob
ity. As discussed in Sec. III A, this occurs if the condens
starts from the high-energy state; i.e., in the present situa
it needs to be launched with a velocity less than2\kL /m. In
Fig. 5~b! the initial velocity22\kL /m was used that place
the wave packet in the middle of two tunneling resonanc

FIG. 5. Fractional populationP1 of the initial momentum com-
ponent as a function of scaled timet5tm«/4\2kL

2 for various val-
ues ofg/V. In ~a! the initial wave-packet velocityv i50 and the
acceleration is chosen to obtain a tunneling probability ofPL

50.01 according to the Landau-Zener formula in the absenc
nonlinear interactions. In~b! v i522\/kLm andPL50.1. The pre-
dictions of Eqs.~4! for PT at the respective parameter values a
indicated by filled circlesd.
03360
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The acceleration was chosen such that without nonlinear
teractions a tunneling probability of 0.1 is expected. F
smaller values ofg/V there is again good agreement b
tween the predictions of the two-mode model and the so
tion of the Gross-Pitaevskii equation. Atg/V52.0, how-
ever, Eqs.~4! predict a tunneling probability of about 1024,
whereas the simulation yields a significantly higher value
0.01.

V. CONCLUSION

In this paper the influence of atomic interactions on tim
dependent tunneling processes of Bose-Einstein conden
was investigated. A nonlinear Landau-Zener equation w
derived that describes main aspects of processes suc
Bloch band tunneling, ground-state population transfer w
variable external fields, and condensate motion on coup
potential surfaces. The tunneling probabilities predicted
this model were discussed in detail; in particular, it w
shown that for strong enough nonlinearities a compl
population transfer by adiabatic following is impossibl
This behavior is a consequence of a nonlinear hysteresis
fect. To assess the reliability of the nonlinear Landau-Ze
model a comparison to simulations of the Gross-Pitaev
equation was made.

In actual experiments it is only possible to determine
tunneling probability for a certain portion of th
(V2/«,g/V) parameter space. For example, the accelera
cannot be made arbitrarily small so that the asymptotic
havior of the tunneling probability shown in Fig. 2~b! may
never be verified directly. Furthermore, tunneling probab
ties close to 0 or 1 are very difficult to measure accurat
due to the long-time oscillations of the mode populatio
Nevertheless, as shown in Sec. IV, drastic nonlinear effe
already appear in the experimentally accessible param
space and they are appropriately described with the sim
model of Eqs.~4!. Its detailed study is thus well justified.

However, to obtain a full understanding of time
dependent tunneling it is necessary to expand the inves
tion beyond the limits of applicability of Eqs.~4!. In the
context of Bloch band tunneling new features in the syst
behavior may arise; for example, if the extension of the c
densate becomes comparable to the period of the optica
tential. Another potentially interesting question concerns
study of quantum-mechanical effects beyond the mean-fi
description that was applied here.
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APPENDIX: DERIVATION OF EQS. „15…

The complex crossing pointstk are obtained as solution
of

Q2~ t !5
1

4 S D2
gD

2AD2/41V2D 2

1V250, ~A1!

of
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with D5«t, which can be converted into a quartic equatio
If g,0 there is only one root in the upper complex ha
plane, which is given by

D15«t152iV@12~ ugu/V!2/3/21O~ ugu4/3!#.

The integralD1 is approximated by expanding the integra
as

Q~ t !'AD2/41V22gD2/@8~D2/41V2!#.

The integration can then be carried out analytically and
second of Eqs.~15! is obtained withG1521.

In the caseg.0, Eq.~A1! has three solutions in the uppe
complex half-plane. They are given by
v.

.
,

.

.
tt

hy

hy

d

03360
.

e

D1,252iV$11e6 ip/3~g/V!2/3/21O~g4/3!%,

D352iVF12
1

32

g2

V2
1O~g4!G ,

with G1,2521 andG351. The integralsD1,2 are determined
as in the caseg,0. The integralD3 cannot be dealt with in
this way. However, a numerical analysis shows that
g/V,1 one can set to a good degree of approximationD3
5 i Im(D1,2). This approach yields the first of Eqs.~15!. The
comparison of these equations to the numerically determi
PT

( l ) confirms the accuracy of the approximation forugu/V
&1.
C.
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-
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